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We look into dark solitons in a quasi-1D dipolar Bose gas and in a quantum droplet. We derive the
analytical solitonic solution of a Gross-Pitaevskii-like equation accounting for beyond mean-field effects.
The results show there is a certain critical value of the dipolar interactions, for which the width of a
motionless soliton diverges. Moreover, there is a peculiar solution of the motionless soliton with a nonzero
density minimum. We also present the energy spectrum of these solitons with an additional excitation
subbranch appearing. Finally, we perform a series of numerical experiments revealing the coexistence of a
dark soliton inside a quantum droplet.
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Introduction.—In this Letter, we wish to address two
vital topics in the field of ultracold atoms: the investigation
of quantum droplets and the subject of dipolar dark
solitons (Fig. 1).
The early experiments with attractive dipolar Bose-

Einstein condensates (BEC) reported the gas collapse
dubbed Bose-nova [1–4]. Later on, opening doors to some
new species with a high magnetic dipole moment [5–7]
offered more possibilities. Apart from the next evidence of
the collapse [8–10], a state with a broken symmetry was
unexpectedly brought to light [11]. Subsequently, the novel
states of matter—quantum droplets [12–14] and super-
solids [15,16], were observed in dipolar systems and
Bose-Bose mixtures.
The collapse-preventing mechanism in mixtures [17] and

dipolar BECs [18] is due to the quantum fluctuations, not
accounted for in the seminal Gross-Pitaevskii equation
(GPE). Therefore, one may look for an extended Gross-
Pitaevskii equation (EGPE). For instance, the Kolomeisky
equation [19]was proposed to describe the Tonks-Girardeau
gas [20], but suffered an immediate criticism [21].
Another example of an EGPE is the generalized nonlocal
nonlinear Schrödinger equation [22–24] employing the
Lee-Huang-Yang (LHY) correction [25,26]. GPE extended
by the LHY correction only, does not provide us with a
quantitative agreement with quantum Monte Carlo predic-
tions for strong interactions [27,28].
The gap of strong interactions seems to be filled with a

hydrodynamic-based approach resulting in the Lieb-
Liniger GPE (LLGPE), which we use in this Letter. The
equation in question was used to investigate BECs in
Refs. [29–37], including the prediction of dipolar quantum
droplets in a quasi-1D configuration [38].
Typically, these waves due their existence to nonlinear

effects and have been already studied in various physical

systems [39–47], including BECs with contact interactions
[48–50], dipolar interactions [51,52], and also beyond the
mean-field description [19,34]. It was shown that in the
Tonks-Girardeau gas, thanks to the Bose-Fermi mapping,
one can find stable solitonlike solutions in many-body
calculations [53].
Dark solitons are routinely produced via phase imprint-

ing [54,55], but they are predicted to appear spontaneously
during heating as well [56]. Unfortunately, the solitons are

FIG. 1. Graphical abstract. (a) We demonstrate that in a dipolar
gas, there are solutions of infinitely wide dark solitons due to an
interplay between short- and long-range interactions. (b) Artistic
vision of a dark soliton existing inside a quantum droplet.
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too narrow to be observed in situ, which makes an obstacle
to investigate them properly.
The aim of this Letter is to find out whether or not dark

solitons exist in a dipolar Bose gas with strong contact
interactions and if such solitons can coexist with quantum
droplets. As far as we are concerned, the necessary
ingredients, namely strong contact interactions, quasi-1D
geometry, and dipolar interactions, have been present in the
experiment [57].
Nonlocal Lieb-Liniger Gross-Pitaevskii equation.—We

study a dipolar Bose gas in a quasi-1D configuration, i.e.,
with unconfined atoms of mass m in the x direction (box of
a size L with periodic boundary conditions or an infinite
system), but tightly trapped in the transverse y and z
directions. We assume a harmonic trap with frequency ω⊥
and introduce the aspect ratio σ¼ l⊥=Lwith l⊥¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=mω⊥

p
.

The excitation energies in the perpendicular directions are
assumed to be relatively large in comparison to those in the
longitudinal one, therefore unoccupied and neglected here.
We consider a head-to-tail configuration of the dipoles.

