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served values of the thermal conductivity of
liquid helium below 0.6'K In the present ex-
periment the specular reflection from the walls
serves only to contribute to the background sig-
nal.

A Model 50-A Min A tron impulse generator
is used to produce two signals, one at 155 cps
and the other at 310.4 cps. The lower frequency
is filtered of all harmonics and sent into the car-
bon transmitter where it generates 310-cps local
Joule heating of the liquid helium. The wave-
length of the second sound arising from the
Joule heat is 48 cm. Since this wavelength is
much greater than the dimensions of the exper-
imental chamber, it is clear that the observed
enhancement of the received 310-cps signal
could not be due to the specular reflection of
thermal waves. After the received 310-cps sig-
nal is amplified, it is mixed with the higher
310.4-cps signal and a rectified signal of 0.4 cps
is displayed on a strip chart recorder. The
0.33 K temperature was attained by means of a
He' refrigerating system. '

The ability to focus and diffract phonons would
make available a powerful new method for study-
ing phonon spectra of solids. ' The construction
of a very high-frequency (10"-10"cps) phonon
"monochromator, " i.e. , source of monoenergetic
phonons analogous to optical monochromators,
would become feasible. Phonon spectroscopy of
solids would make it possible to study phonon-

phonon, phonon-photon, phonon-electron, and
phonon-imperfection interactions which play im-
portant roles in electrical and heat conduction,
x-ray and neutron scattering, and other solid-
state phenomena.
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Office of Scientific Research Contract No.
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In a recent Letter to this journal Jordan and
Qhielmetti' have concluded from the analysis of
interference and beat experiments'&' with two in-
dependent laser beams that the expectation value
(b1(t)) of the field operator does not vanish for
laser light whereas it does for light from ther-
mal sources. In our present note we wish to
show how this result can be derived from first
principles. For this end we use a fully nonlinear
theory of laser noise in contrast to the hitherto
published theories which are basically linear.

For our treatment we assume a homogeneously
broadened Lorentzian line of width y and reso-
nance between atoms and the cavity mode under
consideration. We describe the mode by a run-

ning wave in order to avoid an otherwise spatial-
ly inhomogeneous inversion of the atomic system.
After splitting off the main time dependence
exp(tat), and after elimination of the atomic co-
ordinates, the steady-state equation for the crea-
tion operator b~ of the cavity mode reads"

[bt+ (~+y)b "t-Gbt+21gl2btbbi j

=i+ gb(t t)bo t-(t ),t~~ p~ p,

where G =2)gI'Go-a&. v denotes the cavity line-
width. Go is the time average over the total num-
ber of the excited atoms and photons present, g
is the coupling constant between the cavity mode
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and a single atom divided by h. bn& t{i») repre-
sents the jurnp of the electron excitation opera-
tor at atom p. due to the excitation by the pump-
ing process at time t». The essential feature
of Eq. (1) can best be seen by interpreting" it
as the equation of a classical particle moving in
two dimensions under the action of the potential

V( I b I ) = -~2G I b I'+ g I g I'
I b I'. (2)
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FIG. 1. Plot of "potential" versus light amplitude.
Dashed curve —below threshold (linear and nonlinear
theory); dotted curve-above threshold, linear theory
leads to instability; solid line —above threshold, non-
linear theory.

For low inversion (G& 0) the dashed line in Fig. 1

applies. After each excitation collision, repre-
sented by the right-hand side of Eq. (1), the
light amplitude decreases to zero. This result
is also obtained if one neglects

blab

in Eq. (1)
completely or replaces it by its expectation
value, as is done in linear theories. If at suffi-
ciently high inversion G is positive, the solid
line of Fig. 1 applies. In this case there exists
a stable value ~~ for the absolute value of b.
Since the potential (2) possesses rotation symme-
try, the phase of b~ can still undergo an un-

damped diffusion process on account of the colli-
sion term on the right-hand side of Eq. (1). We
have treated in detail both cases (G& 0)." Below
threshold we obtain the same expressions as de-
rived by Wagner and Birnbaum' with their model
of fluctuating dipoles. Above threshold we put 0+
in the form b =T exp[i'(t))[ro+p(t)], where T de-
notes the time-ordered product and r, is a c num-
ber '4 ro' .turns out to equal Go-Ky/2lgI' and co-
incides with the steady-state value of the photon
number n determined in a previous paper. " The
equation of motion can then be linearized and
split into real and imaginary parts. The equation

for the phase reads

j'+(~+y)j =—rm(ig gb(f-t )5o. 't(i )]. (3)
1

trav pv

We have absorbed the phase factor exp( i-y) in
the random phases of o.&'t at each collision. The
solution of Eq. (3) and of the corresponding one
for p is straightforward and allows determination
of (bf(t)) as well as (bt(t+7)b(t)). The angular
brackets mean the quantum mechanical average
as well as that over the Poisson distribution of
excitation collisions and over all initial atomic
phases after each excitation. We find the follow-
ing results: (p) =0 and (p')&N/(T P), where N

is the total number of atoms, Tp the mean excita-
tion collision time, and P the photon flux."
Somewhat above threshold (p') is thus many or
ders of magnitude smaller than ro'. Therefore
the noise above threshold stems essentially from
phase fluctuations for which we have

(b t(t +7 )b (t)) = r, '(exp[ i(p(t +T-) ip(t)]-)

= r, ' exp(-ave).

