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We argue that Z-loop Yangian-invariant fishnet integrals in two dimensions are connected to a family of
Calabi-Yau # folds. The value of the integral can be computed from the periods of the Calabi-Yau, while the
Yangian generators provide its Picard-Fuchs differential ideal. Using mirror symmetry, we can identify the
value of the integral as the quantum volume of the mirror Calabi-Yau. We find that, similar to what happens
in string theory, for # = 1 and 2 the value of the integral agrees with the classical volume of the mirror, but
starting from ¢ = 3, the classical volume gets corrected by instanton contributions. We illustrate these
claims on several examples, and we use them to provide for the first time results for 2- and 3-loop Yangian-
invariant train track integrals in two dimensions for arbitrary external kinematics.
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Multiloop Feynman integrals are the cornerstone of all
modern perturbative approaches to quantum field theory
(QFT) and a backbone of precision computations for collider
and gravitational wave experiments. It is therefore of utmost
importance to have efficient ways for their computation and
a solid understanding of the underlying mathematics. Over
the last years, it has become clear that the mathematics
relevant to Feynman integrals is tightly connected to certain
topics in geometry. One of the earliest observations was that
1-loop Feynman integrals compute the volumes of certain
polytopes in hyperbolic spaces [1-5]. Here, the most
prominent example is the 1-loop four-point function with
massless propagators in four space-time dimensions:
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with @;; = @; — a;. This integral features a so-called (dual)
conformal symmetry [6] (with conformal weight 1 for each
external point), and the variable z is connected to the cross
ratio formed out of the four external points a;. The function
D(z) is the so-called Bloch-Wigner dilogarithm, which is
known to compute the volume of a simplex in hyperbolic 3
space, see, e.g., [7]:

D(z) = Im[Liy(z) + log|z|log(1 - z)]. (2)
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Notably, this result for the four-point integral can be boot-
strapped from scratch, using a Yangian extension of the
(dual) conformal symmetry [8].

The interpretation of Feynman integrals as volumes is so
far only understood at 1 loop. While there is substantial
evidence that, at least in special QFTs, the integrands of
Feynman integrals are related to certain volume forms for
generalizations of polytopes (see, e.g., [9-13]), it is an open
question if at higher loops the values after integration
can be interpreted as volumes of geometric objects. If
that were indeed the case, it would shed new light on the
mathematical structure of perturbative QFT, and possibly
lead the way toward novel methods for the computation of
Feynman integrals. The main goal of this Letter is to take
first steps into this direction and to present for the
first time an infinite class of higher-loop Feynman integrals
whose values can indeed be interpreted as a volume.

Fishnet integrals in two dimensions.—In the remainder
of this Letter we focus on so-called fishnet integrals in two
Euclidean dimensions, defined by a connected region cut
out along a closed curve C intersecting the edges of a
regular tiling of the plane by a square lattice (see Fig. 1

FIG. 1. Ten-point 5-loop fishnet integral cut out of a square
tiling of the plane.
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and [14]). This defines a connected graph G by considering
only the edges of the lattice that intersect C (the external
edges) or lie in its interior (the interior edges). Edges of G
connecting two vertices labeled by a,b € R? represent
propagators [(a — b)?]7'/?, and we integrate over the
positions of the internal vertices labeled &;. It is well
known that for a two-dimensional QFT it is useful

to consider complexified coordinates a; = aj + ia; and

x; = &+ i&2. The integrals we want to consider can then
be written as

toto) = | <ﬁdxf—Azidxj> |pix,a>|z’ Y

J=1

,ay), x = (xq,...,xz), and

Potx.a) = [T =) [[T-a)|. @

ij i.j

with a = (ay, ...

and the product ranges depend on the graph topology. If the
¢ = M x N interior integration points span a rectangle, we
denote the graph by G, y, with M < N.

Every fishnet integral is invariant under the Yangian
Y[80(1,3)] of the conformal group in two dimensions
[15,16]. The Yangian splits into holomorphic and anti-
holomorphic parts:

Y[8o(1,3)] = Y[8L,(R)] & Y[8L>(R)], (5)

where the generators of Y[81,(R)] act via partial differential
operators on the holomorphic external points «; and
annihilate the integral (at least for generic values of the
external points). For the explicit form of the representation
of the Yangian, we refer to [16]. We note that invariance
under the conformal subalgebra 81, (R) implies that we can
write I(a) = |Fg(a)|*¢s(z), where z = (z1, ..., 2,_3) is a
vector of conformal cross ratios formed out of the a; and
F¢(a) is a holomorphic algebraic function that carries the
conformal weight.

