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Generation of Maximally Entangled Long-Lived States with Giant Atoms in a Waveguide
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In this Letter, we show how to efficiently generate entanglement between two artificial giant atoms with
photon-mediated interactions in a waveguide. Taking advantage of the adjustable decay processes of giant
atoms into the waveguide and of the interference processes, spontaneous sudden birth of entanglement can
be strongly enhanced with giant atoms. Highly entangled states can also be generated in the steady-state
regime when the system is driven by a resonant classical field. We show that the statistics of the light
emitted by the system can be used as a witness of the presence of entanglement in the system, since giant
photon bunching is observed close to the regime of maximal entanglement. Given the degree of quantum
correlations incoherently generated in this system, our results open a broad avenue for the generation of
quantum correlations and manipulation of photon statistics in systems of giant atoms.
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Artificial atoms in a waveguide constitute the heart of
superconducting quantum circuits [1], with the photon-
mediated interaction between distant atoms leading to
collective effects such as sub- and superradiance [2,3],
and allow for the creation and transport of strongly
correlated photons [4,5]. Such systems have been used
to create maximally entangled states of N two-level atoms
[6], which are important resources for quantum information
[7,8] and communication [9,10], for example. However,
maintaining this entanglement over time is all the more
challenging because of decoherence processes. This has led
to the development of strategies to harness this decoherence
and generate entanglement between subsystems, for in-
stance, by coupling the system to thermal baths of negative
temperature [11] or fermionic reservoirs [12], by exploiting
memory effects of the environment [13], or through the
coherent control of nondegenerate atoms in cavities [14].

Identifying configurations where the effect of the envi-
ronment on the entanglement is reduced to its minimum is
an important task for the development of quantum tech-
nologies. In the frame of waveguide quantum electrody-
namics, a promising alternative to small emitters has been
introduced: “giant atoms” are emitters whose coupling with
a guided wave extends over such a length that their
interaction cannot be described as that of pointlike emitters
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[15,16]. In particular, the dipole approximation does not
hold any longer [17-19]. The peculiar characteristics of
giant atoms, such as frequency-dependent relaxation rates
[15,20-23] and decoherence-free mediated interaction
between two atoms [24,25], make this system an ideal
platform for the robust generation of entanglement [26,27].
The multiple connections between each atom and the
waveguide, and the possibility to intertwine the different
atoms through their connection points, opens a broad field
of perspectives for the manipulation of entangled states
and for information processing, which has barely been
scratched up to now [16].

We study entanglement generation for two giant atoms
through nonunitary (incoherent) decay processes. More
specifically, we show how two giant atoms interacting with
a waveguide, sketched in Fig. 1(a), can be used to create,
control, and engineer metastable entangled states.
Adjusting the frequency w, of the light in the waveguide,
we are able to tune the asymmetry of the decay rates in
different decay channels, as shown in Fig. 1(b). We take
advantage of this property to stimulate the sudden birth of
concurrence, generating quantum correlations 1 order of
magnitude larger than for small atoms. In addition, adjust-
ing the external control field and the frequency @, we show
how long-lived entangled states can be efficiently created
through a strategy of population inversion in the steady
state [Figs. 1(c) and 1(d)]. Different from previous studies,
our scheme does not require reservoir engineering [11,12],
non-Markovian effects [13], or energy level engineering
[14]: the unique properties of giant atoms in terms of
decoherence and energy levels are exploited to prepare
maximally entangled steady states. Finally, we show that
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the statistics of the light emitted by the atoms in the
waveguide can be used as an entanglement witness in the
system, so the entanglement can be monitored in a
nondestructive way through the scattered light.

Coupled dynamics of giant atoms.—We consider N giant
two-level atoms interacting with a one-dimensional wave-
guide. Atom k is coupled to the waveguide in K, points, at

positions {xslk) } with decay rate ) (with k = {1,...,N}
and n={l,...,K;}). In the weak coupling limit and
rotating wave approximation, the effective dynamics of
the atoms is described by a density matrix p obtained by
tracing out the bosonic modes of the waveguide [15,24],
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term. F jj = I'; corresponds to the single-atom decay rate.

