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While the ground-state phase diagram of the correlated flat-band systems has been intensively
investigated, the dynamic and thermodynamic properties of such lattice models are less explored, but
it is the latter which is most relevant to the experimental probes (transport, quantum capacitance, and
spectroscopy) of the quantum moiré materials such as twisted bilayer graphene. Here we show, by means of
momentum-space quantum Monte Carlo and exact diagonalization, in chiral limit there exists a unique
thermodynamic characteristic for the correlated flat-band model with interaction-driven quantum
anomalous Hall (QAH) ground state, namely, the transition from the QAH insulator to the metallic state
takes place at a much lower temperature compared with the zero-temperature single-particle gap generated
by the long-range Coulomb interaction. Such low transition temperature comes from the proliferation of
excitonic particle-hole excitations, which transfers the electrons across the gap between different
topological bands to restore the broken time-reversal symmetry and gives rise to a pronounced
enhancement in the charge compressibility. Future experiments, to verify such generic thermodynamic
characteristics, are proposed.
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Introduction.—Quantum moiré systems, bestowed with
the quantum metric of wave functions—manifested in the
distribution of Berry curvature in the flat bands—and strong
long-range Coulomb interactions, exhibit a rich quantum
phase diagram including correlated insulating, unconven-
tional metallic, and superconducting phases, thanks to the
high tunability by twisting angles, gating, and tailored
design of the dielectric environment [1–39]. In addition
to this complex ground-state phase diagram with possibly
different pairing mechanism and symmetry breaking pat-
terns [9,40–43], recent theoretical studies [14,32,44–46]
indicate that correlated flat bands also exhibit unique
dynamic and thermodynamic responses, fundamentally
different from conventional correlated electron latticemodel
systems, such as the Hubbard-type model.
Previous results [44] based on a real-space effective

model [47–49] for twisted bilayer graphene (TBG) at 3=4
filling, via density matrix renormalization group compu-
tation, successfully identify a quantum anomalous Hall
(QAH) state as the long-sought-after topological Mott
insulator (TMI) [50–52], as the ground state of the
interaction-only system spontaneously breaks the time-
reversal symmetry and acquires a finite Chern number.
Then by means of thermal tensor network and the pertur-
bative field-theoretical approaches [45], the finite-T phase

diagram and the dynamical properties of the real-space
TBG model have been revealed, which contains the QAH
and charge density wave insulators at low T, and an Ising
transition separating them from the high-T symmetric
phases. Because of the proliferation of excitons—particle-
hole bound states—this phase transition takes place at a
significantly reduced temperature than the mean-field
estimation of the topological band gap. Between these
two energy scales, an exciton-proliferated phase is
observed, which acquires distinctive experimental signa-
tures in charge compressibility and optical conductivities
close to the transition [45].
Although the aforementioned real-space effective lattice

models offer a clear physics picture and important insights,
obvious limitations such as the absence of the quantum
metric of the quantum wave function and the truncation of
the long-range Coulomb interaction make it a nontrivial
task to directly connect these model calculations with
realistic quantum moiré materials. The effects of the
long-range Coulomb interaction in the narrow bands of
TBG have been discussed in many works [36,37], and the
overall energy scale of U and the strength of α, which
controls the relative strength between the cluster charging
and assisted hopping interactions in the real-space
model, are largely unknown. For this purpose, unbiased

PHYSICAL REVIEW LETTERS 130, 016401 (2023)

0031-9007=23=130(1)=016401(7) 016401-1 © 2023 American Physical Society

https://orcid.org/0000-0003-3332-4557
https://orcid.org/0000-0002-8614-0519
https://orcid.org/0000-0002-9746-1019
https://orcid.org/0000-0001-9771-7494
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.130.016401&domain=pdf&date_stamp=2023-01-03
https://doi.org/10.1103/PhysRevLett.130.016401
https://doi.org/10.1103/PhysRevLett.130.016401
https://doi.org/10.1103/PhysRevLett.130.016401
https://doi.org/10.1103/PhysRevLett.130.016401


computations of the Bistritzer-MacDonald (BM) con-
tinuum model [1–3], originated from the flat-bands in
momentum space and subjected to the truly long-range
Coulomb interactions, are highly desirable to explore the
thermodynamic characteristic of the correlated flat-band
systems and provide guidance to future experiments.
In this Letter, we employ the momentum-space quantum

