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When light scatters off a sphere, it produces a rich Mie spectrum full of overlapping resonances. Single
resonances can be explained with a quantum analogy and result in Fano profiles. However, the full
spectrum is so complex that recognizable patterns have not been found, and is only understood by
comparing to numerical simulations. Here we show the directional Mie spectrum of evaporating water
droplets arranged in consecutive Fano Combs. We then fully explain it by expanding the quantum analogy.
This turns the droplet into an “optical atom" with angular momentum, tunneling, and excited states.
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Introduction.—The scattering of an electromagnetic
wave by a dielectric sphere was first calculated by
Gustav Mie in 1908 [1]. Despite the simplicity of a sphere
and a plane wave, this problem leads to a rich spectrum of
radius-dependent resonances called Mie resonances. For
particles significantly larger than the wavelength, some of
these resonances cause the light to internally reflect around
the circumference of the sphere. This creates a surface
effect called whispering gallery modes that appears every
time the circumference is a multiple of the wavelength
inside the material [2-5].

Mie resonances can have quality factors several orders of
magnitude higher than Fabry-Perot resonators [2], making
them ideal as sensors [5,6] or as laser cavities [7]. They are
also suitable for obtaining self-hybridized polaritons to
potentially change the material properties of a sample [8,9].

In 1977, Arthur Ashkin observed Mie resonances in the
scattering force of an optically levitated solid microparti-
cle [10]. For solid spheres, the radius is fixed, and Mie
resonances can be found by varying the trapping wave-
length of the laser, but the spectrum’s range is limited by
the tunable range of the laser.

Varying the size is analogous to scanning the wave-
length. Thus, much wider, radius-dependent Mie spectra
can be achieved using evaporating droplets. However,
stable optical trapping can be complicated because the
weight and optical forces vary considerably as the droplet
shrinks, causing it to drift in the trap or be lost. One solution
is to use slowly evaporating liquids such as glycerol [11] or
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salt-water solution [12]. Droplets can also be trapped in
electric quadrupole traps and probed by light-emitting
diodes [13] or lasers [14].

Here we built a counterpropagating optical trap to
observe the Mie resonances of evaporating water droplets
at a fixed laser frequency. We used the optical levitation
technique first demonstrated by Ashkin et al. [15] and later
applied in various fields ranging from sensor develop-
ment [16] to juggling with light [17]. Our trap keeps rapidly
shrinking droplets stable and provides consistent electro-
magnetic excitation. Thus we obtain a Mie spectrum with a
smooth, continuous, dependence on the size of the scatterer.

Numerical methods are commonly employed to calculate
Mie spectra [18] and are compared to the experimental
results [11,12,19-21]. However, although the simulations
reproduce the experimental spectra, they do not reveal an
intuitive understanding of the complicated structure. When
the vector components of the electric field decouple owing
to the symmetry, as with a sphere, the solution depends on a
scalar wave equation. This is identical to the Schrédinger
equation with an appropriate potential. Thus, individual
Mie resonances can be understood through a quantum
mechanical analogy [3,4,22,23]. However, Mie spectra are
a result of many overlapping resonances, and only under-
standing a single resonance falls short. Here, we expand
this analogy to several series of resonances at once to
explain the full Mie spectrum we observe.

Another connection to quantum physics is Fano profiles,
first observed in the scattering of electrons [24]. The Fano
nature of Mie resonances in subwavelength particles was
predicted [25] and observed [26] when focusing on a
singled out angular direction and polarization. To observe
Mie Fano resonances at wide angles, special geometries
have been engineered such as ring-disc cavities [27] or
multilayer nanoshells [28]. However, although the full Mie
spectrum is predicted to be composed of a series of Fano
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resonances [29-32], these experiments only show a small
number of Fano resonances at a time.

Here, we show the directional Mie scattering of evapo-
rating water droplets. By focusing on a specific direction
and polarization, we managed to isolate only the transverse
magnetic modes. This leads to over 100 evolving Fano
resonances organized in consecutive Mie Fano combs.
Inside each comb, they transform smoothly from wide
Lorentzians to sharp Fano profiles. This appears naturally
in a simple water sphere, in contrast to previous predictions
of Mie Fano combs in purposefully engineered plasmonic
particles [33]. We then provide a theoretical understanding
by expanding the previous quantum-mechanical analogy
making it possible to fully explain the now simplified
directional Mie spectrum and its Fano comb structure.