Analytic results are known for various classes of fishnet
integrals depending only on four external points (see
Fig. 2, for an example), and consequently only on a single
cross ratio, which we choose as z=cr(2,3,1,4) =
ay3a14/ar aszs. In [17] analytic results are given for
Gy v, Where the external points that are incident to the
same side of the rectangle are identified (we call these
graphs G}, y) with determinants of (derivatives of) ladder
graphs G| ,. The ladder graphs G|, themselves can be
expressed as bilinear combinations of generalised hyper-
geometric functions. So far, no results are known for fishnet
graphs in two dimensions depending on more than 1
Cross ratio.

FIG. 2. Example of the four-point limit G} 5 of a rectangular
fishnet graph G, 3.

2D fishnets and Calabi-Yau geometries.—We now argue
that to every Z-loop fishnet graph we can associate a
Calabi-Yau (CY) ¢ fold. Loosely speaking, a CY # fold is a
complex Z-dimensional Kahler manifold M, that admits a
unique holomorphic (#, 0)-form Q. This last condition can
be phrased as follows: the cohomology groups H"(My)
admit a decomposition

H' (M) = @ HM, (6)

ptq=r

where the H”9 are generated by cohomology classes of
(p, q) forms, i.e., forms involving exactly p holomorphic
and ¢ antiholomorphic differentials. The Hodge numbers of
M, are h?? = dim HP*4. The CY condition then translates
into h%0 = 1. Note that for a family of CY varieties
parametrized by d,, independent moduli, we have h/~!! =
dy; for £ # 2. For K3 families £ = 2, d;; is the number of
independent transcendental cycles minus two.

One possibility to define a family of CY ¢ folds is given
by a double cover. Here, we consider the constraint
y?> = Pg(x; a), double covering an #-dimensional projec-
tive base space B with coordinate x = (xi,...,x,) and
canonical class Kz > 0. This defines a family M para-
metrized by a and with (¢,0) form

Q=AY )

where pp is the holomorphic measure on B. Note that /; is
obtained by integrating Q; A Qg over C’. To guarantee
that we really obtain a family of CY ¢ folds, the degree of
Pg(x; a) has to be such that the canonical class vanishes.
We consider B = x_ P! and pp =A%, (xidx; — x;dx})
(with [x;:x] the homogeneous coordinate on the ith copy
of P1), which is a natural compactification of the integra-
tion range C* in (3). The vanishing of the canonical class
then translates into the fact that P;(x; a) has to be of degree
4 in each P'. This condition is always fulfilled for fishnet
graphs, because all internal vertices are 4 valent. For £ > 1,
Mg is typically a singular variety. Similar to [18], in all
examples that we have studied (see below), these singu-
larities can be resolved by deforming M to a smooth CY
¢ fold, and we expect this to hold in all cases. We will
further elaborate on this in [19].
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There is a natural set of integrals, called periods, that we
can associate to a CY ¢ fold by integrating Qs over a basis
of cycles I'; that span the middle homology H,(Mg, Z).
The vector of periods is

HG=< j QG), by —dimH,(Mq.Z). (8)
r, T,

The periods are multivalued functions of a. For every CY 7
fold, there is a monodromy-invariant matrix X that defines a
bilinear pairing on the periods, and X may be chosen
symmetric for # even and antisymmetric (and even sym-
plectic) for £ odd. It is well known how to relate the integral
of Q; A Qg to the monodomy-invariant combination of
periods as follows:

/ Q6 A Qg = (=) T2, 9)
Mg

This gives us a way to reduce the computation of fishnet
integrals to the problem of finding the periods Il of M.
The periods are solutions to certain differential equations,
as we will now review.