Monte Carlo (QMC) method [53–56], supplemented with
exact diagonalization (ED) [57], to systematically inves-
tigate the thermodynamic properties of the continuum
correlated flat-band TBG model at 3=4 filling. We find
that in analogy to its real-space cousin, the continuum
model also exhibits two distinct temperature scales, i.e., the
T ¼ 0 ground state is a topologically nontrivial QAH-TMI
phase with a large gap Δ ∼ 17 meV; this topological phase
melts at only Tc ∼ 4 meV, through a continuous phase
transition that belongs to the Ising universality class. At
intermediate temperature Tc < T < Δ, excitonic collective
excitations transfer valence electrons across the topological

band gap to the opposite Chern bands and restore the
broken time-reversal symmetry. Such a process generates
pronounced enhancement in the charge compressibility,
readily detectable via the quantum capacitance measure-
ments [22,58]. The associated temperature dependence of
the electronic spectral function Aðk;ωÞ is also obtained
with scrutiny. Our Letter therefore confirms the unique
thermodynamic characteristic of the correlated flat-band
systems, offers a mechanism for the smearing of the many-
electron state topology by proliferating collective exciton
excitations, and opens an avenue for controlled many-body
computation on finite-temperature states in quantum moiré
systems.
Model and method.—We construct the continuum model

for the magic angle TBG with flat bands and long-range
Coulomb interaction, following the convention used in
Refs. [1–5,18,59–61]. The Hamiltonian of the BM model
in the plane wave basis is

HBM;k;k0 ¼ δk;k0

�−ℏvFðk −Kþ
1 Þ · σ U0

U†
0 −ℏvFðk −Kþ

2 Þ · σ

�

þ
� 0 U1δk;k0−G1

þU2δk;k0−ðG1þG2Þ

U†
1δk;k0þG1

þ U†
2δk;k0þðG1þG2Þ 0

�
: ð1Þ

Here we only consider one valley and one spin, where the
Pauli matrices σ ¼ ðσx; σyÞ are from the A, B sublattices of
the monolayer graphene. G1 and G2 are the reciprocal
vectors of moiré Brillouin zone (MBZ) as shown in
Fig. 1(a). Kτ

1 and Kτ
2 are the Dirac points of the bottom

and top graphene layers respectively, which are twisted by
the angles ∓ ðθ=2Þ. The interlayer tunneling between the
Dirac states is described by the matrices U0 ¼ ðu0u1

u1
u0
Þ,

U1 ¼ ð u0
u1eð2π=3Þi

u1e−ð2π=3Þi
u0

Þ, and U2 ¼ ð u0
u1e−ð2π=3Þi

u1eð2π=3Þi
u0

Þ where
u0 and u1 are the intra- and intersublattice interlayer
tunneling amplitudes. In this Letter, we consider the chiral
limit and leave the nonchiral cases [38,39] in future studies.
The flatness of the lowest two bands in the chiral limit

(u0 ¼ 0) is determined by the dimensionless parameter α ¼
ðu1=ℏvFkθÞ with small θ approximation kθ ¼ 4πθ=ð3a0Þ
and the lattice constant of the monolayer graphene
a0 ¼ 0.246 nm. In this Letter, we choose ℏvF=a0 ¼
2.37745 eV, the twist angle θ ¼ 1.08°, and u1 ¼
0.11 eV which leads to the first magic angle where the
lowest two bands become completely flat in the chiral limit.
Projecting the long-range Coulomb interaction onto the

