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Predicting transport rates of windblown sand is a central problem in aeolian research, with implications
for climate, environmental, and planetary sciences. Though studied since the 1930s, the underlying many-
body dynamics is still incompletely understood, as underscored by the recent empirical discovery of an
unexpected third-root scaling in the particle-fluid density ratio. Here, by means of grain-scale simulations
and analytical modeling, we elucidate how a complex coupling between grain-bed collisions and granular
creep within the sand bed yields a dilatancy-enhanced bed erodibility. Our minimal saltation model
robustly predicts both the observed scaling and a new undersaturated steady transport state that we confirm
by simulations for rarefied atmospheres.
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Sand is a baffling material. It resembles a gas when
shaken, a liquid when poured down a chute, and a solid
when resting at a beach. When it is carried along by wind,
all three manifestations are crucially involved side by side,
making such aeolian transport a most revealing but also
quite intricate sand-transport mode [1]. It is responsible for
the spontaneous emergence of a multitude of granular
surface waves in a variety of inorganic and organic sands,
throughout the Solar System [2]. Surprisingly, it also relates
them to the drained halos that brighten up around your feet
when you step on wet sand. To establish this connection,
we start from an empirically discovered scaling of the
aeolian sand-transport rate Qðs; vs; τÞ as a function of the
particle-fluid density ratio s (s ≈ 2100 for quartz in air and
s ≈ 2.65 in water), terminal grain settling velocity vs, and
wind shear stress τ [3]. In natural units, based on the grains’
median diameter and mass density, and the buoyancy-
reduced gravitational acceleration g̃≡ ð1 − 1=sÞg, it
reads (Fig. 1)

Q ¼ ðτ − τtÞ½1þ 7.6ðτ − τtÞ�V; with ð1aÞ

V ¼ 1.6s1=3: ð1bÞ

This formulation splits the overall transport rate Q into
what is essentially the average velocity V and density
τ − τt > 0 of mobilized grains [4]. Intriguingly, the
transport threshold τtðs; vsÞ completely encapsulates the
strength and functional form of fluid-particle inter-
actions [3]. The usually subdominant term 7.6ðτ − τtÞ is
a semiempirical attempt to account for cooperative effects
induced by intense winds, chiefly sand bed fluidization and
midair grain collisions [5–8]. In the opposite limit, τ ≈ τt,

aeolian transport is idealized in terms of individual grains
hopping along a static bed while dislodging additional
grains, parametrized through a local “splash function”
[9–12], in the standard modeling approach [8,13–34].
However, these conventional saltation models fail to
recover Eq. (1b), whose pure s dependence and insensi-
tivity to vs clashes with physical intuition and naive
dimensional analysis [3].
The primary objective of this Letter is to demonstrate a

physical mechanism leading to such anomalous scaling. To

FIG. 1. Data from laboratory measurements [7,23,35] and
previous [3] as well as our original sand-transport simulations,
based on the discrete element method (DEM) [36,37] (see
Supplemental Material [38] for details), obey the transport-rate
scaling in Eqs. (1a) and (1b) (solid line). The DEM simulations
allow us to toggle between a complex boundary-layer wind
velocity profile (dots and circles) and simplified “fully rough”
flow conditions (squares) based on Prandtl’s turbulent
closure [42], cf. Eq. (2c), and to study a wide range of
particle-fluid density ratios s, terminal grain settling velocities
vs, and shear stresses τ in excess of the transport threshold τt. The
dashed line amounts to neglecting midair grain collisions.
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this end, we first show that the mentioned failure of
conventional saltation models is of general nature and
hints at a coupling between the gaslike saltation layer and
the rheology of the dense sand bed. The bed cannot be
represented by a purely static granular packing, with a
static-bed (local) splash function. Our discrete element
method (DEM) simulations indeed reveal bed creep well
below the yield point. While its direct contribution to Q is
negligible, bed creep and its concomitant nonlocal dilat-
ancy cooperatively couple individual grain-bed collisions.
Including this effect within a minimal analytical saltation
model via a cooperative, dilatancy-enhanced splash func-
tion indeed reproduces Eq. (1b) and makes further testable
predictions.
Consider a two-dimensional Cartesian coordinate system

ðx; zÞ, with wind direction x and vertical direction z. For
fluid-particle interactions via buoyancy and (for simplicity
Stokes) drag, implying a terminal grain settling velocity
vs ¼ s=ð18νÞ with the kinematic atmospheric viscosity ν,
the equations of motion for the ith grain trajectory
(i ¼ 1;…; N) read

