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We study the implementation of arbitrary excitation-conserving linear transformations between two sets
of N stationary bosonic modes, which are connected through a photonic quantum channel. By controlling
the individual couplings between the modes and the channel, an initial N-partite quantum state in register A
can be released as a multiphoton wave packet and, successively, be reabsorbed in register B. Here we prove
that there exists a set of control pulses that implement this transfer with arbitrarily high fidelity and,
simultaneously, realize a prespecified N x N unitary transformation between the two sets of modes.
Moreover, we provide a numerical algorithm for constructing these control pulses and discuss the scaling
and robustness of this protocol in terms of several illustrative examples. By being purely control-based and
not relying on any adaptations of the underlying hardware, the presented scheme is extremely flexible and
can find widespread applications, for example, for boson-sampling experiments, multiqubit state transfer
protocols, or in continuous-variable quantum computing architectures.
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Linear unitary transformations between bosonic modes
play an integral part in many quantum information process-
ing applications. For example, by sending a multimode
photonic Fock state through a network of linear optical
elements—thereby implementing such a unitary transfor-
mation—the output distribution of the photons is exponen-
tially hard to predict on a classical computer [1], but
this boson-sampling problem can be simulated efficiently
in a quantum experiment [2-9]. When combined with
single-photon sources and detectors, the same unitary
transformations can be used to realize a universal quan-
tum computer according to the Knill-Laflamme-Milburn
scheme [10,11]. Further, by encoding quantum information
in continuous-variable degrees of freedom, one can benefit
from efficient bosonic error correction schemes [12-15],
which is currently explored in superconducting circuits
[16-18] and trapped ion systems [19]. State transfer
operations between such oscillator-encoded qubits require
again the implementation of unitary transformations
between distant bosonic modes.

In most applications, linear unitary transformations are
realized by sending photons through a network of beam
splitters and phase shifters [20], with a limited amount of
tunability. In this Letter, we describe a universal protocol to
achieve the same task through a controlled multiphoton
emission and reabsorption process. The basic idea behind
this approach is summarized in Fig. 1. Two quantum
registers A and B, which each contain N bosonic modes,
are connected by a unidirectional quantum channel. By
controlling the coupling strength between the channel and
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each mode, a quantum state stored in register A is released
as a propagating multiphoton wave packet and reabsorbed
in register B. Here we demonstrate that, for any given
N x N unitary matrix U, there exists a set of control pulses

FIG. 1. (a) Sketch of the quantum network considered in this
Letter. Two quantum registers A and B, each represented by N
bosonic modes, are connected via a unidirectional waveguide. By
controlling the couplings g, ;(¢) and gp ;() between the modes
and the waveguide, a multiphoton wave packet can be emitted
from register A and successively be reabsorbed in register B. (b) A
generic linear unitary transformation U between the modes,
which is conventionally implemented by (I) sending photons
through a network of N(N — 1)/2 beam splitters, can be realized
with our scheme in a time 7, ~ N by (I) applying an appropriate
set of control pulses.
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such that (i) the reabsorption of the emitted photons can be
achieved with arbitrarily high fidelity and (ii) the whole
process implements the transformation

N
bi(ty) = Unalto). (1)
P

Here the a;(t,) are the bosonic annihilation operators for
the modes of register A at the initial time ¢, and the b;(t;)
are the corresponding operators for the modes of register B
at the final time 7, of the transfer. Moreover, we provide a
numerical recipe for constructing the appropriate control
pulses and show that even for completely random unitaries
the overall protocol time, ¢, =1, —f, ~ N, only scales
linearly with the number of modes. Therefore, the current
approach offers an efficient and very flexible way to realize
such transformations, where the targeted operation is fully
specified by the shape of the control pulses and not by the
network layout.

Quantum network dynamics.—For the following analy-
sis, we focus on the quantum network in Fig. 1(a), where
two sets of N bosonic modes in register A and register B are
coupled to a unidirectional waveguide. For now we assume
that all modes have the same frequency w, and that they are
coupled to the waveguide with tunable couplings g, ;(t)
and gg (1), respectively, where j=1,...,N labels the
modes within each register. Various schemes for realizing
such tunable couplings have already been demonstrated,
both in the optical [21-24] and in the microwave regimes
[25-33]. When combined with coherent circulators [34—
39], chiral waveguides [40], or other types of directional
couplers [41-43] a fully cascaded network, as assumed in
this Letter, can be implemented.