flat bands, the Hamiltonian becomes

H ¼ 1

2Ω

X
q;G;jqþGj≠0

VðqþGÞδρqþGδρ−q−G ð2Þ

where VðqÞ¼ ðe2=4πεÞR d2r½ð1=rÞ− ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þd2

p
Þ�eiq·r¼

ðe2=2εÞð1=qÞð1−e−qdÞ is the long-ranged single gate
Coulomb interaction [63] with d=2 the distance between
the graphene layer and single gate, and ε ¼ 7ε0 is the
dielectric constant. There are different choices [37,64] of
the dielectric constant, and since we consider the chiral and
flat-band limits, a different value of ε will only offer an
overall coefficient but not change the physical results.
And δρqþG¼

P
k;m1;m2

λm1;m2
ðk;kþqþGÞðd†k;m1

dkþq;m2
−

1
2
δq;0δm1;m2

Þ. m1; m2 ¼ 1, 2 are the band indices. d†k;m is the
creation operator for a Bloch eigenstate, juk;mi, which is the
eigenstate of the BM Hamilton in Eq. (1). The form factor is
defined as λm1;m2

ðk;kþ qþGÞ≡ huk;m1
jukþqþG;m2

iThe
moiré lattice vector LM ¼ ½a0=2 sin ðθ=2Þ�, the MBZ reci-
procal lattice vector jG0j ¼ ð4π= ffiffiffi

3
p

LMÞ, and the area of
system is Ω ¼ Nkð

ffiffiffi
3

p
=2ÞL2

M with Nk ¼ L × L the number
of k points in MBZ; for example,Nk ¼ 36 for 6 × 6meshes
in Fig. 1(a). We use distance d ¼ 40 nm and the
typical energy scale of VðjqjÞ=2Ω for L ¼ 6 as shown in
Fig. 1(b).
To compute the dynamic and thermodynamic properties

of the TBG model in Eq. (2), we employ the recently
developed momentum space QMC method [53,55], which
can fully incorporate the flat-band topological wave func-
tion and the long-range Coulomb interaction and our sign
bound theory can prove there is at most a polynomial sign
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problem for QMC at integer fillings [56,65,66], rendering
the computational complexity also polynomial. The QMC
solves the finite size systems in a path integral of partition
function in an unbiased manner, and we have simulated
L ¼ 3, 4, 5, 6 and T ∈ ½0.5; 20� meV systems. In the QMC
simulation, we compute the charge compressibility κ as a
function of temperature T as κ ¼ ð1=n0NkÞðdhNi=dμÞ ¼
β½ðhN2i − hNi2Þ=n0Nk�, where n0 is the particle
density, which is 1=2 at low temperature and N ¼P

k1;m1
d†k1;m1

dk1;m1
is the particle number operator. We

also compute the temperature dependence of the spectral
functions from the stochastic analytic continuation (SAC)
of the imaginary time Green’s function from QMC
[40,54,67–69]. The topological aspect of the QAH phase
can also be seen from the computed Berry curvature below
the transition temperature, and from which the Chern
number can then be calculated as C ¼ P

□
F□, where

F□ is the Berry curvature in the finite size MBZ obtained
from Green’s function in the QMC simulations [70,71].
The detailed QMC implementation of the TBG model and
the analyses of different physical observables are given in
the Supplemental Material [72].

In the chiral limit the two flat moiré bands can be
combined into a Chern band basis [59,73,74] such that each
band has Chern number 1 or −1. More importantly, the
wave function overlap between these two bands is exactly
zero, indicating the form factor in the Chern basis is

(a)

