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A gas of interacting particles is a paradigmatic example of chaotic systems. It is shown here that, even if
all but one particle are fixed in generic positions, the excited states of the moving particle are chaotic. They
are characterized by the number of principal components (NPC)—the number of integrable system
eigenstates involved into the nonintegrable one, which increases linearly with the number of strong
scatterers. This rule is a particular case of the general effect of an additional perturbation on the system
chaotic properties. The perturbation independence criteria supposing the system chaoticity increase are
derived here as well. The effect can be observed in experiments with photons or cold atoms as the decay of
observable fluctuation variance, which is inversely proportional to NPC and, therefore, to the number of
scatterers. This decay indicates that the eigenstate thermalization is approached. The results are confirmed
by numerical calculations for a harmonic waveguide with zero-range scatterers along its axis.
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Evolution of integrable systems is completely predict-
able, and, according to the Kolmogorov-Arnold-Moser
theorem (see [1]), weak perturbations do not affect this
property. There are numerous examples of such classical
and quantum systems, including stellar mechanics, hydro-
gen atoms, and many-body systems, both realized in
experiments, such as the quantum Newton cradle [2,3]
and cold-atom breathers [4,5] (see [6-9] for the theoretical
description) and those waiting for realization [10].

When the integrability-lifting perturbation is sufficiently
strong, the system evolution becomes unpredictable.
Nevertheless, a completely chaotic system relaxes to a state
described by the Gibbs ensemble, thanks to the eigenstate
thermalization mechanism—eigenstate expectation values
are equal to microcanonical averages at the eigenstate
energy—introduced in Refs. [11,12] (see also [13,14], the
experimental work [15], the review [16], and the references
therein). In contrast, integrable systems relax to states
described by the generalized Gibbs ensemble [17-21].

However, a generic system lies between integrable and
completely chaotic systems [22—49]. The incomplete chaos
can be related to weak integrability-lifting perturbations
[29,31,32,34,47,48] or phase-space separation in both
classical and quantum systems. It can have also a specific
quantum nature, such as many-body localization [33,37,49]
or zero-range interactions [22-24,26-28,30]. Chaoticity of
such incompletely chaotic systems can be characterized by
the inverse participation ratio (IPR) [28,31,33,50]. Its
inverse—the number of principal components (NPC)—
estimates the number of integrable system eigenstates
comprising the nonintegrable one. IPR ranges from 1 for
integrable systems to O for completely chaotic ones. It
governs the expectation values after relaxation in incom-
pletely chaotic systems with no selection rules [28,31].
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This regularity has been confirmed in different systems [41].
The fluctuations of expectation values over eigenstates are
strong for integrable systems and vanish in completely
chaotic ones, according to the eigenstate thermalization
hypothesis. These fluctuations, too, are governed by
IPR [32].

Exploration of the integrability-eigenstate thermalization
crossover is of special interest, and the means of the system
chaoticity prediction based on its Hamiltonian, with no
numerical calculations, would be very useful. The expo-
nential decay of fluctuations in many-body systems with the
number of particles was predicted in Ref. [12]. However,
this sharp decay complicates the exploration due to the high
sensitivity of the system chaoticity to the number of
particles. Analytical predictions for single particles with
random-matrix perturbations (see [31] and the references
therein) are applicable to strong perturbations (and chaos)
only. The system chaoticity can be modified by an addi-
tional perturbation; e.g., it can transform an integrable
system into a chaotic one. However, the effect of an
additional perturbation on a chaotic system is ambiguous;
e.g., the system integrability can be restored if the additional
perturbation is equal to the integrability-lifting one with
opposite sign. The system chaoticity increases when the
additional perturbation obeys the independence criteria
determined here. Then, a linear increase of NPC with the
number of independent perturbations of the same shape is
predicted. Simultaneous decay of expectation value fluctu-
ations indicates that the eigenstate thermalization is
approached. These predictions are confirmed by numerical
calculations for a harmonic waveguide with zero-range
scatterers along its axis. Both NPC and expectation value
fluctuations are specific characteristics of quantum chaos,
and it is unclear if they have classical counterparts.