Different from small atoms, this rate depends on the relative
phase between the connection points of the given atom, and
it is not simply the sum of the decay rate at each connection
point of that atom. The atoms are driven by external fields,
which add the extra Hamiltonian term (in the rotating
frame): Ho, = 1Y 2, Qy(8, + 6;), with Q, the Rabi
frequency of this pump. In superconducting qubits, it can
be done with independent drive lines applied to the atoms
[28,29], for instance, in which case the Lindblad form of
Eq. (1) does not change (see Supplemental Material [30]).
The above equations are k periodic, meaning that retarda-
tion effects associated with the propagation time of photons
in the waveguide are not accounted for. Non-Markovian
dynamics [35-37] can lead to disentanglement and entan-
glement revival [38,39], yet only when the propagation
time becomes ¢~ 1/yy. In recent experiments [26], this
corresponds to meter-size waveguides.

We focus on the case of two giant atoms with identical
frequencies w, = @ and relaxation rates y, = y,, con-
nected to the waveguide at two points (K| = K, = 2). The
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FIG. 1. (a) Two giant atoms in the “nested” configuration
considered in the present Letter. (b) Energy diagram showing
collective states of the system and the decay rates between them.
(c) Population dynamics of the ground state |gg) and the Bell
state |8) = (|ge) — |eg))/v/2, for the nested giant atoms with
kAx/m =0.01 and Rabi frequency of the external field
Qy = 1.5yy. (d) State tomography of the steady-state density
matrix pss = |f)(f| for the dynamics considered in (c).

spacing between all neighboring connection points is the
same, hereafter called Ax. Figure 1(a) depicts the nested
configuration, where the two connections of one atom fall
in between the connections of the other. The waveguide-
mediated atom-atom interaction results in a shift of the
energy levels, which is illustrated in Fig. 1(b). The energy
of the different levels is E, =0, E, = h(@, + @,),

E.=n(@, +@, £ A)/2, with A= /472, + (&, —@,)>,

which are associated with the states |gg), |ee), and
1 [@,—a, £A
=—|—F——leg) +2 . 3
ve) =5 [T a, 9 9o (3)

respectively, where N2 =4 + (&, — @, £ A)?>/A?, and
@, = @+ 5,. The eigenstates |y, ) are single-excitation
(entangled) states, with an energy difference A. The

transition rates between these levels are given by [30]

Do, =Tip_+¢& Uiy =Ton_+¢&
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with 7y = @, — @, = A and & = 4A,,I"},. Figure 2 shows
the behavior of each decay rate for the nested giant atoms
and small ones as function of Ax.

For small atoms, the shift §,, vanishes and all single-atom
decay rates are the same: I'; =T,. The shift is then
A =2|I'},|, and one obtains that each decay branch (that
is, passing either through |y ) or [w_)) possesses a single
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FIG. 2. Collective decay rates, as a function of kAx, for (a) two
nested giant atoms and (b) two small atoms. For small atoms, one
has ',y =T, and I',_ =T"_, for any xAx.

decay rate: ',y =T, =T, £T5A,/[A},|. In this case,
lw.) are simply the symmetric and antisymmetric states

[40,41]. Differently, for giant atoms, even when the decay

rates of all connection points are equal, y,(P =70, the

single-atom decay rates are different for each atom
(I'y #I'y) since the relative phases between their connec-
tion points are different. Furthermore, the four-level energy
structure is characterized by four distinct decay rates,
whereas in the case of small atoms, there are only two
distinct decay rates. This complex internal structure of the
two-giant-atom system leads to new regimes that cannot be
reached for small atoms.

Maximally entangled steady state.—Generating station-
ary entanglement with small atoms coupled to common
radiation modes can be achieved using energy shifts, either
mediated by the interactions [42—-44] or between the raw
transition frequencies of the emitters [14]. For giant atoms,
the energy shifts are modest (A < 4y,), yet the distinct
decay rates that connect the |y ) states to the fundamental
and fully excited state allow one to generate highly
entangled stationary states.

In fact, let us consider two atoms initially in the ground
state. Figure 1(c) shows the dynamics of the populations
of states |gg) and |B) = (|ge) — |eg))/V/2 for small and
giant atoms separated by a distance xAx = 0.01z. For
giant atoms, although the energy shifts are negligible

(A ~ 2v/10ygkAx < 7,), the system reaches a steady state
where almost all the population in the state |£), with a long
lifetime 1/I"_ ~ 546/y, (see Supplemental Material [30]).
This highly entangled steady state is represented as a
density matrix in Fig. 1(d), where the population is
concentrated on the single-excitation sector. Oppositely,
for small atoms the system is driven toward a superposition
of different states, including the ground state, and it does
not become entangled.

