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We extend covariance velocity map ion imaging to four particles, establishing cumulant mapping and
allowing for measurements that provide insights usually associated with coincidence detection, but at much
higher count rates. Without correction, a fourfold covariance analysis is contaminated by the pairwise
correlations of uncorrelated events, but we have addressed this with the calculation of a full cumulant,
which subtracts pairwise correlations. We demonstrate the approach on the four-body breakup of
formaldehyde following strong field multiple ionization in few-cycle laser pulses. We compare Coulomb
explosion imaging for two different pulse durations (30 and 6 fs), highlighting the dynamics that can take
place on ultrafast timescales. These results have important implications for Coulomb explosion imaging as
a tool for studying ultrafast structural changes in molecules, a capability that is especially desirable for
high-count-rate x-ray free-electron laser experiments.
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Multiparticle coincidence measurements have provided a
remarkable window into the structure and dynamics of
small molecules [1–10]. In particular, Coulomb explosion
imaging (CEI) can provide insight into many structural
changes occurring in photoexcited molecules including
isomerization [11–13], dissociation [14–21], roaming
[22–25], hydrogen migration [26,27], and bond cleavage
[28]. CEI relies on multiple ionization of the target
molecule, followed by a measurement of the relative
momenta of the resultant ionic fragments, from which
structural information can be inferred. Particularly for
larger molecules, a high degree of ionization and fragmen-
tation of the target must be achieved, and many fragments
must be detected in order to extract meaningful structural
information. This technique is of great interest, because it
can provide time-resolved information on molecular struc-
ture in the recoil frame. Recently, both strong field
ionization and x-ray multiphoton ionization-induced CEI
have yielded promising results in studies that make use of
multiparticle correlations [12,19,22,29–31].
While coincidence measurements have been extremely

useful for establishing multiparticle correlations, the low
event rates required to avoid false coincidences make
the repeated measurements necessary for tracking time-
dependent structural changes challenging [7]. Fortunately,
in the high-event-rate regime, covariance analysis that
measures linear correlation among particles has been

developed and widely used for two-body and three-body
correlations [32–34]. Some tabletop and free-electron laser
(FEL)-based experiments have already incorporated this
statistical analysis technique [7,16,19,34–37]. While experi-
ments at FEL beam lines have drawn a lot of attention, FEL
pulses are subject to large temporal and spectral fluctuations.
These can be dealt with using more extended techniques,
such as partial and contingent covariance [38–40]. However,
covariance measurements have not yet been established in
four-or-more-body relationships, because four-body and
higher covariance is qualitatively different from two- and
three-body [39,41]. This can be seen by evaluating the
expressions for collective correlations among a few fragments:

χnðA;B;…Þ ¼ hðNA − hNAiÞðNB − hNBiÞð…Þi; ð1Þ

where χn is the n-fold covariance andNA denotes the number
of fragments of species A generated in a given measurement.
The brackets h…i represent an expectation value. If one
assumes that the number of fragments follows a Poisson
distribution, then one can show that [41,42]

χ2ðA;BÞ ¼ hNABi;
χ3ðA;B; CÞ ¼ hNABCi;

χ4ðA;B;C;DÞ ¼ hNABCDi þ
X3

hNABihNCDi: ð2Þ
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Here, the sum is over the three ways of pairing the four
variables. NAB (similar for NABC, etc.) denotes the number of
events in which fragments A and B are generated together
(e.g., CD2O2þ → CDþ

2 þ Oþ).
Starting from the fourth-order covariance, χn will have

contributions from pairwise correlations hNABih…i that are
independent or separate from the fullN-body correlations of
interest. This will lead to a nonzero correlation value even in
the absence of collective correlation among all N fragments
[39]. With a small correction, the covariance formula can be
modified to capture only the full four-body correlations,
which is equivalent to a fourfold cumulant [41]:

ϰ4 ¼ χ4 −
X3

χ2ðA;BÞχ2ðC;DÞ ¼ hNABCDi: ð3Þ
In this Letter, we focus on demonstrating the power of

the new fourfold cumulant mapping ϰ4 by investigating the
fragmentation of strong field ionized formaldehyde (undeu-
terated and deuterated). First, we show that this method can
determine the relative, correlated momenta of all the ionic
fragments produced by full Coulomb explosion of the
molecule into atomic constituents. This is achieved at
relatively high count rates and short data acquisition times,

essential for the extension of this technique to time-
resolved measurements. Then, we show that a fourfold
covariance analysis of the data is contaminated by the effect
of pairwise correlations between the ions, which is elim-
inated by using the full cumulant formula. Finally, we use
the method to contrast the Coulomb explosion dynamics of
formaldehyde with 30- and 6-fs pulses. This shows that the
fragmentation dynamics are more complex for the 30-fs
case, in contrast to the 6-fs case, where the dynamics more
closely match the expectation for a swift Coulomb repul-
sion following impulsive ionization of the molecule.
Our experiments make use of a velocity map imaging

(VMI) apparatus [43] outfitted with a Tpx3Cam camera
[44], illustrated in Fig. 1(a). The laser pulses originate from
a commercial amplified Ti:sapphire laser system, which
produces 30-fs laser pulses with 1 mJ of energy at a
repetition rate of 1 kHz. The pulses are spectrally broad-
ened in a stretched hollow core fiber (SHCF) [45–48] and
compressed using chirped mirrors to a minimum duration
of about 6 fs. The pulses (30 fs from the amplifier or 6 fs
from the SHCF) are focused into our VMI apparatus.
The sample, deuterated or undeuterated formaldehyde, is

obtained by sublimation of paraformaldehyde (purity 98%,

FIG. 1. Diagram of the experimental setup and demonstration of recoil frame reconstruction using the fourfold cumulant:
ϰ4ðHþ;Hþ;Cþ;OþÞ. (a) shows the VMI assembly, where ionization happens and fragments are accelerated toward microchannel
plates (MCP) and phosphor. The phosphor is imaged on the Tpx3Cam camera and centroided to obtain 3D ion momentum. (b) shows
fourfold momentum-resolved covariance of fragments from the quadruple ionization of CH2O using a 30-fs, 800-nm, 240 TW=cm2

linearly polarized pulse. The positive x axis and xy plane are defined by the momenta of the two protons, with the positive x axis defined
by their bisector. Momentum units are ℏ=a0. A ball-and-stick model of the molecule is included to illustrate the relationship between the
correlated momenta and the recoil frame.
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Sigma-Aldrich) at 50–60 °C. A skimmed molecular beam of
sample molecules intersects the laser in the VMI apparatus.
The ionized fragments are accelerated toward the micro-

channel plates (MCP) and phosphor screen under velocity-
mapping condition. The fluorescence from hits on the
phosphor screen is imaged onto the camera with an f=0.95
lens. The 1-ns precision of the Tpx3Cam is sufficient to
resolve the ion’s momentum along the time-of-flight (TOF)
direction, which can be used to reconstruct the full
3D-vector momenta of ions [7,44,49]. For the data pre-
sented here, the typical acquisition time was approximately
20 min, with on average eight ions detected per shot. The
detection efficiency of our apparatus is estimated to be η ¼
60%–90% per particle, resulting in a fourfold channel
overall efficiency of around η4 ¼ 13%–65% [41].
The full 3D information of correlated particles can be

used to reconstruct the recoil frame and determine the
kinetic energy release and angular distributions in the same
way as coincidence measurements [7,37]. A description of
the algorithm to compute the four-body cumulants is
provided in Supplemental Material [50]. In our approach,
the computational complexity has been simplified by
introducing approximations such that we are able to
compute them in a reasonable amount of time (≈1 min).
The detailed discussion on this technical point is discussed
in a separate publication.
The recoil frame can be defined in the following way:

The bisector of two HþðDþÞ unit momentum vectors
defines the positive x axis, while the difference between
the two Hþ momenta unit vectors defines the positive y
axis. The positive z axis can then be defined by computing
the vector cross product of x and y. The definition is
illustrated in Supplemental Fig. S1 [50]. Once the recoil
frame is defined for each Hþ pair, one can project the
momenta of all four particles onto that frame. Figure 1(b)
shows the correlated momentum distribution of all four
particles in this frame. As can be seen from Fig. 1(b), the
Oþ is ejected preferentially along the negative x axis, which
is opposite to the two Hþ, while the Cþ momentum is
mostly along the positive x direction. Such a distribution
bears a clear resemblance to the initial molecular geometry.
A ball-and-stick model of the molecule is included in the
figure to illustrate the fragmentation.
As a further test of the fourfold cumulantmappingmethod,

we considermomentum conservation for four fragment ions.
Figure 2 shows the comparison of the momentum sum along
the lab frame x direction (laser polarization direction) of the
four fragments using χ4 or ϰ4. Here, a deuterated samplewas
used to avoid counting Hþ produced by background gases in
the chamber. Because of momentum conservation in a full
four-body breakup of the tetracation, we can see a sharp peak
located at zero in both cases. The width of the distribution
essentially reflects themomentum resolution of our detection
apparatus.
For the curve depicting χ4, in addition to the narrow

peak at zero, we see that there is a broad peak extending

over 200ℏ=a0. It arises from the product of two particle
correlation terms: Σχ2ðN1; N2Þχ2ðN3; N4Þ. All fragment
ion pairs contribute to this term, resulting in a roughly
Gaussian-distributed background. This illustrates the
importance of using the correction in calculating the
appropriate four-particle correlation, which is equivalent
to the calculation of a cumulant [41].
In contrast, the corrected correlation calculation, ϰ4,

yields an almost perfect delta function, despite some small
negative values between �100ℏ=a0, which can arise from
small fluctuations in the molecular density or laser intensity
[34,39,51,52] or overlapping hits on the detector. Various
techniques have been proposed to solve the fluctuation
issue [38–40]. Further investigation is required in the
context of a fourfold analysis. Note that the momentum
conservation that we obtained here is not assumed or
enforced by the algorithm, meaning that it comes out
directly from the cumulant calculation. This is a strong
indication that our approach isolates signals from the four-
body fragmentation of interest. Further evidence can be
found in the progression of correlation orders in the
conventional TOF-TOF analysis, which is provided in
Supplemental Material [50].
In order to highlight the ability of four-particle correla-

tions to capture pulse shape or time-dependent structural
changes, we compare the Oþ distribution from covariant
four-particle measurements (such as the one shown in
Fig. 1) for 30- and 6-fs pulses. These results are shown in
Fig. 3. Compared to the Oþ from a 30-fs pulse, the yield
from a 6-fs pulse has a significantly lower signal-to-noise
ratio due to fewer counts, and it is more centered on the

FIG. 2. Demonstration of momentum conservation along the
lab frame laser polarization direction (x) for four-body dissoci-
ation of quadruply ionized deuterated formaldehyde
ðDþ;Dþ;Cþ;OþÞ using 30-fs 240 TW=cm2 laser pulses. Mo-
mentum units are ℏ=a0. The blue curve shows a histogram using
χ4, and the red curve represents ϰ4 [see Eqs. (2) and (3)].
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x axis. This observation is consistent with earlier coinci-
dence measurements on the same molecule using 7-fs
pulses [53]. The significantly higher yield and broader
angle distribution for the 30-fs pulse as compared to the
6-fs pulse can be related to dynamics during the ionization
processes. Enhanced ionization has been observed to
increase the production of high-charge states in many
small molecules, facilitated by dynamics on lower-charge
states during the pulse [31,54–59].
Dynamics during ionization (e.g., rotation of the CO