© 2023 American Physical Society


https://orcid.org/0000-0002-3932-5844
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.130.020404&domain=pdf&date_stamp=2023-01-13
https://doi.org/10.1103/PhysRevLett.130.020404
https://doi.org/10.1103/PhysRevLett.130.020404
https://doi.org/10.1103/PhysRevLett.130.020404
https://doi.org/10.1103/PhysRevLett.130.020404

PHYSICAL REVIEW LETTERS 130, 020404 (2023)

o As-1

n

FIG. 1. A chart of connection between eigenstates. The number
of the integrable system eigenstates n connected to the non-
integrable ones increases from 4 to 5 due to an additional
perturbation.

Consider a sequence of Hamiltonians H, = H,+
D V. Here, the integrable one H,, has the eigenstates
[n) and eigenenergies E, labeled by a proper set of
integrals of motion n. The integrability is lifted by the
perturbations \A/A,/. The eigenstates |a,) of the nonintegrable
Hamiltonians A are labeled in the increasing order of their
eigenenergies E, . If H, is invariant under some trans-
formations, sets of |a,) with certain symmetry have to be
considered separately. For example, there may be eigen-
states with certain angular momentum for rotational sym-
metry of H,, or certain parity for inversion invariance, or
certain quasimomentum for spatial periodicity. Such sets of
eigenstates can be described by different Hamiltonians,
e.g., with separated angular momentum for rotational
symmetry, or restricted to the unit cell for spatial perio-
dicity. Such Hamiltonians can contain fewer perturbations
than the original one H,. Only the case when all #, have
the same invariance group is considered.

Each eigenstate |,) can be expanded in terms of |n), and
the strength function

W (En. Eq,) = (|(nlay)?) (1)
is the probability averaged over states with a fixed energy
difference (see [51]). The relation between the strength
functions for |a,) and |a,_;),

EnﬂE ZWS 1 En’EozY 1)<|<as—l|as>|2>* (2)

a‘ 1

is obtained (see [51]) neglecting the interference terms.
This approximation is applicable whenever the perturbation

V, is independent of V with s’ < s, i.e.,

> (al? )@ Pela) < 33 (nlFel)P. (3

n,n’

The summations over n and n’ in the microcanonical
interval (see [51]) lead to the Berry autocorrelation function
[56]. It is localized within the characteristic de Broglie
wavelength determined by the characteristic eigenstate
energy. Condition (3) is satisfied, for example, if the spatial
separation between local potentials exceeds the character-
istic de Broglie wavelength (see [51]). (The effect of
spatially separated perturbations on certain characteristics

of energy spectra was analyzed in Ref. [57].) Other
examples are the angular-dependent potentials with no
common spherical harmonics in their expansions, such as
different terms in multipole expansion, and the potentials of
different parity (see [51]).

The relation (2) means that an addition of an independent
perturbation increases the number of the integrable system
eigenstates involved to the nonintegrable one (see Fig. 1).
This intuitive picture illustrates the quantitative relation
presented below.

Since W (E,.E, ) should decay as (E, — E, )™ in the
limit |E,, — E, | — oo (see [51]) but has no smgularltles as
E, and E, never coincide, the Lorentzian profile

1 T

WED =

(4)

is a natural choice for the continuous strength function
W (Ey.E, ) # WL (E, — E,.T';)AE. Here, AE is the aver-
age difference between eigenenergies in the vicinity of E,, .
Such a strength function has been applied to systems with
strong random-matrix perturbations [31,58—61], when the
profile contains many energy levels and I" can be evaluated
using the Fermi golden rule. On the integrability-chaos
crossover, explored here, the profile may contain only a few
levels and the Fermi golden rule can be inapplicable, but the
strength function with some I retains the necessary proper-

S
ties. The averaged IPR 5, =", [(a;n)|*" (where the
overbar means the microcanonical average over the states
a,) is related to the Lorentzian width I'; as (see [51])