_viz ¼ −1 − viz=vs; ð2aÞ

_vix ¼ ðux − vixÞ=vs; ð2bÞ

κ2ðzþz0Þ2u0xju0xj ¼ u2�½1−τgðzÞ=τ�; uxð0Þ ¼ 0: ð2cÞ

The last equation is Prandtl’s turbulent closure [42] for the
wind velocity field uxðzÞ in the steady state, with the von
Kármán constant κ ¼ 0.4, aerodynamic bed roughness
z0 ¼ 1=30, wind shear velocity u� ≡ ffiffiffiffiffi

sτ
p

, and grain-borne
shear stress profile τgðzÞ. As the xz component of
the granular stress tensor ðσijÞ, the latter accounts for the
streamwise momentum transfer between the wind and the
grains along all grain trajectories: τgðzÞ ¼

P
i ϕ

iΔvixðzÞ.
Here, ϕi is the vertical flux of grains contributed by the ith
trajectory and ΔvixðzÞ the streamwise velocity gained
between its ascending and descending visits of the elevation
z. In the absence of grain motion (ϕ1;…;ϕN ¼ 0), Prandtl’s
closure recovers the well-known (fully rough) law of the
wall, ux ¼ κ−1u� lnð1þ z=z0Þ. To close Eqs. (2a)–(2c), they
are combined with a splash function, consisting of 2N
boundary conditions linking the grain trajectories’ impact
velocities vi↓ to their lift-off velocities vi↑, and N boundary

conditions interconnecting the vertical flux contributions ϕi.
Importantly, for conventional, static-bed splash functions, all
boundary conditions are fully determined by the impact
velocities vi↓ [9–11]. Hence, for givenvalues of vs and u�, the
combined system of equations is closed and therefore has a
fully determined solution ðvi;ϕi=τÞ. From this solution, all
relevant global transport properties can be derived if also s
and thus τ ¼ u2�=s are known. However, in blatant conflict
with this analysis,V in Eq. (1b) is found to be independent of

bothvs andu�, also inDEMsimulations employingPrandtl’s
turbulent closure (Fig. 1).
Nonetheless, even the simplest nontrivial version of the

above general model constitutes a minimal saltation
model [38] that can analytically reveal the origin of this
discrepancy. It combines the common [30,32] simplifica-
tion of only considering two representative grain trajecto-
ries, namely high-energy saltons that rebound upon impact
and their low-energy ejecta, the so-called reptons, with a
closure mimicking the mass conservation found in the
actual steady state [38,43]. With boundary conditions
gleaned from an experimentally measured splash function
for a quiescent bed [9], the calculated steady-state solutions
Qðτ − τtÞ (for saturated transport conditions) admit a data
collapse consistent with V ¼ 13u2=3� (Fig. 2), in line with
previous observations based on (single- and multispecies)
saltation models utilizing diverse static-bed splash func-
tions [30–34]. The scaling results from the height-
dependent feedback of the grain trajectories on the wind.
It seems, however, at odds with the widespread belief that
the experimentally observed insensitivity of V to the wind
shear velocity u� is a consequence of the splash proc-
ess [43,44].
To resolve this apparent paradox, notice that, by dividing

the right hand side of the relation V ¼ 13u2=3� by τ1=3 ¼
ðu2�=sÞ1=3, one gets rid of the spurious u� dependence of V,
and consistency with Eq. (1b) is restored. While this
procedure is inconsistent with the notion of a static-bed
splash, we now show how it emerges by cooperative splash
from a bed that is locally partially mobilized from earlier
salton impacts. As revealed by Fig. 3(a), the intermittent bed
mobilization by impacting grains gives rise to a net granular
creep upon averaging [45]. The penetration of the emerging
average grain velocity profile into the bed is characterized by
a τ-invariant skin depth λ on the order of the grain diameter
and associated with a considerable dilation of the bed,
extending to a comparable depth [Fig. 3(b)]. Additionally,
our DEM simulations reveal an extended μðIÞ-rheological
master relation [46,47] below the yield point [Fig. 3(c)].

FIG. 2. Sand transport rate scaling predicted by our minimal
two-species saltation model without midair collisions
[Q ¼ ðτ − τtÞV] and with a static-bed splash function [9] for
terminal grain settling velocities vs ¼ f103=2; 102; 105=2; 103g
(circles, squares, diamonds, stars) and particle-fluid density ratios
s ¼ f40;…; 46gv2s=10 (colors). Small (large) s tend to be on the
right (left).
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That it holds over a wide range of transport conditions
establishes aeolian creep as a complex but well defined
rheological phenomenology. Its robust constitutive law links
the slow granular shearing motion driven by grain-bed
collisions to the dissipation into (and the heating of) the
bed. Its direct contribution to the overall transport rateQ and
momentum and energy dissipation is negligible—what
matters is its indirect contribution via the dilatancy effect
that enhances a subsequent splash and thereby boosts the
highly dissipative repton layer [30].
To understand how this comes about, consider again

