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We present a complete calculation of the next-to-next-to-leading electroweak corrections involving
closed fermion loops to eþe− → ZH. This has been achieved by using a seminumerical technique for the
two-loop vertex and box diagrams, based on Feynman parameters and dispersion relations for one of
the two subloops. UV divergences are treated with suitable subtraction terms. Numerical results for the
unpolarized differential and integrated cross section at center-of-mass energy 240 GeV are provided. The
new corrections are found to increase the predicted cross section by 0.7%.

DOI: 10.1103/PhysRevLett.130.031801

Introduction.—After the discovery of the Higgs
boson [1,2] at the Large Hadron Collider (LHC) in
2012, it will be crucial to perform precision studies of
its properties, in order to understand the details of the
mechanism of electroweak symmetry breaking and search
for signs of new physics beyond the Standard Model (SM).
Possible deviations of Higgs couplings from the SM
expectations may appear at the percent level in a wide
range of models [3].
For this purpose, several proposals have been made

for so-called eþe− Higgs factories: the International
Linear Collider (ILC) [4,5], the Future Circular Collider
(FCC-ee) [6], and the Circular Electron-Positron Collider
(CEPC) [7]. Those colliders are intended to operate at
center-of-mass energies of 240–250 GeV, in which the
Higgsstrahlung process, eþe− → ZH, becomes the domi-
nant Higgs production channel. As a result of a clean
environment and high luminosity, the cross section for ZH
production is expected to be measured with a precision of
about 1.2% at ILC, 0.4% at FCC-ee, and 0.5% at CEPC.
To extract the coupling between Higgs and Z boson,

theoretical predictions for the process (eþe− → ZH) are
necessary, and the precision should be at least of the same
order as the experimental one. Within the SM, leading order
(LO) [8] and next-to-leading order (NLO) corrections have
been known for a long time for unpolarized beams [9–11],
and more recently for polarized beams [12]. The effects of
multiple collinear photon emission in the initial state,
which are enhanced by powers of logðs=m2

eÞ, can be
taken into account with Monte-Carlo [13] or structure

function [14] methods. Other higher-order corrections are
more challenging to compute. The mixed electroweak-
QCD [OðααsÞ] correction has been calculated by two
groups independently [15,16]. Furthermore, the NLO
and next-to-next-to-leading order(NNLO) OðααsÞ correc-
tions have also been computed for the final state of μμ̄H,
i.e., including Z decays into dimuon pairs [17]. TheOðααsÞ
correction was found to be about 1.5% of the LO result,
which is significantly larger than the expected experimental
accuracy of CEPC and FCC-ee.
The most important missing higher-order corrections are

NNLO electroweak corrections, which are expected to
contribute at the percent level and thus comparable or
larger than the experimental precision of future Higgs
factories. This Letter presents the complete calculation
of NNLO corrections based on two-loop electroweak
diagrams with closed fermion loops. Closed fermion loops
contributions are typically dominant because of the large
top-quark Yukawa coupling and the large number of
fermion flavors in the SM, which is corroborated by
previous calculations [18,19]. With difficulties in finding
analytical solutions, numerical methods allow broader
flexibility. Recent innovative techniques based on series
solutions of differential equations [20–23] seems promis-
ing, but they rely on integration-by-parts reduction, which
is typically the computational bottleneck.
Our calculation is based on a seminumerical method

using a combination of dispersion relations and Feynman
parametrizations, which was first introduced in Ref. [24]
for the evaluation of two-loop double boxes. The method
has been further developed to enable the treatment of UV
divergences, which occur in two-loop vertex integrals and
subloop vertex and self-energy contributions. Integration-
by-parts reduction is not needed. With our approach all
relevant two-loop diagrams are reduced to at most three-
dimensional numerical integrals that can be evaluated with
typically three-to-four digit precision within minutes on a
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single CPU core [or up to a few hours when using
quadruple-precision numbers for higher accuracy]. To
the best of our knowledge, this is the first computation
of NNLO electroweak corrections to a 2 → 2 scattering
cross section.
Method.—Two-loop electroweak diagrams with fermion