The flatness of the Gauss-Manin connection implies the
existence of an ideal of differential operators, called
the Picard-Fuchs differential ideal (PFI), whose space of
solutions is precisely spanned by the periods. The PFI can
be derived by the Griffiths reduction method or a reduction
of the Gel’fand-Kapranov-Zeleviski system, see [20] for a
review. In practice, these methods can be rather slow, in
particular in the case of many variables. We find that the
PFI of M contains the generators of Y[3[,(R)]. Moreover,
the group Aut(G) of automorphisms of G acts on ¥[8, (R)]
by permuting the external points a@;, and so the PFI
naturally also contains these operators. Remarkably, in
all cases we have studied, the complete PFI of Mg is
obtained in this way.

We can summarize our findings as follows.

Claim 1.—We have shown that for every #-loop fishnet
graph G, there exists a family of CY # folds M; with
holomorphic (#,0) form Qg such that

Ig(a) = (=i)/ T, 20, (10)

Furthermore, we conjecture that the PFI of this CY is
generated by Aut(G) - Y[3,(R)].

Let us make some comments about this result. First, we
emphasize that (10) represents a relation we have derived
above, see also (9). Moreover, Claim 1 implies that the
periods of M are Yangian invariants. The invariance under
the conformal 81, (R) subalgebra implies that we can write
[ (a) = Fg(a)llg(z), where Fg(a) is a holomorphic and
algebraic function of a. Second, we expect that the PFI has a
point of maximal unipotent monodromy (MUM) [21]. For
example, for train track graphs G, ,, we find that a MUM

point can be identified as follows: we label an external point
on a small side by a,, and the others clockwise up to a,,, .
Then a MUM point is at z =0, with z; = cr(1,k+ 1,
k+2,6+2), zp=cr(1,6+1,2642,£+2) and z,,; =
cr(1,26 +3-k20+2—k,£+2) for k=1,....6—1.
For the one-parameter graphs G}m > we found MUM points
up to £ = M x N = 12 and a nonorientable graph, and we
expect that they are present in full generality. Near the MUM
point z = 0, there is a unique holomorphic period I ¢(z),
that we can normalize to Tl;((z) = 1 + O(z), and which
multiplies the d,; solutions linear in the logarithm, as well as
the solution of maximal order £ + 1 in the logarithms. We
define ¢ (z) = (—i)?TT},; 215 Finally, it is well known that
I3[ is proportional to e X3, where K(z,Z) is the
Kéhler potential for the Weil-Peterssen metric on
the moduli space of M. This gives an interpretation of
the Feynman integral in terms of the geometry. In the next
section, we relate it to the quantum volume of the mirror.

We have verified that we can reproduce the complete PFI
from the Yangian generators for G;,, G;3, and Gy,.
Having at our disposal the PFI of M, we can solve the
differential equations satisfied by the periods using stan-
dard techniques in terms of series expansions [22]. This
basis of solutions, however, will in general be a linear
combination with complex coefficients of the periods in
(8). With the methods described in [23,24], it is possible to
construct the change of basis and to find the monodromy
invariant bilinear pairing X, and thus to compute I;(a)
through (10). We have done this explicitly for G,
and G;;. We have checked that our results numerically
agree with a direct evaluation of the Feynman parameter
representation for /;(a) for various values of a, and we find
very good agreement (see Fig. 3). More details about the
structure and the properties of the solutions will be
provided in [19].

400
300

200 |

100

0 0.05 0.1 0.15 0.2 0.25

FIG. 3. The functions ¢g ,(z1.22.23) and g, (21 ... 25)
evaluated on the one-dimensional slice (zi,2,.23) = (s/16)
(1,2,3) and (zy,...,z5) = (s/16)(1,2,12,4,5) (for the defini-
tion of our cross ratios, see the main text). The continuous lines
represent the results obtained from our analytic result in terms of
CY periods, while the dots are obtained from a numerical
evaluation of the Feynman parameter representation of G ,.
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Let us conclude by commenting on the structure of the
four-point ladder graphs G|, of [17,25]. At # loops we
have a one-parameter family of CY ¢ folds whose PFI is
generated by a single operator L, of degree £ + 1 thathas a