This implies the attractive character of the dipole-dipole
interaction (DDI). The dipolar interaction coefficient gdd ≡
ðμ0μ2D=2l2⊥Þ depends on the atom magnetic moment μD.
To understand the dynamics of the system, we start with

classical hydrodynamical Euler conservation equations

∂ρ

∂t
þ ∂ðρvÞ

∂x
¼ 0; ð1aÞ

∂v
∂t

þ v
∂v
∂x

¼ 1

mρ

∂PLL

∂x
þ f; ð1bÞ

where PLL is the pressure and f contains body acceler-
ations. We assume further that all fields change sufficiently
slow such that locally the gas remains in the ground state of
the Lieb-Liniger model with energy ELL, and therefore
PLL ¼ −ð∂ELL=∂LÞ (which we calculate only in the
thermodynamic limit [58]), while dipolar magnetic forces
are included in f.
We introduce a pseudo–wave functionΦðx; tÞ, which has

to obey the above set of hydrodynamic equations via
the density field ρðx; tÞ ¼ jΦðx; tÞj2 and velocity field
vðx; tÞ ¼ ðℏ=mÞ∂x½argΦðx; tÞ�. This, up to the quantum
pressure term, leads to the nonlocal LLGPE [59]:

iℏ∂tΦðx; tÞ ¼
�
−
ℏ2

2m
∂xx þ μLL½g; jΦðx; tÞj2�

�
Φðx; tÞ

− gdd

Z
jΦðx0; tÞj2vσddðjx − x0jÞΦðx; tÞdx0;

ð2Þ

where g is the contact interaction coefficient,
vσddðuÞ ¼ ð1=σÞvddðu=σÞ is the effective quasi-1D dipolar
potential [60] with vddðuÞ ¼ 1

4
½−2juj þ ffiffiffiffiffiffi

2π
p ð1þ u2Þeu2=2

Erfcðjuj= ffiffiffi
2

p Þ� and μLL is the Lieb-Liniger chemical poten-
tial [61]. The latter can be easily evaluated numerically
basing on Refs. [62,63]. The parameter σ acquires another
meaning of the effective dipolar interaction range here.
For the weak contact interactions the subsequent terms of

μLL expanded in the Taylor series give rise to the GPE and
EGPE (that is, GPE with LHY term). Keeping in (2) the full
μLL, without cutting the Taylor series, makes the equation
useful for strong short-range interactions [34] and a tool to
study the 1D quantum droplets [38].
Approximation of infinitely strong contact interactions

with zero-range dipolar ones.—Following the notation
from the Lieb-Liniger model, we will use a dimensionless
parameter γ ≡ ðm=ℏ2Þðg=ρ0Þ to describe the contact inter-
action strength, where ρ0 ¼ N=L is the average gas density.
Let us now consider Eq. (2) in the limit of the infinite
contact and zero-range dipolar interactions (i.e., γ → ∞
and σ → 0):

iℏ∂tΦðx; tÞ ¼ ℏ2

2m
½−∂xx þ π2jΦðx; tÞj4�Φðx; tÞ

− gddjΦðx; tÞj2Φðx; tÞ; ð3Þ

which is the very equation from Ref. [64]. As it can be
immediately seen, the part of this equation responsible for
the short-range interactions becomes the same as in the
Kolomeisky equation [19]. On the other hand, the dipolar
part acquires the nonlinear form known from the GPE.
This approximation works well when the interaction range
σ is smaller than the typical length scale over which
density can change, but still much larger than the average
interparticle distance. According to Ref. [51], the solitonic
solution in the repulsive dipolar gas in this limit is
convergent to the one in the gas with contact interactions
only.
One of the solutions of Eq. (3), ΦMSðxÞ was found in

Ref. [64]. It was initially thought to be a family of bright
solitons. However, as some solutions have a flattop density
profile and the energy linear in N, we refer to these objects
as quantum droplets. Such crossovers, from a bright soliton
to a quantum droplet, were seen in dipolar systems [38] and
mixtures [65,66].
Speed of sound and stability of the constant density

profile.—We introduce a dimensionless parameter γdd ≡
ðm=ℏ2Þðgdd=ρ0Þ describing the dipolar interaction strength,
mimicking the Lieb parameter γ.
First, we linearize Eq. (3) for a homogenous

system and solve Bogoliubov–de Gennes equations
[67] to get the excitation energy ϵðkÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðℏ4k4=4m2Þ þ ℏ2k2½ðℏ2π2ρ20=m

2Þ − ðgddρ0=mÞ�p
as a

function of the wave vector k. For low momenta the
spectrum is linear, i.e., it contains phonons with the speed
of sound c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðℏ2ρ20=m