loops can be classified into vertex, self-energy, box, and
reducible two-loop diagrams. Some example diagrams are
shown in Fig. 1. Many of these diagrams are infrared (IR)
and/or ultraviolet (UV) divergent. IR divergences can be
spurious or physical. The former cancel in a subset of
similar diagrams, but they must be regulated in individual
diagrams, which we achieve by introducing a small
fictitious photon mass. The physical IR divergences only
emerge from initial-state QED vertex corrections, and they
cancel against real photon emission contributions.
However, initial-state QED corrections factorize and can
be taken into account through convolution with process-
independent structure functions; see, e.g., Ref. [14].
Therefore we omit these contribution in our calculation.
Dimensional regularization is employed to regulate the UV
divergence. It is worthwhile to briefly discuss the renorm-
alization scheme and the treatment of γ5 in D dimensions.
We employed on-shell renormalization scheme for all

fields, masses, and electromagnetic coupling e. The αð0Þ
scheme is used for the latter, i.e., e is normalized to its value
in the Thomson limit. As a result, the final result depends
on the shift Δα ¼ 1 − αðmZÞ=αð0Þ, where αðμÞ is the
running electromagnetic coupling at the sale μ. More
details on the renormalization parameters can be found
in Ref. [25].
The problem of γ5 appears in the diagrams involving

triangle fermion loops, which require the evaluation of
trðγαγβγμγνγ5Þ. In D dimensions, the anticommutation
relation fγμ; γ5g and the trace identity trðγαγβγμγνγ5Þ ¼
−4iϵαβμν cannot be satisfied simultaneously. However,
contributions originating from the ϵ tensor are UV
finite, so they can be safely evaluated in four dimensions.

This approach has been used for example in Refs. [18,26].
More strategies about the treatment of γ5 in D dimensions
can be found in Ref. [27].
Now let us discuss the evaluation of the two-loop integrals

in the matrix element for eþe− → ZH. The reducible
diagrams, Fig. 1(d), and self-energy diagrams, Fig. 1(a),
can be straightforwardly computed by reducing the expres-
sions to a set of known master integrals (MIs) [28]. The MIs
have been evaluated numerically using LOOPTOOLS 2.16 [29]
for the one-loop cases and TVID 2.2 [30] for the two-loop
self-energies. The two-loop counterterms have been com-
puted with the same approach.
For the two-loop vertex and box diagrams, we adopt the

method of Ref. [24], which has been extended to deal with
UV-divergent diagrams. The approach uses Feynman
parameters to transform one of the two subloops into a
self-energy-type integral, which can be expressed in terms
of a dispersion relation. The second subloop can then be
solved analytically via well-known one-loop Passarino-
Veltman functions. No reduction to MIs is required in this
approach. The integration over the Feynman and dispersion
parameters is performed numerically, resulting in at most
three-dimensional integrals for two-loop vertex and box
diagrams.
UV divergences need to be subtracted before carrying

out the numerical integration. In general, three types of
subtraction terms may be needed, two for subloop
divergences and one more for a global (or nested)
divergence. [The number of subtraction terms varies with
topologies; for simpler topologies, only one term is
needed.] The subtraction terms should be simple enough
to be integrated analytically and then added back to the
total result.
To illustrate how to subtract the UV divergences, let us

take an example from the diagram shown in Fig. 1(f),
namely the tensor function given in Eq. (1) below. By
power counting one can see that this integral has subloop
divergences for both the q1 and q2 loops, as well as a
global two-loop divergence. After introducing a Feynman
parameter and shifting the q2 momentum, one arrives at
the expression in Eq. (2), where px ¼ xp ¼ xðpz þ phÞ
and m2

x ¼ ð1 − xÞm2
V2

þ xm2
V1

þ ðx2 − xÞp2. Here pz and
ph are the momenta of the final-state Z boson and Higgs
boson, respectively, whereas p is the s-channel momen-
tum. Next, the q2 loop is rewritten in terms of dispersion
relations. This produces a number of terms, of which only
the divergent ones are explicitly shown in Eq. (3). The
remaining terms, denoted by I finite

q1;q2, are finite and do
not play any role in the UV subtraction. Here
σ0 ¼ ðmx þmf1Þ2, and the explicit form of the dispersion
kernels ΔBij can be found in Ref. [24]. For future

reference, we introduce the symbols I ij
q1 for the three

q1 integrals in Eq. (3).