21 AE
ﬂs—{3}ﬁ, (5)

where the factor 3 is chosen for the time-reversal (7))
invariant and PT-invariant systems (where P is the inver-
sion) and 2 is chosen otherwise. For the fixed integrable
Hamiltonian H,, determining the energy difference AE,
Eq. (5), together with the relation I'y =T',_; + 1" (see
[51]), leads to the recurrence relation for NPC #;!:

7]s_1 :’7;—11 +u. (6)

The parameter v is approximately independent of s if the
chaotic properties of |a,) weakly depend on s and the shape
of V, is independent of s (as for strong scatterers with the
same strength). Then, Eq. (6) provides a linear dependence
75" ="' + (s = 2)v of NPC on the number of scatterers.
An additional independent perturbation increases NPC
even if its value is so high that the system can be considered
as a completely chaotic one.

The prediction (6) is tested for models where the
integrability of a particle in a potential with separable
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FIG. 2. Harmonic waveguide with four zero-range scatterers
along its axis.

coordinates is lifted by s fixed zero-range scatterers. Other
examples of such models are flat orthogonal billiards—
multiscatterer generalizations of the Seba billiard [22].
Their energy spectrum properties were analyzed for up
to six scatterers [23,24,43]. Scattering in a harmonic
potential was analyzed in Ref. [62]. The set of scatterers
is a particular case of the rank-s separable potential Vy =
V| F ) (Fy| with the form factors |F ). For such poten-
tials, the eigenstate expansion coefficients can be expressed
as (see [51])

<ll|(1s> _ i: Vs’ <n|Fs’><fs"as> (7)

s'=1 E(lx - Ell

in terms of s overlaps (F|a,) which obey the set of linear
equations

S (ve s BEED 5 Y =0

s'=1 n Eax - En

This system has nontrivial solutions if the determinant of
its matrix is equal to zero. Then the eigenenergies E, are
roots of the determinant. High-rank separable potentials can
also approximate long-range, e.g., dipole-dipole, ones [63].
This approximation was used for energy spectra calculation
[64].

The present models are generalizations of the single-
scatterer model [26-28,30]. The integrable Hamiltonian
contains the kinetic energy and the radial harmonic
potential with the frequency o :

. R [/10
Hy=—|(-=-
0 Zm[(idz

where z and p are the axial and radial coordinates,
respectively, m is the particle mass, and A is a vector
potential. The discrete energy spectrum is provided either by
the periodic boundary conditions (PBCs), (z+ Lla,) =
(z]ay), or by a hard-wall box, (z=0|a,) = (z=L|a,) =0.
The form factors of the separable perturbation are
(r|[Fy) = Oreg(r — Ry ), where 8,.,(r) is the Fermi-Huang

2

2 2
A) -Ap} +=E )

pseudopotential and the scatterer position Ry = (0,0, zy)
has the zero radial component (see Fig. 2). The Hamiltonian
H is rotationally symmetric along the waveguide axis, and
the perturbation affects only the states with zero angular
momentum. Then, only products |nl) of the axially sym-
metric wave function |n) of two-dimensional harmonic
oscillator and (for PBCs) a plane wave with the momentum
2zhl/L are considered here. For a hard-wall box, the
standing waves with the momentum z#l/L replace the
plane waves (see [51]).

Unlike a flat billiard with a constant energy density of
states, in the present model E, «x a?/3, as for a three-
dimensional free particle, and the energy density of states

oa/E, x EL/?* increases with the energy. The logarithmic
asymptotic freedom [23] found for flat billiards is related to
decreasing effective coupling Vi o 1/log E. However, it is
a specific property of the systems with £, < a. If E, « o’
(y #1), one can see from the derivation [23] that V g
E'"'7 has the same energy dependence as the energy
difference between the states 0E,/da o E'~'/7. Then, the
present model, as well as a generic system with y # 1, does
not show the asymptotic freedom.

In the absence of the vector potential, A = 0, the energy
spectrum of the integrable Hamiltonian is degenerate:
E,; = E,_;. The degeneracy will be lifted by any potential
with undefined parity. The vector potential lifts it as well,
with no complication of the wave functions. However, the
Hamiltonian loses the 7" invariance.