2Þðπ2 − γddÞ
p

. When γdd > π2, the
Bogoliubov excitation energy becomes complex for low
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momenta, manifesting the phonon instability in this region.
Such an instability is present in a Bose gas with attractive
interactions, where the ground state breaks the translational
symmetry to form a bright soliton [68]. In our case,
however, the symmetry-broken ground state appears as
soon as γdd >

2
3
π2 where the pressure P ¼ −ð∂E0=∂LÞ ¼

ðℏ2ρ30=mÞ½ðπ2=3Þ − ðγdd=2Þ� [34], with E0 being the homo-
geneous state energy, becomes negative. Thus, pressure is
the very parameter which determines the emergence of
quantum droplets.
Dark soliton solution.—We look for a family of Eq. (3)

solutions such that Φsðx; tÞ≡ ψðx − vtÞ expð−iμt=ℏÞ and
ψðζÞ ¼ ffiffiffiffiffiffiffiffiffi

ρðζÞp
eiϕðζÞ. Real-valued functions ρ and ϕ are

interpreted as the density and phase, respectively.
Parameter v is the soliton velocity, ζ ¼ x − vt is the
comoving coordinate, and μ is the chemical potential.
When we apply Φsðx; tÞ to Eq. (3), we obtain the soliton
density and phase profiles

ρðζÞ ¼ ρ∞ −
ðρ∞ − ρminÞð1þDÞ
1þD coshðWζÞ ; ð4aÞ

ϕðζÞ ¼
2mvðDþ 1Þðρmin

ρ∞
− 1Þ

ℏDW
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p

× arctan

�ða − 1Þ tanhðWζ
2
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
�
; ð4bÞ

where a≡ ðρmin=ρ∞Þ þ ðρmin=Dρ∞Þ − 1,D≡ ½ðρmin−ρ1Þ=
ð2ρ∞−ρ1−ρminÞ�, and W≡2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðπ2=3Þðρ∞−ρminÞðρ∞−ρ1Þ

p
.

Constants ρmin¼ð3mgdd=2ℏ2π2Þ−ρ∞þð ffiffiffiffi
Δ

p
=2Þ with Δ ¼

½2ρ∞ − ð3mgdd=ℏ2π2Þ�2 þ ð12m2v2=ℏ2π2Þ is interpreted
as the soliton density minimum and ρ∞ is the back-
ground density [limζ→�∞ ρðζÞ ¼ ρ∞]. There is no clear
interpretation for ρ1 ¼ ð3mgdd=2ℏ2π2Þ − ρ∞ − ð ffiffiffiffi

Δ
p

=2Þ,
though. In the thermodynamic limit ρ∞ ¼ ρ0.
One can notice an interesting feature analyzing solely the

soliton density minimum as a function of the dipolar
interaction strength γdd. As we can see it in Fig. 2(a),
the density of the motionless soliton (β≡ v=c ¼ 0) above
γdd >

2
3
π2 is not vanishing. Moreover, the phase of such a

solution is constant.
Another vital property of the soliton in question is its full

width at half depth XFWHD ¼ ð2=WÞarccosh½ð1þ 2DÞ=D�
such that ρðXFWHD=2Þ ¼ ½ðρ∞ þ ρminÞ=2�. Figure 2(b)
shows the motionless soliton width diverges logarithmi-
cally when γdd →

2
3
π2. Even if 0 < β ≪ 1, we can see the

soliton size at γdd ¼ 2
3
π2 is larger than the interparticle

distance 1=ρ∞ and might be easier to detect in the
experiment.
The soliton width also diverges when γdd → π2 but in

that case XFWHD ∝ jγdd − π2j−ν with the critical exponent
ν ¼ 1=2.

One can also notice the phase difference Δϕmax ¼
max ½limζ→∞ϕðζÞ − limζ→−∞ϕðζÞ� is equal to π when
γdd <

2
3
π2, but it is smaller than π otherwise [69]. We

hypothesize a phase imprint of Δϕ > Δϕmax on a droplet
may lead to its splitting rather than a soliton formation. We
investigate this case later in this Letter.
Dispersion relation: We calculate and show in Fig. 3

the dispersion relation EðPÞ [70,71] of the soliton renor-
malized energy E and momentum P.
In the range 0⩽γdd < 2

3
π2, the dispersion relation behaves

qualitatively the same as the one coming from the
Kolomeisky solution (γdd ¼ 0) [19], whereas, when
γdd > 2