Entanglement is quantified by the concurrence of the
state, as proposed by Hill and Wootters [45]. The maxi-
mally entangled state |3) introduced above reaches the
value C(p) = 1, whereas it is zero for nonentangled states
[46]. In the particular case discussed above, see Figs. 1(c)
and 1(d), giant atoms present a concurrence of C = 0.995 in
the steady-state, while it is precisely C = 0 for small atoms.
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FIG. 3. (a) Effective coupling as function of the relative energy
shift &, for nested giant atoms, written as a multiple of V29Q,.
(b) Steady-state entanglement obtained through local (resonant)
fields driving two nested giant atoms, for kAx = 0.01x.

Now we discuss the mechanism behind the efficient
generation of steady-state entanglement. The efficient
coupling of the external field with the atomic transition
lgg) = |w_) plays an important role in this process. The
coupling induced by the driving field between the ground
state and y..) can be obtained by rewriting the pump term
H. = h(Q, 67 +Q_6%)+Hc, with 6L =|yi){ggl,
with effective coupling coefficients

o Qo( Sip + 24y, + \/4AL, 1 53, ) )
\/SA%z +2615(812 £ /44T, + 67

with 6, = §; — 9,. For small atoms, the driving field
allows for population transfer from |gg) to |ee) through
the state |y, ) at a rate Q. However, we highlight the
effective coupling value of €_, which leads to a direct
coherent coupling of the transition from the state |gg) to
lw_). From the relative phase shift 5 = §;,/A,, we get
Q_ # 0 for 5, # O [see Fig. 3(a)]. In particular, whenever
01 =06y, wegetQ =0and Q, = \/590, as observed for
small atoms. In this sense, the difference in resonant energy
of the atoms due to their finite size induces an efficient
coupling to the |y_) state.

This mechanism alone is not enough to get a large
population in the state |w_), since a nonzero coupling
between |gg) and |w_) also can be achieved for small atoms
with different frequencies w; and @, [30]. The interference
between the contributions of the states |w..) in the steady
state needs also to be taken into account, since the steady
state |#) can be written as superposition of these two states.
Steady-state entanglement is optimized when the pump is
strong enough for a single-excitation state to be fully
populated, yet not enough to populate all the state in the
system. The concurrence [Fig. 3(b)] reaches its maximum
when the external pump has a Rabi frequency Q= 2y.
While maximally entangled states are not possible with
same-energy small atoms, with a maximum value
maxg, [C(pa™)] < 0.1, giant atoms allow one to achieve
highly entangled states, with concurrence of order of
C(pised) ~0.999. As one can prepare any of the other
Bell states from |f) by single-atom (local) operations [46],
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the steady-state approach proposed in this Letter can be
useful to create an arbitrary entangled state of two
giant atoms.

Sudden birth of entanglement.—We consider an initially
fully inverted state |ee), prepared through a fast z pulse on
the atoms. We then let the system decay, in the absence of
pump field, monitoring how the action of collective
spontaneous emission through sub- and superradiant
branches |y ) allows one to efficiently generate entangle-
ment. The system first decays toward a mixture of the |y, )
and |y _) states, which is in general not entangled, although
each of these states is individually entangled. However,
because of the difference in their lifetimes 1/T", ;, the [y )
component quickly decays to the ground state, while the
ly_) remains for a time ~1/I"_;. Concurrence Cp, as
function of the spacing kAx and time, for giant and small
atoms, is shown in Fig. 4(a), with the maximum amount of
entanglement C,, (kAx) = max, C(kAx, t) created by de-
cay for kAx = 0.99z. The decay dynamics in Fig. 4(b)
reveals that concurrence is created at late times. The
difference in the entanglement generation comes from
the fact that, for small atoms, this entanglement comes
from the population of the superradiant mode, whereas for
giant atoms the entanglement results from the population in
the subradiant mode [30].

Sudden birth of entanglement in giant atoms comes from
the unbalanced amount of population in the states |y.),
which arises from the asymmetry between the decay rates
[epandT'y . Since I',_ >1T"_ and T',, < T, [for the case
highlighted in Fig. 4(a)], the atomic population is trans-
ferred from |ee) to [y_) faster than from |y _) to |gg), while
population decaying from |ee) to |y ) is quickly trans-
ferred to |gg). It leads to an efficient generation of
entanglement through the control of the waveguide wave
number «. In the Supplemental Material [30], we show that
other geometries of giant atoms lead to a sudden birth of
entanglement that is comparable to the one for small atoms
[Figs. 4(a) and 4(b)].