This analogy converts the experiment into an “optical
atom.” Here, photons are trapped instead of electrons, and
the attractive potential is a result of the droplet’s refractive
index instead of the Coulomb force. The system shows
atomic properties as quantized angular momentum, tunnel-
ing, and excited states. This creates a link between
optics and atomic physics since the spherical potential
well of the droplets is similar to that of atoms [34] and
negative ions [35], where similar Fano resonances can be
observed.

Experimental setup.—We built a counterpropagating
optical trap (Fig. 1) where we levitated water droplets in
air and measured the scattering intensity of the droplets as
they evaporated. It is capable of trapping droplets from radii
of ~6 pm down to full evaporation with a constant position,
ensuring a consistent electromagnetic excitation throughout
the process.

We divided a 532.0 nm, continuous-wave laser beam into
two vertically polarized arms and focused them into the
same spot from opposite directions inside the trapping
chamber. We focused each arm using a 100 mm and a
65 mm lens, resulting in beam waists of 7.5 + 0.8 pm and
4.9 £0.5 pm, respectively. These were chosen to be
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FIG. 1.

comparable to the size of the investigated droplets. Since
the optical forces change significantly as the droplet
shrinks, careful balancing between the intensities and
alignment of both arms was needed to keep the position
of the evaporating droplet stable.

We used an ultrasonic nebulizer (MY-520A) to dispense
a cloud of water droplets into the trapping chamber.
Droplets randomly fell into the optical trap and merged
into the largest droplet the trap could hold. After the
cloud settled, the remaining droplet quickly evaporated
(~10 s).

Mie Fano comb structure.—Mie resonances result from
two linearly independent modes inside the sphere, the
spherical transverse electric (TE) and transverse magnetic
(TM) modes. We selected only the TM modes by focusing
on the [, polarization component of the scattering
perpendicular to the tapping laser (see inset of Fig. 1
and Supplemental Material [36]).

This selection results in a simplified directional Mie
spectrum with a periodic structure, shown in Fig. 2(a). The
lower x axis shows the measured radius of the droplet (see
the Supplemental Material [36]), and the upper x axis the
size parameter x = ka.

As opposed to nondirectional Mie spectra [11,12,19,20],
the entire spectrum can be understood as a series of separate
resonances where at most two overlap, and each can be
clearly identified.

We observe three distinct, overlapping combs inside of
which the resonances are equidistant. The leftmost comb
does not overlap with a new one to its left, meaning that this
is the first comb with the lowest order whispering
gallery modes. These modes cannot exist for smaller
spheres since the wavelength becomes comparable to the
circumference and light cannot coil around the surface of
the sphere.

Each comb is composed of distinct Fano resonances that
evolve from being symmetric (Lorentz form) to the
asymmetric shape of a Fano resonance. Figure 2(b) shows
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Counterpropagating trap used to record directional Mie spectra of evaporating water droplets. The green arrows mark the

laser’s polarization. The I, polarization was focused onto a position sensitive detector to measure the scattering intensity. 1, was
projected onto a transparent screen to observe the interference pattern and calculate the droplet’s radius.
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FIG.2. Fano Comb structure of the directional Mie scattering. (a) Directional scattering intensity /, as the droplet shrinks. Highlighted
are the first three combs composed of equidistant, evolving Fano resonances. (b) Evolution of the resonances from Lorenztians to Fano
through five selected segments of the first comb. A fit to the Fano equation, Eq. (1), is shown in green. (c) Mie simulation showing the
interference between two resonances at the intersection of two combs (below) producing a sharp Fano profile (above). (d)—(f) Fano
parameters obtained from fits of Eq. (1) on the second comb. The separation between resonances inside a comb is constant (d), the phase
shift & starts at zero and decreases linearly until 0.3z (e), and the resonance width y decreases exponentially (f).

selected resonances fitted using Fano’s equation including a
noninteracting component of the background [29]

> [(g + Q)

o(Q) = D%\ "o

+(1=n). (1)
where g = cot(§) is the Fano parameter, § is the phase shift
with the continuum, # € [0, 1] is an interaction coefficient,
and D? = 4sin?(§). Usually, Q is a function of the energy
with Q = 2(E — E,)/T", where I' is the resonance width and
E, the energy of the resonance. Here, we replaced the
energy in Q with the radius of the sphere since size a and
energy « k are interchangeable with respect to the size
parameter, x = ka.