Fig. 3(b). For growing τ, the step function of the granular
volume fraction φðzÞ observed for a quiescent bed is
increasingly smoothed, with an invariable focal point at
φf ¼ φðz ≈ −λÞ ≈ 0.1. This is the dilatancy effect: a close-
packed granular bed is jammed and cannot be sheared
without dilating it to create free volume for the necessary
grain rearrangements. It is the very mechanism that causes
the aforementioned drainage and halos around the feet of
beach walkers [48]. As naturally expected, dilatancy affects
the splash. In fact, recent DEM simulations have indicated
an increase of the number Ne of ejected bed-surface grains
per salton with increasing impact frequency, while other
splash properties such as the ejecta velocities remain nearly
unaffected [49]. Since bed grains are effectively trapped
(like in a Newton cradle), while hopping grains detach from
their force chains, we assume that Ne is directly propor-
tional to the granular volume fraction φð0Þ at the rebound
height z ¼ 0 (the “mechanically pertinent bed surface,”
λ ≈ 0.72 above the focal depth) [4,38]:

Ne=Nstat
e ¼ φð0Þ=φstatð0Þ: ð3Þ

This simple schematic model couples the gaslike layer of
hopping grains above the bed surface to the dense-bed
dynamics underneath and represents a crucial upgrade of
the conventional static-bed splash parametrization, account-
ing for the dilatancy-mediated cooperativity. Remarkably,
the observed splashgeometry—in particular its characteristic
surface radius R ¼ Oð10Þ [11,49] and associated mobilized
bed volume Nstat

e =φstat ≃ 6R2λ ¼ Oð600λÞ—is, together
with φð0Þ → φstatð0Þ ≈ 3 × 10−3 in the static-bed limit
[Fig. 3(d)], indeed consistent with the observation Ne →
Nstat

e ¼ Oð1Þ [9–12].
Granular creep has been characterized as a sequence of

stick-slip events, whereby slipping occurs when local
fluctuations of the friction coefficient μ exceed the yield
point [45]. In our context of aeolian creep, characterized by
its impact-induced local bed mobilizations with constant
skin depth λ ¼ Oð1Þ, μ reduces to the surface grain-borne
shear stress τgð0Þ in our natural units [50]. Indeed, our
DEM simulations show that Eq. (3) is solely controlled by
τgð0Þ via [Fig. 3(d)]:

φð0Þ ¼ φstatð0Þ þ φf½1 − exp ð−τgð0Þ=τYÞ�: ð4Þ

The linear growth, φð0Þ ¼ φstatð0Þ þ φfτgð0Þ=τY , for small
τgð0Þ saturates near φf (at Ne ¼ 35Nstat

e ) for large τgð0Þ
[cf. Fig. 3(b)]. This suggests that the focal-point volume
fraction φf can be interpreted as the maximum φ of fully

FIG. 3. Quasi-two-dimensional DEM-based sand-transport simulations (as in Ref. [3]) of the creep and dilatancy regime of aeolian
transport. (a) Granular creep visualized by the average height-resolved horizontal grain velocity hvxiðzÞ in the sediment bed (z < 0,
below the elevation at which high-energy grain-bed collisions occur [4,38]). Its increase with height z and imposed wind shear stress τ
(solid lines) reveals a characteristic skin depth λ ≈ 0.72 (dashed lines). (b) Because of progressive smoothing, the granular volume
fraction profiles φðzÞ (solid lines) around z ¼ 0 deviate considerably from the limiting form for saltation on a quiescent bed—roughly a
step from φ ≈ 0.58 to the exponential extrapolations of φðz > 0Þ (dashed lines) [23,35]. They exhibit a focal point
φf ¼ φðz ≈ −λÞ ≈ 0.1. (c) The constitutive relation μðΔ; IÞ (solid line) for aeolian creep at subyield conditions (μ≲ 0.3) is similar
to that of other sheared granular flows [46,47]. It interconnects the local friction coefficient μ ¼ −σcxz=σczz, local normalized streamwise
velocity fluctuations Δ≡ ð−Txx=σczzÞ1=2 with Txx ≡ hv2xi − hvxi2, and local inertial number I ≡ hdvx=dzi=

ffiffiffiffiffiffiffiffiffi
−σczz

p
. Here, σcxz (σczz) is the

shear (normal) component of the structural granular stress associated with grain-grain contacts in the bed [38]. (d) The value φðz ¼ 0Þ is
taken as a proxy for the number of grains available for splash ejection in Eq. (3), and its τgð0Þ dependence motivates Eq. (4) with
τY ≈ 0.17.
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mobile grains and therefore parametrizes a “critical bed
dilation,” below which bed force chains effectively dis-
integrate. The characteristic value τY ≈ 0.17, which deter-
mines both the linear increase and the saturation behavior
in Eq. (4), can be linked to the yield friction μY ¼ τY=φb
(for spheres, μY ≈ 0.3 [45]) associated with an elementary
yield event of a single bed grain at the static-bed volume
fraction φb ≈ 0.58. In the same spirit, τY=φf ≈ 1.7 plays the
role of a critical granular shear temperature required for
grains to escape their traps and leapfrog over neighboring
grains [23].
As shown in Fig. 4(a), data from our upgraded minimal

saltation model, with cooperative splash according to
Eqs. (3), (4), and τgð0Þ ¼ τ − τt [4], collapse on