fragment after C─H dissociation) for the 30-fs pulses can
also lead to broader angular distributions of the Oþ frag-
ment, as illustrated in Fig. 3. It is not clear from our
measurements if the C─O dissociation takes place during
the laser pulse, but it is clear that some rotation takes place
after Hþ dissociation but before dissociation is complete.
Similar dynamics are considered in the coincidence imag-
ing of the three-body channels ðHþ;Hþ;COþÞ and
ðHþ;CHþ;OþÞ studied in earlier work [53].
Our single-pulse measurements cannot rule out other

possibilities, such as sequential dissociation of ðhHHi;COÞ
with subsequent rotation and dissociation of the CO. It has
been demonstrated recently that a native frame analysis,
making use of three-body Jacobi coordinates, can be very
useful in separating sequential from concerted dynamics
[40,60,61]. Briefly, in sequential dissociation, there is

competition between rotation and the second dissociation,
resulting in a broad angular distribution for the fragments
resulting from the second dissociation. The analysis is
usually carried out for three-body problems, whereas there
are four fragments in the present dissociation channel.
Thus, we consider the dissociation of the two Hþ as a
single initial event, with their center of mass momentum
represented by hHHi, with the OC2þ breakup being a
separate event, which can happen concertedly or sequen-
tially, after the C─H dissociation. The native frame angles
between CO2þ and hHHi, as well as the dissociation
energy of ðCþ;OþÞ, are shown in Fig. 3(e). In this frame,
it is clear that between a dissociation energy of 5 and 8 eV,
the 30-fs pulse measurements show a long tail outside the
main peak at 180°, while 6-fs does not. A clear difference
in the ionization dynamics for the two pulse durations is
spotted, which suggests that the C─O dissociation takes
place sequentially, after the C─H dissociation. The kinetic
energy released into the ðCþ;OþÞ pair is in good agree-
ment with the CO2þ dissociation energy measured in
earlier coincidence experiments with carbonyl sulfide
(OCS) molecule [60], suggesting that the same metastable
CO2þ intermediate is involved. A time-dependent (i.e.,
pump-probe) measurement would be required to reveal
the full dissociation dynamics, for which high-count-rate
covariance measurements are key.

FIG. 3. Comparison of CEI with 6-fs 1300 TW=cm2 pulses (top row) and 30-fs 240 TW=cm2 pulses (bottom row) using fourfold
cumulant imaging ϰ4ðHþ;Hþ;Cþ;OþÞ. (a) and (d) show 3D histograms of the Oþ momentum distribution in the recoil frame, similar to
Fig. 1. Momentum units are ℏ=a0. (b) and (e) depict possible concerted and sequential breakup dynamics of the molecule for short (6-fs)
or long (30-fs) pulses, respectively. The laser pulse and momentum vectors of the four fragments are also colored to indicate a possible
time ordering of the breakup process. (c) and (f) show a native frame analysis of (a) and (d) by correlating the dissociation energy of the
CO2þ fragment and the native frame angle ðCO=hHHiÞ, assuming the two Hþ ions leave first. The angle axis is mirrored to put the main
distribution in the center.
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In conclusion, we have demonstrated the experimental
implementation of four-particle cumulant velocity map
imaging, which can be used to track ultrafast structural
dynamics in small molecules. We illustrate the importance
of using the fourfold cumulant ϰ4 over fourfold covariance
χ4 by confirming momentum conservation in the
ðDþ;Dþ;Cþ;OþÞ channel. Our analysis highlights the
ability to view the explosion dynamics in the recoil frame
and demonstrates the sensitivity to ultrafast dynamics using
high-fold cumulants. While the single-pulse measurements
presented here do not provide a full picture of the dynamics
in question, they motivate and enable time-resolved pump-
probe measurements with cumulant analysis, which can be
carried out with count rates about 2 orders of magnitude
higher than coincidence measurements. We anticipate that
cumulant mapping will be particularly valuable for analyz-
ing the Coulomb explosion induced by XFELs, where the
x-ray intensity is so high that coincidence analysis becomes
overwhelmed by the event rate. Moreover, this analysis is
not restricted to fourfold. Cumulants with even higher order
are now accessible using the proposed algorithm.
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