MUM point at z = 0, and we have i7" =1,0< p < 7.
These operators are special instances of the Calabi-Yau
operators considered in [26,27]. We have checked up to
¢ =5 that we reproduce the results of [17] from our (10)
[28]. For # = 1, we obtain the Legendre family of elliptic
curves, and the periods can be expressed in terms of elliptic

integrals [17,25]:
4 ! 7 "dA 8 2
b, (2) == (KK + KK') = |KPImey, (1)

and FG},1<a) = n/\/ayas. Here, K = K(z) is the com-
plete elliptic integral of the first kind and K’ = K(1 — z),
and we defined 7, = iK' /K. For £ = 2, we obtain a one-
parameter family of K3 surfaces. It is known that every CY
operator of degree 3 is equivalent to the symmetric square
of a CY operator of degree 2 [26,29], and so we can express
G , in terms of elliptic integrals. We define K, = K[} (1 +

V1—72)] such that (K2,K_K,,K?%) span the solution
space of L. G|, is then given by

por (2) =5 (K K-+ K K.)?

2
p
8

= K[ (I, (12)

with Ty — lK+/K_ and FG} Z(G) = 4\/577.'2/, /A12034074.
For # > 2, it is not possible anymore to express the periods
of MG} , in terms of elliptic integrals.

Fishnets as quantum volumes.—The results of the
previous section allow us to reduce the computation of
I;(a) to the computation of the periods of M. Since (1)
computes the volume of a hyperbolic simplex, it is natural
to ask if we can interpret /;(a) as a volume of sorts.
At this point, however, we face an issue. In (1) the
ambient hyperbolic space of the simplex provides the
canonical metric with respect to which the volume is
computed. On M, however, we do not have any distin-
guished metric. Indeed, while a fixes Qg, and thus the
complex structure, there is still substantial freedom to
define a Kéhler form, and thus a metric, on M;. We
now argue that we obtain a volume interpretation using
mirror symmetry.

Mirror symmetry expresses the remarkable conjecture
that CY £ folds come in pairs (Mg, W) such that
the cohomology groups HP9(Mg) and H’=74(Wg) are
exchanged. In particular, mirror symmetry exchanges the
complex structures encoded in H“~""! (M) with the Kéhler
structures from H'“!'(W). Since G defines via Qs a
complex structure on M, mirror symmetry provides a

Kéhler form wg € H'"!(W;). Choosing z such that M has
a MUM point at z = 0, we have

oG =Y 15(2)o, (13)

where @) is a basis of H'! (W), and the % ;(z) = Imt,(z)
are given by the mirror map

t6.:(z) =g i(2) /Mg (2), i=1,..

Jdy,  (14)
where the 1:[0, i(z) diverge like a single power of a logarithm
at the MUM point. The Kéhler form, in turn, can be used to
define a volume form w4 /¢! on W, and we can define the
classical volume of W as

4
g

Voly (W :/
W= | %

1
=2 >l A@ @), (19)

where the C?ll are explicitly computable integers,
namely the (classical) intersection numbers of M.

Let us illustrate this on the examples of the ladder graphs
considered at the end of the previous section. At 1 loop,

wefind Voly(Wer ) = 15 | (z) = Imzy, whichis the area of
L1 L1

the fundamental parallelogram (with sides (1,7;)) that
defines the elliptic curve Wi~ associated to Gi,-

Similarly, we have Voly(Wg: ) = 2% (2)? =3 (Imy)%.
: L

Comparing this to (11) and (12), we see that

4
bar (2) = " [K*Vola(Wgr ),
16,
be (2) = ?|K—| Volg(Wer ), (16)

ie., we see that the 1- and 2-loop ladder integrals are
proportional to the classical volume of the mirror CY (the
prefactor proportional to ﬁGi L0 defines the overall scale). We

checked that the same statement holds for the 2-loop train
track integral G ,, which depends on three independent cross
ratios.

For more than three loops, mirror symmetry (still
conjectural for Z > 3) suggests that the last factor in
(16) is to be interpreted in general as the quantum volume
Vol, (W) of the mirror manifold W. The latter is defined
to be real and positive and to approach in the limit z; — 0
(or equivalently in the large volume limit tgi — o)
the classical volume (15) such that the exponentially

suppressed ¢~'6: corrections are precisely the contributions
of holomorphically embedded curves or world sheet
instantons. This is the same notation that lead to the notion
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of quantum intersections in quantum cohomology [30].
Since for K3’s and elliptic curves there are no instanton
corrections, it is the classical volume that appears in (16),
but the general geometrical interpretation of the fishnet
integral should be given by the quantum volume.