(b)
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FIG. 1. (a) Schematic TBG setting in momentum space and its
moiré Brillouin zone (mBZ) at one valley. The red solid line
marks the high-symmetry path Γ −M − K1ðK2Þ − Γ. G1 and G2

are the reciprocal lattice vectors of the mBZ. Yellow dots mark
possible momentum transfer in QMC simulations, qþG.
Because the form factor decays exponentially with G [62] and
the decay of single-gate-screened Coulomb interaction is fast (as
shown in panel (b)), scatterings with momentum transfer larger
than this cut-off are ignored. Here we show a 6 × 6 mesh in the
mBZ, with 126 allowed momentum transfers. (b) The decay of
the single gate Coulomb interaction for the systems with the input
parameters in the main text.
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FIG. 2. (a) and (b) The energy density and compressibility κ of
TBG model in Eq. (2) with L ¼ 3, 4, 5, 6 as a function of
temperature. The single-particle gap Δ is denoted as the green
dashed line. The QAH transition temperature Tc (determined in
Fig. 3 below) is denoted by the purple dashed line. In addition,
the peak of average sign here is close to the position of transition
temperature Tc (See Sec. III in the Supplemental Material [72] for
details). Similar behaviors were seen in Ref. [75]. (c),(d) Single-
particle spectral function Aðk;ωÞ obtained from QMC-SAC at
k ¼ Γ and M with L ¼ 4. Below the temperature scale of the
single-particle gap, the system remains gapless due to the
proliferation of excitons. The spectral gap only arises below
the thermal transition temperature, when the system enters the
QAH-TMI phase.
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diagonal in the band index λmnðk;k0Þ ∼ δmn. The diagonal
form factor gives rise to an emergent conservation law: the
conservation of the Chern polarization PC defined by
PC ¼ Nþ − N−, where N� is the number of electrons in
the positive and negative Chern bands respectively and
Nþ þ N− ¼ N. We note PC=Nk is the order parameter for
the QAH phase, and we compute its correlation functions in
the QMC simulation to determine the Ising transition
temperature precisely (see Fig. 3). We have also incorpo-
rated the ED for the same models, where the single-particle
and the exciton gaps for different cluster sizes are
computed.
Results.—Figures 2(a) and 2(b) show the energy den-

sities and charge compressibility κ as a function of temper-
ature. Here we denote the zero-temperature single-particle
gap Δ ∼ 17 meV and the thermal transition temperature
Tc ∼ 4 meV using the green and purple dashed lines
respectively. The gap Δ is obtained from the exact solution
of the chiral limit (see the Supplemental Material [72]). The
transition temperature Tc, from scaling analysis of the
QAH order parameter shown below, is found to be
dramatically smaller than Δ. This small Tc is consistent
with thermodynamic and dynamic measurements, e.g., the
maximum slope in Fig. 2(a), and both the compressibility κ

and the fermion spectrum function Aðk;ωÞ at k ¼ Γ andM
in Figs. 2(c) and 2(d) all indicate that Tc marks the metal-
insulator transition, below which the system becomes
incompressible and insulating.
As mentioned above, in the Chern basis, the QAH

order parameter is defined as PC=Nk, and its correlation
function is

S≡ hðNþ − N−Þ2i
N2

k

¼ 1

N2
k

��X
k
d†k;þdk;þ −

X
k
d†k;−dk;−

�
2
�
: ð3Þ

In Fig. 3(a), we plot its temperature dependence. It can be
seen that the corresponding order parameters rise at low
temperature, which means that spontaneous time-reversal
symmetry breaking occurs, and the systems enter the QAH-
TMI phase. The thermal phase belongs to the 2D Ising
universality class with critical exponents β ¼ 1=8 and
ν ¼ 1. Close to the critical temperature, S is expected to
obey the scaling forms SðT; LÞ ¼ L−2β=νf½ðT − TcÞL1=ν�
where f is the scaling function. In Fig. 3(b), we rescale
the data using SðT; LÞL2β=ν ¼ f½ðT − TcÞL1=ν�, and the
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FIG. 3. (a) and (b) Correlation function of the QAH order parameter S versus temperature for L ¼ 3, 4, 5, 6 from QMC. The finite-size
scaling using 2D Ising exponents determines the thermal transition temperature at Tc ¼ 3.65ð5Þ meV. Inset of (b) shows a perfect data
collapse. (c) Energy spectrum of TBG system from exact diagonalization. The blue dots represent the energy of each many-body state
with Nk ¼ 25 in 5 × 5 mesh of mBZ, which include the ground state at zero energy, the low-lying exciton states (∼10 meV) and
excitations with higher energy. The red dots represent single-particle excitation, which is at much higher energy than that of the
collective excitons. Here we use the two integers k1 and k2 to label the momentum points, where k ¼ k1G1=Lþ k2G2=L. (d) Berry
curvature from QMC for L ¼ 6 at T ¼ 1.25 meV. Chern number C ¼ P