Four models are considered here. The nonsymmetric
model is 7 noninvariant, and the scatterer positions z; = 0,
zg = (' =1468¢)L/s (s > 1) have no symmetry due to
random shifts —0.25 < §¢ < 0.25 chosen once for each s.
The symmetric model with z,_y, | = z; — z¢ and equal V
is PT invariant, where P is the inversion over z,/2 (this
model is not P invariant, as H, o 1s not P invariant if A # 0).
The T-invariant model has A = 0 and the same scatterer
positions as the nonsymmetric one. Only this model has
degenerate E,;. The three previous models correspond to
PBCs, while the fourth, box model corresponds to the hard-
wall box, has A =0, and zy = (s' + 6y)L/(s + 1).

Summation over [ in Eq. (8) can be done analytically
(see [51]), leaving a sum over ~E,,/(hAw | ) values of n (the
closed-channel contributions with nhw, > E, decay
exponentially with n). As E, « a®/3, calculation of the
system (8) matrix and its solution requires ~s?a*? and ~s>
operations, respectively. Then « eigenstates are calculated
for a > s3/% with ~sa®/ operations (cf. with ~a’® oper-
ations required by the direct diagonalization method).

The integrable system is described by two dimension-
less parameters: A = mL’w, /h, characterizing the aspect
ratio, and the scaled vector potential /[y = LA/(2x). In
the calculations, 4 = (1 ++/5) ~ 100 and [, = 0.25 —
e *~0232 are expressed in terms of transcendent
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FIG. 3. (a) The dependence of the number of principal compo-

nents on the number of scatterers for the nonsymmetric (pluses),
symmetric (crosses), box (circles), and T-invariant (triangles)
models in the unitary regime of strong perturbations. The lines
represent the linear fits. (b) The ratio of variances over eigenstates
of the nonsymmetric model with 32 scatterers to ones of the
integrable system as a function of the inverse participation ratio on
the change of the perturbation strength from the unitary regime to
zero. (c) The same ratio as a function of the number of scatterers in
the unitary regime. In (b) and (c), the symbols represent four
observables, namely, the axial momentum (crosses), the part of the
transverse potential energy in the total energy (pluses), and the
occupations of the positive momenta (triangles) and of the odd
axial modes (circles). The lines show IPR.

numbers. Approximately the same results are obtained
for any [, > 0.01. In Figs. 3(a) and 3(c), Vy = 10V, for
all scatterers is in the unitary regime (V, = 27h%/?

m=32w]'? is the scale of the interaction strength).
Approximately the same results are obtained for any
Ve >V, In Fig. 3(b), Vy/Vy=10%10"11072,2 x
1073,1073,107*,0 for the seven IPR values from left to
right (the points for Vy/V, = 10° and 10~ are almost
indistinguishable). Each point in Fig. 3 represents an
average over the states 101 < a < 10° of the nonintegrable
system.

The plots of NPC [see Fig. 3(a)] as a function of the
number of scatterers for the four models confirm the linear
dependence (6). The linear fits have two model-dependent
parameters: 7,, which cannot be predicted by Eq. (6), since
the system with a single scatterer is not chaotic enough,
and v. In Fig. 3(a), v = 1.07, 0.7, 0.68, and 0.53 for the
nonsymmetric, symmetric, box, and 7-invariant models,
respectively. Taking into account the symmetry-dependent
factors in Eq. (5), we can see that I is approximately the
same for the first three models.

The Lorentzian width is related to IPR by Eq. (5).
Figure 3(a) demonstrates the linear dependence even when
Iy, ~ AE. Therefore, even when the Fermi golden rule is
inapplicable to I'; as the profile contains only a few energy

levels, the strength function can be approximated by the
Lorentzian profile.