Claim 2.—¢(z) is determined by the quantum volume
of the mirror W5 to Mg:

6 (z) = [l o(2) *Voly(We). (17)

The CY threefold version of the quantum volume
considered here also features in the analysis of nonpertur-
bative properties of string compactifications in [31].

We have checked Claim 2 on our examples for multiloop
train track integrals, as well as for the one-parameter
rectangular fishnet integrals of [17]. Claim 2 shows that
it is possible to give a volume interpretation to all Yangian-
invariant fishnet graphs. This extends the volume inter-
pretation of (1) from four to two dimensions, but with the
advantage that the interpretation naturally extends to higher
loops. To our knowledge, this is the first time that multiloop
Feynman integrals were identified that compute volumes of
geometric objects.

Conclusion.—In this Letter we have studied a class of
Feynman integrals that connect research in mathematics,
scattering amplitudes and integrability. Our main result is
that Yangian-invariant Z-loop fishnet integrals in two
dimensions are naturally associated to families of CY ¢
folds and that the values of these integrals represent the
quantum volume of the mirror CY. Indeed, we find that for
¢ <2, the train track integrals compute the classical
volume of the mirror, in agreement with the fact that there
are no instanton corrections for elliptic curves or K3
surfaces. Starting from # = 3, instanton corrections can
no longer be neglected. This is the first time that it was
possible to identify a higher-loop Feynman integral as a
volume of a geometric object. Intriguingly, we find that
mirror symmetry plays an important role in this context.

Our results are not just of formal interest. Indeed, we find
that we can reduce the problem of computing fishnet
integrals in two dimensions to the geometrical question
of finding the periods of M;. Remarkably, solving this
geometrical question receives input from physics, because
we find that the Picard-Fuchs differential ideal is deter-
mined by the Yangian generators for fishnet graphs (and
permutations thereof). We have illustrated this by providing
for the first time results for two-dimensional train track
integrals at two and three loops.

Our work opens up several new directions for research,
both in mathematics and in physics. First, it would be very
interesting to study the geometrical properties of the CY
varieties we have encountered in detail, in order to under-
stand what role Yangian symmetry plays from the geo-
metrical point of view. It is well known that one-parameter
families of CYs in various dimensions can be related by

Hadamard-, symmetric-, or antisymmetric products [27].
As an example for the last relation we find that the solution
space of the four-point Gzlw, ~ graphs is spanned, possibly up
to rational functions [19], by M x M subdeterminants of
the Wronskian of the solutions of the G}, y_, graphs.
These determinant relations are reminiscent of Basso-
Dixon formulas [17,32], but relate integrals of different
loop order. From the physics perspective, it would be
interesting to clarify the role of the CY geometry in the
context of the integrable fishnet theories defined
in [33,34], and in how far the CY geometry, and in
particular the instanton corrections for £ > 2, play a role
in the integrability of the theory. Finally, it would be
important to clarify if a similar volume interpretation can
also be achieved for other classes of multiloop Feynman
integrals, including integrals in four space-time dimen-
sions. The most natural place to start is to consider
rectangular four-point fishnet integrals in four dimensions,
for which analytic results in terms of polylogarithms are
known [32,35,36]. Recently, it was shown that Z-loop
Yangian-invariant train track integrals in four dimensions
are related to CY (¢ — 1) folds [37-41] (and at two loops
complete analytic results are known [42—44]). It would thus
be interesting to investigate if also in this case it is possible
to identify a volume description via mirror symmetry.

A.K. would like to thank Sheldon Katz, Maxim
Kontsevich, George Oberdieck, and Timo Weigand for
discussions on the geometry realization of the amplitude
and Dr. Max Rossler, the Walter Haefner Foundation as
well the IHES for support. F. L. would like to thank Luke
Corcoran and Julian Miczajka for helpful discussions and
related collaboration and the QFT and String Theory Group
at Humboldt University Berlin for hospitality. The work of
F.L. is funded by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation)-Projektnummer
363895012, and by funds of the Klaus Tschira
Foundation gGmbH.