□
F□ ¼ 1.
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crossing point of different system sizes L ¼ 3, 4, 5, 6 gives
rise to the transition temperatures Tc ¼ 3.65ð5Þ meV,
which corresponds to the purple dashed lines in Figs. 2(a)
and 2(b). The inset of Fig. 3(b) shows the perfect data
collapse of S.
Such a small Tc compared with the interaction-driven

single-particle gap at the exact ground state is clearly
beyond mean-field physics and indicates the importance of
many-body fluctuations. To pinpoint the origin of this low
Tc, we performed ED simulations and find that it is due to
excitonic excitations in the particle-hole channel, which
occurs in our system at a much lower energy in comparison
to single-particle excitations and thus lowered the Tc.
Figure 3(c) presents the ED energy spectra, with the blue
dots the energy levels with Nk ¼ 25 electrons in a 5 × 5
mesh. The spectrum for many-body states with Chern
polarization PC is degenerate with those with −PC, and
only states with PC > 0 are shown. The ground state has
zero energy, and PC ¼ N, which is fully Chern polarized.
Low-energy excitations denoted by the blue dots around
10 meV have PC ¼ N − 2, which consists of N − 1
electrons in the Nþ Chern band and one electron in the
N− Chern band. These states correspond to exciton states in
which one of the electrons is excited to the other Chern
band from the fully Chern-polarized ground state. The
states with lower PC appear in higher energy in the
spectrum. The red dots represent the single-particle exci-
tation, which is obtained from ED computation for a system
of the same size and with N þ 1 electrons, and is consistent
with the exact gap size Δ ∼ 17 meV. For particle-hole
excitations (blue dots), although most of them are at energy
close to (or higher than) single-particle excitations, one
exciton branch arises at very low energy below the single-
particle gap. These excitons open up a channel for thermal
fluctuations at Tc < T < Δ, which destabilizes the QAH
ground state and reduces the Chern polarization (i.e.,
destroys the quantized Hall conductivity and recovers
the time-reversal symmetry). Only when T < Tc, the
topological nature of the system manifests, as can be seen
in the QMC results of the Berry curvature for a 6 × 6
system at T ¼ 1.25 meV in Fig. 3(d), if one integrates over
the MBZ the obtained C ¼ 1.
Discussion.—In this study, we show that at 3=4 filling

and T ¼ 0, a QAH-TMI state emerges in magic angle
TBGs, due to the interplay between flat-band quantum
wave functions and Coulomb interactions. In its real-space-
model cousin [45], the QAH-TMI ground state only occurs
at large α, while the presence of the charge density wave
(CDW) was seen in a small α region. Our study indicated
the QAH-TMI state is the only ground state in the realistic
model, while CDW is the result of oversimplification of the
real-space model. This QAH-TMI phase melts at a much
lower temperature than the zero-temperature gap Δ. We
identify that the low-energy excitonic states are the origin
of this low transition temperature. At Tc < T < Δ, these

excitonic collective modes assist the valence electron to
tunnel across the topological band gap, redistribute among
the opposite Chern bands, and restore the time-reversal
symmetry; such a process generates great enhancement
in the charge compressibility, readily detectable via the
quantum capacitance measurements. This behavior is
qualitatively different from the conventional weakly inter-
acting topological band insulator or correlated lattice
models with local interactions. From here, the model
computations to fully understand the rich phase diagram
away from integer fillings and the nonchiral cases are
anticipated in future works.
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