Giant photon bunching.— We discuss how the statistics
of the light emitted by two giant atoms in the waveguide
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FIG. 4. (a) Maximum amount of entanglement generated
through sudden birth for small and giant nested atoms as a
function of xAx. (b) Dynamics of the optimal sudden birth of
entanglement for small and giant nested atoms as a function of
yot. Here kAx ~ 0.197 for small atoms and kAx = 0.99x for giant
nested atoms.

can be used as an entanglement witness of the system. The
light emitted by the atoms is described by the electric field
operator £,(t, 7) emitted by the atoms. For our system, the
left and right traveling fields read [30]

N K, N_ K,
A (1) N - (n)
Ei(noc) > e ™ on(n), En(necy > ™ oy (n),
n=1 j=I n=1 j=1

(6)

assuming that the phase at a given connection point x(f") of
the atom varies very slowly with the wave number «.

We characterize the emitted light by its steady-state,
second-order correlation function ¢(®(z) which, for the
field £%(¢) (a = {1,r}), is given by
ey — tim (B OB (¢4 03+ 0Ex(0)
=0 (BT () EG (1)) (EST (1 + 0)EG(t + 7))

(7)

Finally, we define the (steady-state) Mandel Q parameter
for the field £%(,7) as [47]

gt 2
0, = lim(E' (NES(0)(gs” ()= 1), (8)
By tuning the external field frequency regarding to the
atomic transition @, wgeq = @ — A, the atomic steady
state and the emitted light statistics change as shown in

Fig. 5. Figures 5(a) and 5(b) show the functions gSf) (0) and
Q.. respectively. The light statistics can be changed from
sub-Poissonian statistics to superbunching by adjusting the
detuning A, in the interval [-2A,,2A,,]. While the light
statistics of small atoms remain sub-Poissonian, the light
emitted from giant atoms exhibit different properties
depending on the detuning A . In particular, giant photon
bunching has been reported in a system of quantum dots
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FIG. 5. (a) Function g,(,z) (0) and (b) Mandel parameter for the

emitted light by small and giant atoms, as a function of the pum-
ping detuning A,. (c) Population in the state |$) and (d) the
corresponding concurrence. Here Qy = 1.5y, and kAx = 0.01x.
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[48], a system that, in principle, may behave as giant atoms
due to the spatial extent of the system, as compared to the
pump wavelength [16,49,50].

Figures 5(c) and 5(d) show the entanglement and
population of the long-lived state |), respectively. From
Fig. 5(c), we observe that when the external pump is at
resonance, A, = 0, the steady state is pg‘g“ed ~ |B)(B|, such
that the entanglement originates due to the large population
of the long-lived maximally entangled state |3). In this
scenario, the behavior of the coherence second-order
function and Mandel parameter suggests that these quan-
tities work as a witness of maximally entangled states of the
system. Therefore, although bunching of light is not an
entanglement witness, in general, the giant bunching
observed in the steady-state regime of our dynamics is
associated with the generation of long-lived maximally
entangled states for two nested giant atoms. In this
particular setup, the photon statistics could thus be used
to monitor the atomic state.

Conclusion.—Considering two giant atoms driven by
photon-mediated interaction and external fields, we have
studied entanglement generation. We showed that the phase
acquired by the traveling photon inside the waveguide
allows us to design a two-qubit system with both fre-
quency-tunable collective decay rates and transition rates
between the states of the system. Consequently, frequency-
tunable collective effects of two giant atoms are achieved.
We have taken advantage of these properties to create a
high degree of entanglement in the system through two
different processes: free decay and pump-driven dynamics.
The amount of concurrence obtained for giant atoms is
much larger than for small atoms. In particular, it is possible
to create a quasi-maximally-entangled steady state with
giant atoms, by adequately adjusting the Rabi frequency of
the classical external field that drives the system. Finally,
we observe that the statistics of the light emitted in the
waveguide are a witness for concurrence generated in the
system, so it can be used as a nondestructive measurement
for entanglement. By adjusting the external field detuning
A, giant photon bunching emission [48] is observed as the
entanglement increases.

Our results can be implemented in superconducting
circuits, since the experimental realization of a similar
system has been reported by Kannan et al. [26]. The two
frequency-tunable transmon qubits used in Ref. [26] should
be coupled to the transmission line coplanar waveguide at
two locations, as shown in Fig. 1(a), instead of the braided
manner considered in Ref. [26]. Experimental realization
and the immediate extension of our analysis for systems of
many giant atoms are left for future prospects.
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