The explicit determination of Av depends on the
relative size of 1/Tp, hr„a dna. We quote here
the results for large fr, for the case that the
lower optical level of an atom is emptied to the
ground state before the next excitation collision
of that atom takes place:

av = ~g'N/[2PT (y+~)'].

If the measurement of phase (e.g. , by an inter-
ference experiment) starts at time t =0, (b~(t))
turns out to be

(bt(t)) =r, exp( avt) ex-piyo, .

where yo is the (unpredictable) initial phase.
Equation (6) represents the required result: If
the observation time is small as compared to
the reciprocal linewidth, there exists a nonvan-
ishing expectation value of the light amplitude,
its absolute value being equal to Kn.

In conclusion, we would like to mention that
our present analysis represents a deeper founda-
tion of the nonlinear laser theory of Lamb' as
well as Haken and Sauermann, "which neglects
laser noise, but is capable of a detailed explana-
tion of effects like hole burning"""" and coex-
istence of modes in a homogeneously broadened
line. '

& An extension of our present analysis to
multimode operation shows that one can recover
these results including noise.
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330



VOLUME 13, NUMBER 11 PHYSICAL REVIEW LETTERS 14 SEPTEMBER 1964

Mr. H. Sauermann, and especially Dr. W. Weid-
lich, for valuable discussions.

'T. F. Jordan and F. Ghielmetti, Phys. Rev. Let-
ters 12, 607 (1964).

G. Magyar and L. Mandel, Nature 198, 255 (1963).
M. S. Lipsett and L. Mandel, Nature 198, 553

(1963) .
A. L. Schawlow and C. H. Townes, Phys. Rev. 112,

1940 (1958).
W. G. Wagner and G. Birnbaum, J. Appl. Phys. 32,

1185 (1961).
J. A. Fleck, Jr . , J. Appl. Phys . 34, 2997 (1963).
R. V. Pound, Ann. Phys. (N. Y.) 1, 24 {1957).
J. Weber, Phys. Rev. 108, 537 {1957).

M. P. W. Strandberg, Phys. Rev. 106, 617 (1957).
' D. E. McCumber, Phys. Rev. 130, 675 (1962).
'W. H. Wells, Ann. Phys. (N. Y.) 12, 1 (1961).
A detailed derivation of this equation will be pub-

lished elsewhere.
H. Koppe, private communication.

' The splitting of ~b ~
into ra+ p corresponds to a uni-

tary transform ation.
H. Haken and H. Sauermann, Z. Physik 173, 261

{1963);176, 47 (1963).
' The inequality for (p ) remains valid if fluctuations

of the inversion are taken into account ~

W. E. Lamb, Jr. , Phys. Rev. 134, A1429 {1964).
' W. R. Bennett, Phys. Rev. 128, 1013 {1962).
' C. L. Tang, H. Statz, and G. A. de Mars, J. Appl.

Phys. 34, 2289 (1963).

CRITICAL-FIELD BEHAVIOR OF A MICROSCOPIC SUPERCONDUCTING BRIDGE*

R. D. Parks, ~ J. M. Mochel, ~ and L. V. Surgent, Jr.
Department of Physics and Astronomy, University of Rochester, Rochester, New York

(Received 17 August 1964)

In a previous Letter' we reported anomalous
structure observed in the resistivity vs magnetic-
field curves of superconducting tin strips of mi-
croscopic widths, taken near the transition tern-
perature. We interpreted these results in terms
of free-energy effects associated with quantized
vortices limited in size by the width of the strips.
Anderson and Dayern' have since proposed an
alternative explanation in which they assume
that the structure we observed is due to voltages
resulting from the motion of wave-function nodes
(which they cail "vortices") across the strip. On

the basis of the data in reference 1, it is not
possible to rule out this explanation, nor is it
possible to derive from the data the quantitative

thermodynamic properties of the sample. We
attribute this now to sample inhomogeniety, in-
digenous to the sample configuration and the
method of preparation, which resulted in broad
resistive transitions and therefore a smearing
of the observed structure. We have since de-
veloped new techniques for preparing different
microgeometries in which the superconducting
transitions are extremely sharp. In these sam-
ples well pronounced anomalies are observed
in the critical-field behavior which can be in-
terpreted only in terms of a reduction in the
free energy of a microregion of the sample
which occurs when quantized vortices are al-
lowed to enter this region.

The samples are prepared in the following way.

I- IOy RATE

ING

FIG. 1. Microbridge geometry used in experiment.

A thin fiber made from GE 7031 varnish is
stretched over a glass microscope slide. The
fiber is delicately severed with a microknife
and metal (in this ca,se tin) is then evaporated
onto the resulting substrate. The assembly is
then soaked in an ultrasonic bath of ethyl alcohol.
This step removes the varnish fiber and the
metal deposited on the fiber but not the metal
deposited in the juncture where the cut was
made. The resulting configuration is shown in
Fig. 1. Superconducting bridges 1-10 p wide
and 1-50 p, long have been prepared in this man-
ner.

A bridge sample prepared in the manner de-
scribed above is immersed in liquid helium and
the resistivity is measured using the conven-
tional four-probe technique. Both dc and ac
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