FIG. 1. Examples of two-loop Feynman diagrams with at least
one closed fermion loop.
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I ¼
Z

dDq2
iπ2

dDq1
iπ2

q22q
2
1 þ q41

ðq22 −m2
V2
Þ½ðq2 þ pÞ2 −m2

V1
�½ðq2 þ q1Þ2 −m2

f1
�ðq21 −m2

f2
Þ½ðq1 − phÞ2 −m2

f2
�½ðq1 − pÞ2 −m2

f2
� ð1Þ

¼
Z

1

0

dx
Z

dDq2
iπ2

dDq1
iπ2

ðq2 − pxÞ2q21 þ q41
ðq22 −m2

xÞ2½ðq2 þ q1 − pxÞ2 −m2
f1
�ðq21 −m2

f2
Þ½ðq1 − phÞ2 −m2

f2
�½ðq1 − pÞ2 −m2

f2
� ð2Þ

¼
Z

1

0

dx
Z

dDq1
iπ2

Z
∞

σ0

dσ
∂

∂m2
x

�
q41ΔB0ðσ; m2

x; m2
f1
Þ þ q21ΔB00ðσ; m2

x; m2
f1
Þ þ q41ΔB11ðσ; m2

x; m2
f1
Þ

ðq21 −m2
f2
Þ½ðq1 − phÞ2 −m2

f2
�½ðq1 − pÞ2 −m2

f2
�½σ − ðq1 − pxÞ2�

�
þ I finite

q1;q2 ð3Þ

The dispersion relation in Eq. (3) is valid only for m2
x > 0. When m2

x < 0, the dispersion relation is modified according to
Z

∞

σ0

dσ
∂

∂m2
x

�ΔB0ðσ; m2
x; m2

f1
Þ

½σ − ðq1 − pxÞ2�
×…

�
→

1

2πi

Z
∞

−∞
dσ

∂

∂m2
x

�
B0ðσ; m2

x; m2
f1
Þ

½σ − ðq1 − pxÞ2 − iϵ� ×…

�
; etc:; ð4Þ

where iϵ is a small numerical value. It must be added
because it ensures all Passarino-Veltman functions are
properly define for all values of σ. We have confirmed
that the result is independent of ϵ as long as it is small
enough. More details about dispersion relation can be
found in Ref. [24].
As mentioned above, I has a global divergence (when

q1;2 → ∞) and subloop divergences when either q1 → ∞
or q2 → ∞. The UV divergence from the q1 loop is
obtained by setting all other momenta inside q1 propagators
to zero. For instance, for the q41 term in Eq. (2) this leads to

Idiv
q1 ¼

Z
dDq2
iπ2

dDq1
iπ2

1

ðq22 −m2
V2
Þ½ðq2 − pÞ2 −m2

V1
�

×
q41

ðq21 −m2
f2
Þðq21 −m2

f2
Þðq21 −m2

f2
Þðq21 −m2

f1
Þ ð5Þ

¼ B0ðp2; m2
V2
; m2

V1
Þ × ½c1A0ðm2

f1
Þ þ c2A0ðm2

f2
Þ�; ð6Þ

where A0 and B0 are the usual one-loop MIs, and the ci are
functions of mf1 ,mf2 , and the dimension D. The q2 inte-
gral in Eq. (5) can be turned into a dispersion relation
and combined with Eq. (3) to render the q1 integration
finite.
The q2 subloop divergence is manifested as a divergence

of the σ integral at its upper limit (σ → ∞). In our example,
the term ∂m2

x
ΔB00ðσ; m2

x; m2
f1
Þ=½σ − ðq1 − pxÞ2� diverges

when σ tends to infinity. However, ∂m2
x
ΔB00ðσ; m2

x; m2
f1
Þ ×

(f1=½σ − ðq1 − pxÞ2�g − ½1=ðσ −m2Þ�) is UV finite, where
m2 can be any arbitrary value (the simplest choice is
m2 ¼ 0). So the divergence is eliminated by subtracting the
following term:

Idiv
q2 ¼

Z
1

0

dx
Z

dDq1
iπ2

Z
∞

σ0

dσ
∂

∂m2
x

ΔB00ðσ; m2
x; m2

f1
Þ

σ −m2

q21
fðq21 −m2

f2
Þ½ðq1 − phÞ2 −m2

f2
�½ðq1 − pÞ2 −m2

f2
�g

¼
Z

1

0

dx
∂

∂m2
x
B00ðm2; m2

x; m2
fÞ ×

Z
dDq1
iπ2

q21
½…� : ð7Þ

Both factors in the last line are one-loop functions that can
be computed analytically, and only the x integration needs
to be carried out numerically.
After subtraction of the two subloop divergences, one

still needs to take care of the global UV divergence, which
is canceled by subtracting the same integral with all
external momenta set to zero (pz ¼ ph ¼ 0, ∴px ¼ 0).
This produces vacuum integrals, which can easily be
reduced to MIs, for which analytical formulas are
known [31].
As we can see in Eq. (3), a derivative with respect to the

mass square m2
x appears in the dispersion relations for

two-loop vertex diagrams. Sometimes, for the global UV

subtraction terms of diagrams with massless fermions, one
can have m2

x ¼ 0, which produces a singularity in the
integrand. In such cases, a fictitious mass M needs to be
introduced for the q2, e.g.,

Idiv
q1q2 ¼

Z
dDq2
iπ2

dDq1
iπ2

1

ðq22 −M2Þ2½ðq2 þ q1Þ2 −m2
X1
�

×
q41

ðq21 −m2
X2
Þ3 ð8Þ

¼
Z

dDq1
iπ2

∂B0ðq21;M2; m2
X1
Þ

∂M2

q41
ðq21 −m2

X2
Þ3 : ð9Þ
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After adding the global subtraction term back analytically,
the result does not depend on the value of M, which hence
can be chosen arbitrarily. The UV subtraction process is
diagrammatically demonstrated in Fig. 2. Diagrams with-
out external lines correspond to vacuum diagrams. The
diagrams in the second and third line are used to eliminate
divergences in the subloop, which is symbolized as ⨁.
They are the product of one-loop functions as shown in
Eqs. (6) and (7).
The entire sequence of steps outlined above has been

implemented in two independent ways to enable cross-
checks. Feynman diagrams and amplitudes are generated in
Feynman gauge with FEYNARTS [32] in both implementa-
tions. For the Lorentz and Dirac algebra, FEYNCALC [33] is
employed in one implementation, and the results were
cross-checked against a private code. The Feynman para-
metrization, construction of dispersion relations, and UV
subtraction have been carried out in two independent
private codes in MATHEMATICA. The UV-finite integrals
are evaluated numerically in C++ with the help of
LOOPTOOLS [29] and adaptive Gauss quadrature integra-
tion, again in two separate codes, one using the integration
routine from the BOOST library [34], and the other utilizing
the QUADPACK library [35]. For some cases with large
numerical cancellations in the integrand, the integration
was rerun using quadruple-precision numbers. As an
additional cross-check, vertex diagrams with self-energy
subloops and vertex diagrams with four-point vertices [see
Fig. 1(h)] were also computed by reducing them to MIs and
evaluating the latter with TVID [30].
Since the Z boson width ΓZ is relatively large, it cannot

be treated as an asymptotic on-shell state. Instead, the
results for the production cross section presented here
correspond to the leading term in an expansion about the
complex pole s0 ¼ m2