Under the assumption that the spectrum of the wave-
guide is sufficiently broad and approximately linear, we can
adiabatically eliminate the dynamics of the propagating
photons and derive a set of cascaded quantum Langevin
equations for the register modes [44,45]. In a frame rotating
with @y, we obtain

o) == )~ g, 0. @

together with the input-output relations

fOth,/l(t) = fin.ﬂ(t) + g;(t)cﬂ(t)' (3)

Here, the index p runs over all 2N modes and we have made
the identifications ¢, = a, and g, = g4, forp=1,....N
andc,=b,_yandg, =gp, yforpy=N+1,...,2N. The
in field fi,(7) = fin(7) is a S-correlated noise operator,
which satisfies [fi, (1), f1. (£)] = 6(t = 7). All other in
fields are determined by the relation f, (1) =
fouru—1(t), which captures the directional nature of

the quantum channel. By iterating this relation and

adopting a vector notation, ¢ = (cy,...,coy)? and §=
(g1s-..»gon)T, we obtain
c(r) = =M(0)c(1) = g(1) fin (1), (4)

where M, (1) = g,(1)g;(1)®(u —v) and O(x) is the
Heaviside function. Unless stated otherwise, we express
time in units of 5}, where y,,,,, denotes the maximal decay
rate into the channel and depends on the specific physical
implementation. With this convention, the couplings g, ()
are complex numbers and constrained to [g,(7)| < 1. A
detailed derivation of Eq. (4) can be found in the
Supplemental Material [46].
The general solution of Eq. (4) can be written as

t
E(0) = Gt 1)) = [ dsG)Fn(s). ()
0
where the Green’s function G(t,1,) obeys 0,G(t,ty) =
—M(1)G(t,ty) and G(t, ty) = T,y. The cascaded structure
imposed by the unidirectional waveguide implies that both
M and G have a lower-triangular form, i.e., M,,.G,, =0
for u < v. Moreover, each row u of these matrices only
depends on the couplings g,(#) associated with that and
previous modes v < u. This allows us to write the Green’s

function as
G 0 0 O
(o )= (0 0) ©
Gpa Gpp u o0

where the expression to the right indicates the targeted
evolution at 7 = ¢4, as specified in Eq. (1).

Control pulses.—To realize the desired dynamics, we
first choose a set of pulse shapes for the couplings g4 ;(¢) in
register A. These pulses do not have to be of any specific
shape, but they must be mutually overlapping and
satisfy [46]

g=

t
[ dslon o) > 1. ™)
0

This condition ensures that all initial excitations in register
A decay into the waveguide and Gy, (ts,7)) ~0 up to
exponentially small corrections.

Next, we must identify a set of control pulses gg ;(7),
which achieve the nontrivial part of the dynamics,
Gpa(ts, 1) = U. To do so, we assume for now that the
whole network is initially prepared in the single excitation
state |y,) = W} |vac), where |vac) is the vacuum state and
Y, =N | Upay(ty). We then define the amplitudes
F; /(1. ty) = (vac|foun+,(t)|ws), which represent the field
in the channel right after the jth mode of register B. We
obtain

N-+j

Fjo(t 1) = Zg};(t)[G(t, t)U iz (8)

where U = diag(U, Oy) is a block-diagonal matrix.

050801-2



PHYSICAL REVIEW LETTERS 130, 050801 (2023)

According to Eq. (1), the excitation created by ‘P:L is
mapped onto the corresponding excitation of mode b, in
register B. To achieve this mapping, during the whole
protocol, the photon emitted from state |w,) must not
propagate beyond the Zth node of register B, as otherwise it
would be impossible to recapture it at a later time.
Therefore, a necessary requirement for a perfect transfer
is that the dark state condition F, »(1, ty) = 0 s satisfied for
all times ¢ € [t,, t;], or equivalently,

Ir./ DGt 10U Ny p = =F o101, 10). )

For N =1 and U =1, Eq. (9) reduces to the dark-state
condition employed for identifying control pulses for
single-mode quantum state transfer schemes [33,50-55]
(see also Ref. [56] for a preliminary extension to multimode
setups). In the Supplemental Material [46], we show that
satisfying this generalized set of dark-state conditions for
all # =1, ..., N is not only necessary, but also sufficient to
obtain G, (ty. 1)) = U and Ggg(ts,ty) ~ 0 for sufficiently
long 7;. Moreover, we show that the implicit equation for
ggr(1) in Eq. (9) can be converted into the following
recursive expression:

Fy_y 4t t0)

) = .
VI ds|Fo (s, 10) P

gp(t (10)

Because of the cascaded structure of G, the amplitudes
Fy_y 4(t.1y) depend on the known control pulses gy ;(¢)
and on the previously obtained pulses gg ;(t) for j <7
only. Therefore, Eq. (10) can be iteratively applied to
compute all control pulses g ;(¢) for register B.

Equation (10) proves the existence of a solution to our
control problem by an explicit construction of the coupling
pulses, which is the main result of this Letter. We still need
to show, however, that this formal result does not lead to
solutions that violate the constraints |g;(¢)]* <1, are
unbounded in time, or otherwise unphysical. In the follow-
ing, we achieve this conclusion by simply applying the
protocol for engineering generic N X N unitary transfor-
mations. This approach will also allow us to deduce the
scaling and the robustness of the protocol under realistic
conditions.