“cduhr@uni-bonn.de
Taoklemm @uni-bonn.de
"%loebbert@uni-bonn.de
Scnega@uni-bonn.de
”fporkert@uni-bonn.de

[1] Andrei I. Davydychev and Robert Delbourgo, A geo-
metrical angle on Feynman integrals, J. Math. Phys.
(N.Y.) 39, 4299 (1998).

[2] Oliver Schnetz, The geometry of one-loop amplitudes,
arXiv:1010.5334.

[3] Lionel Mason and David Skinner, Amplitudes at weak
coupling as polytopes in AdSs, J. Phys. A 44, 135401
(2011).

[4] Marcus Spradlin and Anastasia Volovich, Symbols of one-
loop integrals from mixed Tate motives, J. High Energy
Phys. 11 (2011) 084.

041602-5


https://doi.org/10.1063/1.532513
https://doi.org/10.1063/1.532513
https://arXiv.org/abs/1010.5334
https://doi.org/10.1088/1751-8113/44/13/135401
https://doi.org/10.1088/1751-8113/44/13/135401
https://doi.org/10.1007/JHEP11(2011)084
https://doi.org/10.1007/JHEP11(2011)084

PHYSICAL REVIEW LETTERS 130, 041602 (2023)

[5] Jacob L. Bourjaily, Einan Gardi, Andrew J. McLeod, and
Cristian Vergu, All-mass n-gon integrals in n dimensions,
J. High Energy Phys. 08 (2020) 029.

[6] J. M. Drummond, J. Henn, V. A. Smirnov, and E. Sokatcheyv,
Magic identities for conformal four-point integrals, J. High
Energy Phys. 01 (2007) 064.

[7] Don Zagier, The dilogarithm function, in Frontiers in
Number Theory, Physics, and Geometry II: On Conformal
Field Theories, Discrete Groups and Renormalization,
edited by Pierre Cartier, Pierre Moussa, Bernard Julia,
and Pierre Vanhove (Springer, Berlin, Heidelberg, 2007),
pp. 3-65.

[8] Florian Loebbert, Dennis Miiller, and Hagen Miinkler,
Yangian bootstrap for conformal Feynman integrals,
Phys. Rev. D 101, 066006 (2020).

[9] Nima Arkani-Hamed and Jaroslav Trnka, The amplituhe-
dron, J. High Energy Phys. 10 (2014) 030.

[10] Nima Arkani-Hamed, Yuntao Bai, Song He, and Gongwang
Yan, Scattering forms and the positive geometry of kin-
ematics, color and the worldsheet, J. High Energy Phys. 05
(2018) 096.

[11] Giulio Salvatori, 1-loop amplitudes from the halohedron,
J. High Energy Phys. 12 (2019) 074.

[12] Nima Arkani-Hamed, Song He, Giulio Salvatori, and Hugh
Thomas, Causal diamonds, cluster polytopes and scattering
amplitudes, J. High Energy Phys. 11 (2022) 049.

[13] David Damgaard, Livia Ferro, Tomasz Lukowski, and
Robert Moerman, Momentum amplituhedron meets kin-
ematic associahedron, J. High Energy Phys. 02 (2021) 041.

[14] Dmitry Chicherin, Vladimir Kazakov, Florian Loebbert,
Dennis Miiller, and De-liang Zhong, Yangian symmetry for
bi-scalar loop amplitudes, J. High Energy Phys. 05 (2018)
003.

[15] Dmitry Chicherin, Vladimir Kazakov, Florian Loebbert,
Dennis Miiller, and De-liang Zhong, Yangian symmetry for
fishnet Feynman graphs, Phys. Rev. D 96, 121901(R)
(2017).

[16] Florian Loebbert, Julian Miczajka, Dennis Miiller, and
Hagen Miinkler, Massive Conformal Symmetry and Inte-
grability for Feynman Integrals, Phys. Rev. Lett. 125,
091602 (2020).

[17] Sergei Derkachov, Vladimir Kazakov, and Enrico Olivucci,
Basso-Dixon correlators in two-dimensional fishnet CFT, J.
High Energy Phys. 04 (2019) 032.

[18] Albrecht Klemm, Christoph Nega, and Reza Safari, The
[-loop banana amplitude from GKZ systems and relative
Calabi-Yau periods, J. High Energy Phys. 04 (2020) 088.

[19] Claude Duhr, Albrecht Klemm, Florian Loebbert, Christoph
Nega, and Franziska Porkert (to be published).