The Fano profile is produced by the flip of the phase
before and after a resonance as shown in the Mie mode
simulation of Fig. 2(c). For a sphere, the scattering cross
section results in Lorentzian resonances, and the Fano
profiles are a directional effect (see the Supplemental
Material [36]).

Figure 2(d) shows the constant separation between
resonances, where we plotted the center of each resonance
in the second comb obtained from the fit of Eq. (1). The
slope is A = 63.6 &= 2.3 nm resulting in resonances occur-
ring with every change in circumference of
27A = 399 £ 14 nm. In other words, the light coils around
inside the droplet, and constructive interference occurs
every time the circumference is a multiple of the wave-
length inside the material, 4/n = 399.1 nm.

The fitting of each individual resonance confirms pre-
dictions of Mie scattering being composed of a series of
Fano resonances [29-32]. Additionally, it unites the wide
and sharp resonances commonly observed in Mie scattering
spectra as the same phenomenon through a smooth tran-
sition of the parameters in Eq. (1). Figures 2(e) and 2(f)
show the evolution of the phase shift 6 and resonance width
y inside the second comb. The phase shift decreases linearly
from 0 to 0.3z while the resonance width decreases
exponentially. At y = 0.03 pm the free spectral range
becomes comparable to the resonance width, and y cannot
be measured accurately (red dots).

The optical atom.—Common practice would be to
perform a simulation of Mie scattering and compare to
the spectrum in Fig. 2(a). However, simulations do not
provide an intuitive understanding of the spectrum, and the
relation to the Fano equation is usually shown analyti-
cally [30,31]. Instead, we explain the full spectrum of
resonances through an extension of the well-known quan-
tum mechanical analogy [3.,4] previously used to explain
one single resonance and its phase shift [43].

From Maxwell’s equations, we know that for a non-
magnetic, uncharged sphere with radius a, the electric field
must follow the equation

V x (V x E) — 2n2(r)E = 0, 2)

where E is the electric field, k = 27/4 the wave number,
and n(r) the refractive index. In this case, n is a step
function with n(r < a) = nyye and n(r > a) = ny,.
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Following the procedure outlined by Johnson [3], the
radial dependence of the electric field S,(r) must satisfy the
differential equation

B e -2 s, -0. @)
dr r
This applies for both the TE and TM modes as long as we
consider the refractive index to be a step function,
ie., dn(r)/dr=0

If we define the energy as E = k> and choose a square
potential well V(r) = —k?[n?(r) — 1], then the radial, time-
independent Schrodinger equation with a central potential
and with #/2u = 1 becomes

¥ C(f+1
D ey - 1= vy = —pwe). @)

dr r
which is identical to Eq. (3). The effective potential
becomes

(0 +1)

r2

Ver(r) = — k2 [n?(r) = 1]. (5)

Solving for the electric field is mathematically analogous
to solving the Schrodinger equation [Eq. (4)]. Thus, we can
use the interpretation of resonances from quantum mechan-
ics to understand the spectrum we observe.

The effective potential is a spherical well potential. It
results from the sum of an attractive square well and the
centrifugal barrier. A bound energy level in this potential
can be understood as the light trapped inside the droplet,
continuously reflecting on the inner surface. The rotation
around the circumference gives the light quantized angular
momentum Z.

Figure 3(a) shows four wedged potential wells (blue) and
their calculated energy levels for spheres of different radii.
An energy level represents the “energy of the laser,” k2,
needed to produce a Mie resonance inside a sphere of that
size. Note that this is only in terms of the quantum potential
and is not related to the usual laser energy hwv.

These energy levels are numbered by the radial number
N and are known in atomic physics as ground state (N = 1)
and excited states (N = 2,3, ...). The radii at which energy
levels match the “energy of the laser" and create a
resonance are shown in Fig. 3(b) (see the Supplemental
Material [36]). It shows the three distinct combs, first in
green, second in orange, and third in purple.