V ¼ 13

�
u�

Ne=Nstat
e

�
2=3

; ð5Þ

the master curve of the simulation and laboratory data.
As expected, the transport threshold τt is not affected
by this upgrade. The linear approximation of Eq. (4) with
1þ ðτ − τtÞ=τe ≈ 2½ðτ − τtÞ=τe�1=2 [arithmetic mean ≈ geo-
metric mean, where τe ≡ τYφ

statð0Þ=φf ≈ 5 × 10−3] yields
V ≈ 1.4ð1 − τt=τÞ−1=3s1=3, deviating less than 13% from
Eq. (1b) when τ=τt ≳ 2. The anomalous scaling (compared
to V ¼ 13u2=3� for static-bed splash) has thus been traced

back to the strongly skewed mass balance between reptons
and saltons, originating from the creep-associated bed
dilatancy. While their individual streamwise velocities
exhibit the same increase with u� as in the static-bed case,
the fraction of reptons increases by an order of magnitude
with growing τ − τt, resulting in an almost τ-invariant V.
Intriguingly, we moreover find that the steady-state

condition in our minimal saltation model innately allows
for an additional, undersaturated steady transport state
[upper inset of Fig. 4(b)], which scales as

V ¼ 19

�
u�

Ne=Nstat
e

�
1=3

: ð6Þ

Our DEM simulations indeed confirm its existence over a
range of environmental conditions [Fig. 4(b)]. For s≲ 105,
all simulations seem to approach the saturated steady state
described by Eq. (5), while some simulations for s≳ 105 can
reach both steady states, Eq. (5) or (6), for the explored initial
conditions. Large random fluctuations can induce transitions
between the steady states [lower inset of Fig. 4(b)]. Inview of
the complexity of aeolian transport, the simultaneous quan-
titative agreement of both predicted steady states with grain-
scale simulations provides strong support for our minimal
two-species saltation model with cooperative splash.

0 2000 4000
0

1

2

FIG. 4. Laboratory measurements, DEM-based sand-transport simulations (cf. Fig. 1), and predictions by our minimal saltation model
with cooperative splash according to Eqs. (3) and (4) (inset) collapse on a master curve defined by (a) Eqs. (1a) and (5) (approximately
V ∝ s1=3), corresponding to saturated transport conditions, or (b) an undersaturated steady state [Eqs. (1a) and (6), approximately
V ∝ s1=6, upper inset]. Depending on the initial condition, this state can also be reached and sustained in DEM simulations, based on the
code of Ref. [3] (open black circles) or Ref. [37] (open green squares) for s≳ 105, regardless of the driving flow velocity profile
(cf. Fig. 1). Lower inset: exemplary transition between the steady states, as occasionally spotted in the simulations. Solid (dashed) lines
correspond to Eqs. (1a) and (1b) with (without) the term representing midair collisions, which are neglected in our minimal saltation
model. Filled symbols as in Figs. 1 and 2.
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In conclusion, we have shown that cooperative granular
dynamics within the sand bed substantially affects aeolian
sand-transport characteristics and can account for the
anomalous scaling of the sand-transport rate Qðs; vs; τÞ
[Eqs. (1a) and (1b)]. The upshot is that grain-bed collisions
cannot be portrayed as a sequence of isolated impacts on a
purely static bed, but cooperate indirectly via the nonlocal
and somewhat counterintuitive effect of creep-associated
bed dilatancy. The main physical consequence is an
increase of the relative population of (low-energy) reptating
grains, which act as a momentum sink to the atmospheric
boundary-layer flow. Our analytical two-species minimal
saltation model, incorporating only a single representative
salton and repton trajectory, respectively, identifies this
cooperative, dilatancy-mediated negative feedback as the
root cause behind the somewhat perplexing insensitivity of
the average sand-transport velocity V against substantial
variations of the wind shear velocity u�—thus challenging
previous explanation attempts. Interestingly, it innately
predicts an additional, undersaturated steady transport
state, confirmed by our DEM simulations for conditions
with extreme particle-fluid density ratio (s≳ 105), as
typical for the thin atmospheres of Mars and Pluto. This
calls for future studies of the competition between the two
steady states in natural environments. It is also strongly
indicative of the suitability of our analytical two-species
saltation model for addressing the physical mechanism
underlying other characteristic traits of aeolian transport.
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