Two-by-two unitaries.—In a first step, we illustrate the
application of the protocol for the simplest nontrivial
scenario, N = 2, shown in Fig. 2(a). For this setup, we
consider the four unitary operations

U<10) U(o1>
~\o 1) S7\1 o)

() k(D)

FIG. 2. (a) Sketch of the setup for implementing unitary
operations between N =2 modes. (b) Shape of the control
pulses g4 ;(#) as specified in Eq. (12) and for the parameters
t. = 19,6 = 2,and 7 = 1. The dotted lines show the shape of the
photon wave packet released from register A, Ny, (1) =
(vac|f ouea (1) |lwo)|*, for different initial states |yq) = [10) and
[wo) = |01). (c)~(f) Shapes of the optimal control pulses gz ;(7)
for the unitaries (c) Uy, (d) Ug, (e) Uy, and (f) Uc. In all plots,
the dash-dotted lines show the fidelity F. (f) The solid lines
represent the real part and the dashed lines the imaginary parts of
the control pulses.

Here, U7 corresponds to a simple state transfer between the
two registers, Ug additionally swaps the two modes, and
the Hadamard operation Uy and the unitary U, create
superpositions between the modes with real and complex
coefticients.

To calculate the control pulses for realizing each unitary,
we set 7, = 0 and fix the control pulses g, ;(7) to be of the
form

n; [1+(N-))s
(1) = —L—, =y —— (12
a1 0/t 4 NI 1)8 (12)

The parameters 9, t., and 7 can be used to optimize the
protocol for a given application, but none of the following
findings depend crucially on this specific pulse shape nor
on a specific set of parameters. The pulses g4 ;(¢) used in
the following examples are depicted in Fig. 2(b).

Given g4 ;(t) and U, we iteratively solve Eq. (10)
numerically to obtain the control pulses gz ;(#) and evaluate
the fidelity of the operation [57,58]

_ I Te{U Gpa(t,19) }|* + Tr{G;A<t7 10)Gpa(t. 1)}
N(N +1)

F(1)

(13)

It reaches a value of F(t;)~1, if the protocol was
successful. For the examples in Eq. (11), the resulting
pulse shapes and fidelities are plotted in Figs. 2(c)-2(f).
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We see that in all cases the algorithm provides the correct
control pulses and the unitary transformation is imple-
mented with close to unit fidelity, as long as the protocol
time 7, = 1y — 1y is long enough. We emphasize that, while
the shape of the wave packet released from register A
depends on the initial quantum state [see Fig. 2(b)], the
implemented unitary U is independent of this state.

Scalability.—Using the construct from Ref. [20], a
sequential combination of O(N?) of the 2 x 2 unitary
operations demonstrated above is sufficient to recreate
any possible N x N unitary transformation U in a time
t, ~ O(N?). This strategy is usually employed for imple-
menting bosonic unitaries with photons or also atoms
[59,60]. However, in the current approach, already in a
single run, each of the emitted photons interacts with
multiple modes in register B. This intrinsic parallelization
allows us to improve over the scheme by Reck et al. [20]
and obtain protocol times that only scale linearly with the
number of modes, ¢, ~ O(N).

To demonstrate this scaling, we numerically evaluate the
minimal protocol time 7., required to implement a given
N x N unitary with a fidelity of 7 > 0.99. Specifically, we
compare the implementation of the N-mode state-transfer
operation Uz(N) = 1y, the N-dimensional Hadamard
transformation Uy (N), and generic complex unitaries
Ug(N) with randomly drawn matrix elements. The results
are summarized in Fig. 3(a) and demonstrate that the
protocol works perfectly even for a large number of modes
and for arbitrary classes of unitaries. As an illustrative
example, Fig. 3(b) shows the control pulses g ;(t) for
Ugr(N =8) and qualitatively similar pulse shapes
are obtained for other unitaries as well. See the
Supplemental Material [46] for further details about the
numerical procedure that has been used to obtain these
results.

The key observation from Fig. 3(a) is that #,,,;, ~ N scales
only linearly with the number of modes, independent of the
specific properties of U. This scaling can be roughly
understood as follows. Because the maximal coupling
strength is bounded, |g;(f)| < \/7max. the local modes
can emit or absorb photons only on timescales longer than
¥mix. Therefore, in order to emit (absorb) photons into
(from) N spatiotemporally distinct modes, the total pulse
duration must increase proportionally to N. The prefactor
for this scaling is the same for all the tested unitaries, but it
is still a factor of ~3 higher than what one would obtain
from implementing N times a single-mode transfer. We
attribute this overhead to the nonoptimal choice of control
pulses g4 ;(¢) in Eq. (12). Indeed, for the transfer unitary
Ur(N), a substantial reduction of the protocol times can
already be obtained by optimizing the parameter & [46].
This suggests that also for other unitaries, a similar
improvement of the scaling prefactor can be achieved by
using other shapes for the control pulses in register A.

