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for 0„
C /R = 2.4L+ 16, T & TC,.

C /R =2.4L+4, T &T (1b)

L = —lnl T-T I, 7' in C. (2)

The singular behavior (1) is in sharp contrast
with traditional views' about the behavior of
thermodynamical functions near Tc. %e make
the following remarks on these very interesting
data.

(A) Thermodynamical discussion of the two-
phase region. -If p is the chemical potential, it
follows from

SdT = -Nd p. + Vdp

In two recent experiments, ' the specific heats
CV(T) of Ar and of 0, near the critical tempera-
ture Tg have been measured at the critical vol-
ume. The measured specific heats display sharp
peaks at TC, suggesting logarithmic infinities.
Rough fits of the experimental data yield, for Ar,

C /R =1.8L+13, T&T

C /R =1.8L+ 3, T&T
V

that

C
V

= -KT(d'iJ. /d T') + VT(d'p/dT')

Now (3) is applicable to the two-phase region as
well as the one-phase region. In the two-phase
region d'1J. /dT~ and d'p/dTI are both functions of
one variable only, T. Thus for a sample with
fixed N (molar weight), CV(T, V) is linear in V

and its measurement in the two-phase region can
yield both d'p/dT' and HAPP/dT~ along the vapor-
pressure curve. %e urge that this be done.

(1) and (3) show that either d'g/dT' or d'p/dT'
(at T=TC- along the vapor-pressure curve), or
both, are ~. It is important to find out which is
the actual case. [For the lattice gas to be dis-
cussed under (D), d p/dT' = 0 along the vapor-
pressure curve. For real gases, it is more rea-
sonable to expect that both d p/dT2 and d p/dT2
become ~.]

If HAPP/dT' along the vapor-pressure curve at
T =TC for He is ~ [-see (C) below], corrections
must be made in the vapor-pressure table' of He
which serves as the international standard of tem-
perature measurement at low temperatures. A
logarithmic singularity of CV would necessitate
the addition of a term K(T-TC)' lnt T-TC I in the
vapor pressure. (Unless the peak in CV for He'
is very large, this correction to P is expected to
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be small, since the singularity occurs in the sec-
ond derivative d P/dT . The correction to dP/dT
is more important. )

(8) Thermodynamical discussion of the one-
phase region. -Approaching the critical point from
the one-phase region one obtains, from Cy

SS)
' and (I),

E —constant( —Inl T-T I ) '-0
SS 7 (4)

where &gg, E~, and Eyy are the second deriva-
tives of E(S, V). Now along the vapor-pressure
curve

(dpldT) —a = constant

at the critical point. %e now assume, for V = &C,

(ep/~T)V ——continuous in T at T = T, (6)C'

which is experimentally true [and is satisfied by
the two-dimensional lattice gas to be discussed
in (D)]. Similarly we assume, for S= SC,

(&P/ST)S continuo——us in T at T = T

If the second derivatives Egg, Egg, and Egg ap-
proach limits as one approaches the critical point
from the one-phase region, (4)-(7) require that
they all approach zero in the following proportion;

ss' sv' vv="(

The velocity of sound is proportional to (EVV)'".
It therefore goes to zero as (-ln IT-TC I)
near the critical point.

(C) Law of corresponding states. —de Boer' has
pointed out that if the interatomic forces in noble
gases follow a law with only two parameters, the
equation of state of all noble gases in classical
statistical mechanics would be the same when ex-
pressed in proper units. (The quantum correc-
tion is contained in the kinetic-energy term, which
he showed was small except for He~. ) The good
agreement of his results with the critical data of
noble gases shows that (in noble gases) the criti-
cal phenomenon in liquid-gas transitions is not a
quantum effect. Accepting this conclusion one
finds that all noble gases should have the same
Cv(T) singularity, of the same magnitude, as
that exhibited in (1) for argon, except for He .

Now the quantum effect is contained in the kine-
tic-energy term, which gives rise to a quantum
dispersion of the positions of the molecules. If
the peak in CV is attributable [as will be argued
in (D)] to a rapidly changing balance in the com-
petition of holes and occupied volume, the quan-

Table I. Correspondence between lattice gas and
Ising model.

Lattice gas Ising model

Two-phase region
V=V|, T Tc

H=0, T» 1'C
H=O, T» TC

turn dispersion (in smearing out the difference
between holes and occupied volume) should be ex-
pected to diminish the peak. Thus we expect that
for He' the Cy peak would have a magnitude
smaller than that for argon.

(D) Model of lattice gas. —The model of a lattice
gas' was discussed more than ten years ago. It
is a classical "gas" moving on discrete lattice
points, with an infinite repulsive force preventing
two molecules from occupying the same site, and
other interactions outside of this infinite core.
For the special case in which all these other in-
teractions are attractive, the system' can have
at most one phase transition. It was shown in
reference 6 that the thermodynamics of the model
can be obtained from that of an Ising model in an
external magnetic field H. In this correspondence,
one has the B=0 region of the Ising model trans-
formed into the two-phase region plus the ~= ~~
line of the lattice gas, as exhibited in Table I.

Now the Ising model with nearest-neighbor in-
teraction, with H = 0, has been solved in two di-
mensions' for various lattices. ' In three dimen-
sions many approximate methods have been de-
vised' ' for locating the singularities, and for
finding the thermodynamical functions. Applying
the transformation of reference 6 to these results
we obtained various quantities for various lattice
gases. These quantities are tabulated in Table II.
The results for the two-dimensional lattice gases
are exact. Those for the three-dimensional ones
are computed from the Ising-model approximate
computations of Baker. ' The rest of the Table
lists the experimental data of references 1, 2,
and 4, the values of the parameter P given by
Fisher, ' and of standard critical measurements.

It is seen that qualitatively the three-dimen-
sional lattice gas with nearest-neighbor interac-
tion gives a fair description of the critical phe-
nomenon. Now the critical phenomenon of a lat-
tice gas originates from a rapidly changing bal-
ance in the competition between the occupied and
unoccupied sites. One is thus led to the sugges-
tion that in real gases, the critical phenomenon
originates from a rapidly changing balance in the
competition between holes and occupied volume. "
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Table II. Critical data of lattice gases and of some real gases. L is defined in (2). p =d ln(Vg- VL)/d ln(TC —T)
at T = TC. VLO = liquid volume at low T in equilibrium with vapor.

Lattice
C V/RL

(T= TC —0)
C y/RL

(T = TC+0)
)tet lnPI

VC /VLO

Hexagonal
Square

Triangular

Simple cubic
Bcc
Fcc

He
Ne
Ar
Kr
Xe
O~

0.9562
0.9890
0.9982

1.18
0.98
0.90

1.8

2.4

0.9562
0.9890
0.9982

-0.4
-0.3

1.8

2.4

Q. 076
0.096
0.110

0.226
0.252
0. 268

0.305
0. 296
0. 292
0.333
0. 288
0.293

7. 0
6.3
6. 0

4. 8
4. 65

4

3.83

5. 82

1.8 t

2. 3
2.6
2. 8

i

2. 6
3 ~ 3

0.31

See reference 10.
bsee reference 6.
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