Figure 3(c) shows the scattering for three selected
resonances. The resonances from the first comb (green)
are related to the first energy level inside the wedge, a}.
When the well becomes wide enough, an additional energy
level appears, a2, and the second comb begins (orange). In
this way, each specific mode is defined through the double
index a¥ (a for TM) and b2 (b for TE) where N is the radial
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FIG. 3. The shape of the wedged well potential defines the

profile of the resonance. (a) V(r) for £ = 11, 20, 31, and 35.
The energy levels inside the wedge are plotted with green (first
comb) and orange (second comb). The magenta lines mark the
potential barriers for £ = 11 and 20. The energy level aél is
dashed to mark that it does not resonate with the laser. See the
Supplemental Material [36] for a video of the energy levels in a
growing sphere. (b) All the calculated energy levels up to 4.5 pm,
showing the basis for the comb structure. (c) The directional
scattering at three selected size ranges of the droplet (blue) and a
fit using Eq. (1).

quantum number [8,12] arising from the roots of the
boundary conditions. Notice that the equations giving
the resonances do not depend on the value of “m” due
to the angular degeneracy in Eq. (2) and the spherical
geometry of the scattering target.

The first resonance, a{l, has a narrow barrier (magenta
line), resulting in a wide, Lorentzian resonance. For the
next resonant levels, a}, and al,, the barrier becomes wider
and results in narrower resonances.

As a wave meets the potential barrier, one part reflects,
and another tunnels through, resonates, and leaks out. The
phase shift between the reflected and resonant waves leads
to constructive and destructive interference, producing the
asymmetric Fano profiles shown in Fig. 3(c). A similar
phase shift occurs in resonances from atomic potentials
with similar shapes [44].

As the barrier widens tunneling becomes harder, and the
resonances begin to narrow and shrink. Then, new reso-
nances start to appear resulting from the second energy
level, exemplified by a3, in Fig. 3(a). It is again trapped
behind a narrow barrier, producing a Lorentzian resonance
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and starting the second comb [rightmost panel of Fig. 3(c)
in orange]. Both sets of resonances (a} and a?) overlap until
the barriers of the first energy levels eventually become so
wide that the first comb dies off, as shown in Fig. 2(a). The
process repeats all over again for each set of higher energy
levels, resulting in the sequence of combs. This is best
understood through the video shown in the Supplemental
Material [36].

Inside a comb, the barrier width is approximately
proportional to the size parameter (see the Supplemental
Material [36]). Thus, the evolution of y and ¢ [Figs. 2(d)
and 2(e)] can be explained through the barrier width. Large
barriers make it harder to tunnel, reducing y exponentially.
This agrees with the exponential increase of the Q factor
shown previously [23]. Similarly, ¢ increases linearly as the
evanescent wave travels through wider barriers and gains a
larger phase for smaller shifts away from the resonance.

Conclusion.—We have revealed a directional Mie spec-
trum with a simpler structure than previous Mie scattering
spectra. We achieved this by stably trapping evaporating
water droplets, isolating the TM modes, and measuring
their directional Mie scattering.

The periodic appearance of the Mie resonances can be
used as a ruler to measure the evaporation rates of droplets
with nanometric precision. Additionally, the spectrum is
highly dependent on the refractive index and its spatial
distribution. It could be used to measure the concentration
of biological or chemical substances on the surface of
evaporating droplets. We estimate a sensitivity to a real
refractive index of =3 x 10™ and in absorption of
~1 x 1073. Since the choice of wavelength is free, maxi-
mizing the difference in n between water and the substance
could yield a sensitivity of up to 1 part per 10°.

We confirmed that Mie resonances are composed of a
series of Fano resonances, found that they are arranged in
consecutive combs, and explained all of these character-
istics through a quantum mechanical analogy. This makes it
possible to fully explain Mie spectra without the need for
numerical simulations.

Finally, the spectrum results from a simple, finite
spherical potential well. This is just one level of complexity
above the classical square potential well taught in all
quantum mechanics courses. Thus, this experiment
becomes an “optical atom” where light is trapped inside
a droplet in the same way as an electron would be trapped
in a spherical well model of an atomic potential.

The supporting data for this Letter as well as the video of
the interference fringes of the evaporating droplet are
openly available from [45].
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