@ 4000 [
*
o ) l.
optimized
pulse
parameters

"o 50 100 150 200

FIG. 3. (a) Scaling of the minimal protocol time f,;, for
implementing different classes of N x N unitaries with a fidelity
F >0.99. Here, Uy(N) =1y is the state-transfer operation,
Uy(N) is the N-dimensional Hadamard transformation, and
Ug(N) is a random unitary N x N matrix. In all cases, the
pulses g, ;(¢) are specified in Eq. (12) with § = 2 and 7 = 1. The
results marked by stars show the minimal protocol time for
Uy(N) for an optimized parameter §. (b) Illustration of the
numerically constructed control pulses g ;(f) for the example
Ugr(N = 8). The real and imaginary parts are shown by the solid
and dashed lines, respectively. See the Supplemental Material
[46] for additional details.

Imperfections.—For tunable couplers based on Raman or
parametric driving schemes [24,31,33,43], the complex
couplings g, (7) ~Q,(t) are directly proportional to the
computer-generated amplitudes of the driving fields, but in
practice experimental uncertainties lead to deviations from
this exact relation and g, (t) = g,()|;q + 69,(¢). To evalu-
ate the impact of such pulse distortions, we assume

89,(1) = VeQ / s e~ U2 (), (14)

where the £, (1) are independent white noise processes with
(6,(1)&,(1')) = 6,,6(t—1'), and & and Q determine the
strength and the frequency range of the pulse distortion.
From the simulations in Fig. 4(a), we find that the protocol
is surprisingly robust with respect to pulse distortions. The
infidelity 1 — F scales sublinearly with the strength of the
noise for rather high values of e and fluctuations that are
faster than y,l, are further suppressed. Importantly, as
shown in Fig. 4(b), the fidelity of the operation also does
not degrade significantly when the number of modes is
increased and again a rather weak dependence on N is
observed.
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FIG. 4. Fidelity of the unitary transformation in the presence of
pulse imperfections §g;() as defined in Eq. (14). (a) Scaling of
the fidelity for the transformation Uy (N = 4) as a function of the
strength of the noise € and for different bandwidths Q. The solid
lines show the fidelity averaged over 10* noise realizations, with
a standard deviation indicated by the shaded areas. (b) Depend-
ence of the fidelity (averaged over 400 noise realizations) on the
number of modes N for different strengths of the noise and for
Q = 1. The solid and the dashed lines show the results as
obtained for the state-transfer unitary Uy(N) and for the
Hadamard transformation Uy (N), respectively.

In [46] we consider also other types of imperfections and
show, first of all, that the protocol works equally well for
nonidentical modes with frequencies w, = wy + A, even
for detunings A, ~ ¥y Therefore, no precise fine-tuning
of the local modes is required. Further, the linearity of the
transformation makes the protocol insensitive to input
noise, such as residual thermal excitations in the channel
[54,55]. The effect of losses, however, reduces the fidelity
of the ideal operation Fiy to [46]

FrFige (1= pa)(1 = poy)?. (15)

Here, y is the bare decay rate of the local mode, p, is the
photon loss probability in the channel connecting register A
and register B, and py, is the transmission loss of a single
circulator or nonreciprocal coupler. While for large N,
Eq. (15) places stringent coherence requirements on all
network components, it does not reveal any unexpected
scalings that depend specifically on the current protocol or
on the choice of the unitary transformation. Note, that F
refers to the fidelity of the unitary transformation, as
defined in Eq. (13). The fidelity of the transformed multi-
photon state depends in a more complicated way on the
initial photon numbers in each mode (see, for example,
Ref. [54] for the case N = 1).

Conclusions.—In summary, we have presented a uni-
versal protocol for implementing excitation-conserving
linear unitary transformations between N bosonic modes,
where, instead of sending photons through a fixed network
of beam splitters and phase shifters, the transformation is
implemented through a multiphoton emission and reab-
sorption process. Therefore, arbitrary unitaries can be
realized by simply changing the control pulses and without
changing the network configuration. The protocol is robust
with respect to the main sources of imperfections and, even

for very complex unitaries, the protocol time only increases
linearly with the number of modes.

While the protocol can be implemented with various
physical platforms, we envision important near-term appli-
cations in the context of circuit QED, where high-fidelity
directional couplers and other network components are
currently developed [46]. Here, the protocol can be used for
parallel state-transfer and entanglement distribution
schemes or, when combined with local nonlinearities, for
large-scale quantum computing architectures based on
continuous-variable-encoded qubits.
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