The physical implication of the rule (6) is related to the
fluctuations of expectation values (a|O|a) of an observable

O, characterized by their variance Var,(0) = (a|0|a)? —
<a|0|a>2 over the eigenstates |a). It is proportional to IPR
and the variance for the underlying integrable system

Var,(0) = nVar, (0) (10)

as was derived, in slightly different form, in Ref. [32]. The
applicability criteria of this relation can be determined
using the fact that it can also be derived in the same way as
the relation between the initial, thermal, and relaxed
expectation values (7) in Ref. [28] by replacing the density
matrix by the observable. Then Eq. (10), like the relation
(7) in Ref. [28], is applicable to perturbations with no
selection rules. The relation (10) was compared with
numerical results [32] for a many-body system with
two-body interactions. However, such systems do have
selection rules, as each two-body interaction conserves
quantum numbers of other particles. It is probably the
reason why the numerical results [32] were described by
Eq. (10) only up to some energy-dependent factor. Systems
with separable perturbations have no selection rules, and
the relation (10) describes the dependence of variances on
the number of scatterers and interaction strength for four
observables [see Figs. 3(b) and 3(c)]. The observables are
the axial momentum (nl|p,|n’'l") = 16,/,6y;, the occupa-
tion of positive momenta (nl|Pyu|n'l'") =8,,61,0(1), the
occupation of the odd axial modes (nl|P4q|n'l') =
On'nOr0; mod2.1>» and the part of the transverse potential
energy ma’ p?/2 in the total energy, (nl|U|n'l') =
[(21’1, + 1)5n’n - (n + 1)6n'n+1 - nan/n—l]él’lha)L/(ZEnl)‘
The averages and variances of these observable expect-
ation values over the integrable system eigenstates are

directly calculated. The averages are (nl|p.|nl) = Iy,
(nl|Ppos|nl) = 1/2, (nl|Pyga|nl) = 1/2, and (nl|U|nl) =
1/3. Although the average expectation value of the axial
momentum is constant, its variation amplitude increases

with the state energy. Then, the variance Var,;(p,) =
mL2(Exa. — EX12) ) [10m2h2(Exla. — E2'2)] depends on the
averaging interval [E ., E;.x] boundaries. The variances
for other observables are independent of the interval:
Varnl(Ppos) =1/4, Varnl(ﬁ)odd) =1/4, and Varnl(fj) =
1/45. The expectation values over the nonintegrable
system eigenstates are calculated using the expansion
coefficients (7).

Together with Eq. (6), the relation (10) provides the
decay of fluctuation variance on the increase of the number
of scatterers, Var,(0) = Var,(0)/[1;" + (s —=2)v], or
eigenstate thermalization approaching in a single-body
system. Then, a set of fixed scatterers mimics the behavior
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of many-body systems—sets of moving scatterers [65].
However, in many-body systems, the fluctuations decay
exponentially with the number of particles. Then their
chaoticity is extremely sensitive to the number of particles
and the interaction strength. For fixed scatterers, the
fluctuation decay is only inversely proportional to their
number. This opens possibilities of fine control of the
system chaoticity and exploration of the integrability-chaos
CrOSSOver.

Chaotic properties of many-body systems of interacting
particles are studied in numerous experimental and theo-
retical research. However, due to computational difficulties,
a direct numerical simulation is performed for lattice systems
(e.g., Refs. [14,17,19,31-33,37,38,40,41,44,47,48]) with a
finite Hilbert space, while the problem complexity increases
as a high power of the lattice site number and exponentially
with the number of particles. A single particle in an external
potential allows us to explore an infinite Hilbert space.
Eigenstate thermalization has been analyzed [66] for 3 x 10*
states of a Sinai-type billiard. However, the chaoticity of that
system cannot be tuned, and the calculation of highly excited
states is obstructed by the increase of the coordinate grid
size. The properties of systems with several independent
perturbations (particularly, scatterers) can be tuned by the
number of perturbations and their strengths. Although the
general results are confirmed by numerical calculations for a
specific model, they are applicable to any integrable system,
perturbed by several scatterers.

The predictions should be testable experimentally in
several physical systems. Tightly trapped cold atoms of one
kind can play the role of scatterers for an atom of a second
kind in a wide trap. Moreover, several atoms of the second
kind—with interactions between them turned off by a broad
Feshbach resonance—can be used to get averages. In
optics, photons in a cavity can be scattered by optical
defects [67].
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