3
π2, we observe a new subbranch formed. From

now on, we refer to these solutions as anomalous solitons.
Obviously, it may be more difficult to phase imprint the

anomalous solitons just because their excitation energy is
higher than the one corresponding to the solution with the
same phase difference Δϕ, but situated on the lower
subbranch. We cannot also perform a phase imprint of a
motionless anomalous soliton.
Another problem may be encountered when trying to

calculate the effective soliton mass m� ¼ ℏ2ðd2E=dk2Þ−1.
It is not well defined due to the presence of a cusp in the
spectrum.
Dark soliton generation inside a quantum droplet.—Last

but not least, we want to find out whether or not dark
solitons may coexist with quantum droplets. We prepared

(a)
(b)

FIG. 2. (a) Soliton density minima ρmin as functions of the
dipolar interaction strength γdd for different relative velocities β.
(b) Soliton full width at half depth XFWHD as functions of the
dipolar interaction strength γdd for different relative velocities β.

FIG. 3. (a) Soliton dispersion relation EðPÞ for γdd <
2
3
π2.

(b) Soliton dispersion relation EðPÞ for γdd > 2
3
π2.
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two series of numerical experiments using the MUDGE

toolkit [71,72]. Assuming the soliton width is much smaller
than the droplet size, one can treat the droplet bulk density
ρeq as ρ∞ and expect that after a phase imprint of Δϕ phase
difference, the imprinted state is similar to the analytical
solitonic solution.
Note that then, due to the interplay between the short-

range and dipole interaction, consequently rescaled inter-
action parameter ðρ0=ρeqÞγdd does not depend on the actual
value of γdd and is equal to 2

3
π2½1 − sechðπ ffiffiffiffiffiffiffiffiffi

N=3
p Þ�−1 [71],

which corresponds to the left edge of the anomalous region
in Fig. 2.
We use the fidelity F ¼ jhψσ

numjψij2 between the numeri-
cally evaluated phase-imprinted state ψσ

num and the solitonic
solution ψ ¼ ffiffiffi

ρ
p

eiϕ with density and phase given by
Eqs. (4a) and (4b). We have σ ¼ 0 and γ → ∞ in the first
series of numerical experiments and σ ¼ 0.05 and γ ¼ 50
in the other one. We set the number of particles N ¼ 20 just
like in one of the experimental configurations in the strong
interaction regime [57].
As we have mentioned earlier, one can think that above a

certain value Δϕmax, the droplet will not coexist with a
soliton, but split into two. In such a case, the fidelity should
drop rapidly in the vicinity of Δϕmax. Droplet splitting is
shown in Ref. [76], when a droplet is released from an

external confinement and in Ref. [77] as a result of an
interaction quench.
Nevertheless, as we can see in Fig. 4, no such behavior is

present there. Obviously, the fidelities are smaller in the
case with finite both DDI range and contact interaction
strength as compared to the other case.
The inset of Fig. 4 shows us the time evolution of the

droplet. We imprint a phase difference of Δϕ ¼ π=2 on a
quarter of the droplet. From this moment on, we can
observe a dark soliton moving with a relative velocity β ≈
0.37 and accompanied by shock waves.
Conclusions.—All in all, the results shown in this Letter

corroborate both the existence of dark solitons in the
dipolar Bose gases with strong contact interactions and
the possibility of quantum droplet-dark soliton coexistence.
We put our focus on the strong contact interaction regime,

where the quantum droplets emerge in quasi-1D. In this
regime, where the system can be modeled with the nonlocal
LLGPE, we deal with a competence between two different
types of nonlinearities, the quintic and the cubic one. In the
limit of infinite contact interaction strength (γ → ∞) and
zero-range dipolar interactions (σ ¼ 0), we found an ana-
lytical solution for the dark solitons given by Eqs. (4a) and
(4b). The motionless soliton width diverges when γdd ¼ 2

3
π2.

As a consequence, the solitons will be ultrawide and easy to
observe experimentally in large quasi-1D systems.
We show that in the droplet regime, due to the interplay

between different nonlinearities, the soliton exhibits
anomalous behavior—there exists a gray, but a motionless
one. The anomaly is also apparent in the soliton dispersion
relation, which contains an additional subbranch.
We complement our analytical considerations with the

numerical simulation of an experimental procedure used to
generate solitons, i.e., the phase imprinting. We showed the
procedure causes the formation of a dark soliton on top of
the droplet, even for large phase jumps, finite γ and σ. This
fact disfavors the idea that the phase-imprinting method can
lead to an instantaneous droplet splitting.
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