[20] Albrecht Klemm, The B-model approach to topological
string theory on Calabi-Yau n-folds, in B-model Gromov-
Witten theory, Trends in Mathematics (Birkhduser/Springer,
Cham, 2018), pp. 79-397.

[21] For a monodromy matrix M to be maximal unipotent means
that (M —1)" =0 only for n > ¢+ 1. This implies the
logarithmic degeneration of the periods discussed below.

[22] E. L. Ince, Ordinary Differential Equations (Dover Publi-
cations, New York, 1944), pp. viii+558.

[23] Kilian Bonisch, Fabian Fischbach, Albrecht Klemm,
Christoph Nega, and Reza Safari, Analytic structure of
all loop banana integrals, J. High Energy Phys. 05 (2021)
066.

[24] Kilian Bonisch, Claude Duhr, Fabian Fischbach, Albrecht
Klemm, and Christoph Nega, Feynman integrals in dimen-
sional regularization and extensions of Calabi-Yau motives,
J. High Energy Phys. 09 (2022) 156.

[25] Luke Corcoran, Florian Loebbert, and Julian Miczajka,
Yangian ward identities for fishnet four-point integrals,
J. High Energy Phys. 04 (2022) 131.

[26] Michael Bogner, Algebraic characterization of differential
operators of Calabi-Yau type, arXiv:1304.5434.

[27] Duco van Straten, Calabi-Yau operators, in Uniformization,
Riemann-Hilbert Correspondence, Calabi-Yau Manifolds
& Picard-Fuchs Equations, Advanced Lectures in Math-
ematics (ALM) Vol. 42 (International Press, Somerville,
Massachusetts, 2018), pp. 401-451.

[28] The horizontal cohomology A{.! plays here a similar role as
for the Banana graphs [23,24], where the terminology is
explained.

[29] Chuck Doran, Picard—Fuchs uniformization and modul-
arity of the mirror map, Commun. Math. Phys. 212, 625
(2000).

[30] M. Kontsevich and Yu. Manin, Gromov-Witten classes,
quantum cohomology, and enumerative geometry,
Commun. Math. Phys. 164, 525 (1994).

[31] Seung-Joo Lee, Wolfgang Lerche, and Timo Weigand,
Emergent strings from infinite distance limits, J. High
Energy Phys. 02 (2022) 190.

[32] Benjamin Basso and Lance J. Dixon, Gluing Ladder Feyn-
man Diagrams into Fishnets, Phys. Rev. Lett. 119, 071601
(2017).

[33] Omer Giirdogan and Vladimir Kazakov, New Integrable 4D
Quantum Field Theories from Strongly Deformed Planar
N =4 Supersymmetric Yang-Mills Theory, Phys. Rev.
Lett. 117, 201602 (2016); Erratum, Phys. Rev. Lett. 117,
259903 (2016).

[34] Vladimir Kazakov and Enrico Olivucci, Biscalar Integrable
Conformal Field Theories in Any Dimension, Phys. Rev.
Lett. 121, 131601 (2018).

[35] N.I. Usyukina and Andrei I. Davydychev, An Approach to
the evaluation of three and four point ladder diagrams, Phys.
Lett. B 298, 363 (1993).

[36] N.I. Usyukina and Andrei I. Davydychev, Exact results for
three and four point ladder diagrams with an arbitrary
number of rungs, Phys. Lett. B 305, 136 (1993).

[37] Jacob L. Bourjaily, Andrew J. McLeod, Marcus Spradlin,
Matt von Hippel, and Matthias Wilhelm, Elliptic Double-
Box Integrals: Massless Scattering Amplitudes beyond
Polylogarithms, Phys. Rev. Lett. 120, 121603 (2018).

[38] Jacob L. Bourjaily, Yang-Hui He, Andrew J. Mcleod, Matt
Von Hippel, and Matthias Wilhelm, Train tracks through
Calabi-Yau Manifolds: Scattering Amplitudes beyond
Elliptic Polylogarithms, Phys. Rev. Lett. 121, 071603
(2018).