Z − imZΓZ. More details can be found
in the Supplemental Material [36].
It is worth noting that the complex pole expansion leads

to a definition for the Z mass and width that differs from the
one that is commonly used in experimental studies. The
relation between the two is given by [41]

mZ ¼ mexp
Z ½1þ ðΓexp

Z =mexp
Z Þ2�−1=2; ð10Þ

ΓZ ¼ Γexp
Z ½1þ ðΓexp

Z =mexp
Z Þ2�−1=2: ð11Þ

Results.—The following input parameters are used for
the numerical evaluation:

mexp
W ¼ 80.379 GeV ⇒ mW ¼ 80.352 GeV;

mexp
Z ¼ 91.1876 GeV ⇒ mZ ¼ 91.1535 GeV;

mH ¼ 125.1 GeV; mt ¼ 172.76 GeV;

α−1 ¼ 137.036; Δα¼ 0.059;
ffiffiffi
s

p ¼ 240 GeV: ð12Þ

where
ffiffiffi
s

p
represents the center-of-mass energy, and the

masses of all the other fermions are set to be 0.
Table I lists the results for the integrated unpolarized

cross section at LO, NLO, and NNLO, where corrections
are further divided according to the number of closed
fermion loops, denoted by Nf. One can see that corrections
with more fermion loops dominate. At the NLO, contri-
butions from fermionic and bosonic corrections partially
cancel, resulting in an increase of σLO by 3%. The NNLO
electroweak corrections turn out to be 0.7% of the NLO
correction, where the contribution with two fermion loops
is much greater than the one with one fermion loop. This
can be partially explained as a consequence of large top
mass and flavor number enhancement of each fermion
loop. In addition, there is an accidental numerical cancel-
lation in the differential cross section for the Nf ¼ 1

contribution. This can be clearly seen in Fig. 3, where
we plot the unpolarized differential cross section at LO,
NLO, and NNLO as a function of the scattering angle. The
contribution due to Nf ¼ 1 (i.e., the difference between the
solid blue and dash-dotted green curves) is positive in the
central region, 0.3π < θ < 0.7π, and negative in the for-
ward and backward regions, where it can reach almost−3%
of the LO result.
As a consequence of this, the shape of the angular

dependence in Fig. 3 is changed slightly at NNLO in

FIG. 2. Diagrammatical demonstration of VZH divergence
separation. ½�finite denotes the finite integral after all subtractions
have been applied.

TABLE I. Numerical results for the integrated cross section at
LO, NLO, and NNLO. Electroweak one-loop and two-loop
corrections are also provided and divided according to the
number of fermion loops symbolized as Nf .

(fb) Contribution (fb)

σLO 222.958
σNLO 229.893

OðαNf¼1Þ 21.130
OðαNf¼0Þ −14.195

σNNLO 231.546
Oðα2Nf¼2Þ 1.881

Oðα2Nf¼1Þ −0.226
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comparison to LO and NLO. This distortion mainly
originates from the final-state ZZH=γZH vertex and box
diagrams.
Conclusions.—Motivated by the anticipated high preci-

sion for the measurement of σðe−eþ → ZHÞ, in this Letter
we present the complete calculation of NNLO electroweak
corrections with closed fermion loops. We found that they
change the NLO results by 0.7% in the αð0Þ scheme, which
is comparable with the expected precision of future Higgs
factories. The NNLO results can be further divided accord-
ing to the number of fermion loops, and the contribution
with two closed fermion loops dominates over the one with
one closed fermion loop. The calculation was made
possible by a new seminumerical technique for the evalu-
ation of two-loop box and vertex diagrams. Although the
efficacy of our method has only been demonstrated by
evaluating diagrams with fermion loops, the bosonic
corrections require no new technical concept and thus
can also be computed with our method. Besides, our
method could also be applied to NNLO electroweak
corrections for other scattering processes.
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