[39] Jacob L. Bourjaily, Andrew J. McLeod, Matt von Hippel,
and Matthias Wilhelm, Bounded Collection of Feynman

041602-6


https://doi.org/10.1007/JHEP08(2020)029
https://doi.org/10.1088/1126-6708/2007/01/064
https://doi.org/10.1088/1126-6708/2007/01/064
https://doi.org/10.1103/PhysRevD.101.066006
https://doi.org/10.1007/JHEP10(2014)030
https://doi.org/10.1007/JHEP05(2018)096
https://doi.org/10.1007/JHEP05(2018)096
https://doi.org/10.1007/JHEP12(2019)074
https://doi.org/10.1007/JHEP11(2022)049
https://doi.org/10.1007/JHEP02(2021)041
https://doi.org/10.1007/JHEP05(2018)003
https://doi.org/10.1007/JHEP05(2018)003
https://doi.org/10.1103/PhysRevD.96.121901
https://doi.org/10.1103/PhysRevD.96.121901
https://doi.org/10.1103/PhysRevLett.125.091602
https://doi.org/10.1103/PhysRevLett.125.091602
https://doi.org/10.1007/JHEP04(2019)032
https://doi.org/10.1007/JHEP04(2019)032
https://doi.org/10.1007/JHEP04(2020)088
https://doi.org/10.1007/JHEP05(2021)066
https://doi.org/10.1007/JHEP05(2021)066
https://doi.org/10.1007/JHEP09(2022)156
https://doi.org/10.1007/JHEP04(2022)131
https://arXiv.org/abs/1304.5434
https://doi.org/10.1007/s002200000228
https://doi.org/10.1007/s002200000228
https://doi.org/10.1007/BF02101490
https://doi.org/10.1007/JHEP02(2022)190
https://doi.org/10.1007/JHEP02(2022)190
https://doi.org/10.1103/PhysRevLett.119.071601
https://doi.org/10.1103/PhysRevLett.119.071601
https://doi.org/10.1103/PhysRevLett.117.201602
https://doi.org/10.1103/PhysRevLett.117.201602
https://doi.org/10.1103/PhysRevLett.117.259903
https://doi.org/10.1103/PhysRevLett.117.259903
https://doi.org/10.1103/PhysRevLett.121.131601
https://doi.org/10.1103/PhysRevLett.121.131601
https://doi.org/10.1016/0370-2693(93)91834-A
https://doi.org/10.1016/0370-2693(93)91834-A
https://doi.org/10.1016/0370-2693(93)91118-7
https://doi.org/10.1103/PhysRevLett.120.121603
https://doi.org/10.1103/PhysRevLett.121.071603
https://doi.org/10.1103/PhysRevLett.121.071603

PHYSICAL REVIEW LETTERS 130, 041602 (2023)

Integral Calabi-Yau Geometries, Phys. Rev. Lett. 122,
031601 (2019).

[40] Jacob L. Bourjaily, Andrew J. McLeod, Cristian Vergu,
Matthias Volk, Matt Von Hippel, and Matthias Wilhelm,
Embedding Feynman integral (Calabi-Yau) geometries in
weighted projective space, J. High Energy Phys. 01 (2020)
078.

[41] Cristian Vergu and Matthias Volk, Train track Calabi-Yaus
from twistor geometry, J. High Energy Phys. 07 (2020) 160.

[42] B. Ananthanarayan, Sumit Banik, Samuel Friot, and Shayan
Ghosh, Double box and hexagon conformal Feynman
integrals, Phys. Rev. D 102, 091901(R) (2020).

[43] Alexander Kristensson, Matthias Wilhelm, and Chi Zhang,
Elliptic Double Box and Symbology Beyond Polylogar-
ithms, Phys. Rev. Lett. 127, 251603 (2021).

[44] Matthias Wilhelm and Chi Zhang, Symbology for
elliptic multiple polylogarithms and the symbol prime,
arXiv:2206.08378.

041602-7


https://doi.org/10.1103/PhysRevLett.122.031601
https://doi.org/10.1103/PhysRevLett.122.031601
https://doi.org/10.1007/JHEP01(2020)078
https://doi.org/10.1007/JHEP01(2020)078
https://doi.org/10.1007/JHEP07(2020)160
https://doi.org/10.1103/PhysRevD.102.091901
https://doi.org/10.1103/PhysRevLett.127.251603
https://arXiv.org/abs/2206.08378

