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tive value for Eo; to obtain this result they seri-
ously underestimate the kinetic energy. Thus they
obtain a single-particle wave function which is too
"wide" (this can be seen from their small value
of A), and this is the reason why they obtain too
large a value for J.

In conclusion, we wish to point out that it is
quite possible for this approach to yield a much
better value of E, than we have reported here.
We have only used an analytic form for f(r), a,l-
though it is quite feasible to derive and solve a
differential equation for f. In this way one might
obtain a 10% improvement in both the kinetic and

potential energies. Since E, is an order of mag-
nitude smaller than either of these, a significant
improvement is possible.

The author wishes to thank the Graduate School
of the University of Minnesota for a grant which

supported this work in part. He also wishes to
thank the Numerical Analysis Center of the Uni-
versity of Minnesota for its help with the compu-
tations. Finally, he wishes to thank Dean Keith A.
Brueckner for his hospitality at the University of
California/San Diego, where this work was com-
pleted.

TWork supported in part by the U. S. Atomic Energy
Commission.

N. Bernardes and H. Primakoff, Phys. Rev. 119,
968 {1960);we shall denote this paper by BP and re-
fer the interested reader to it for references to earlier
work.

R. P. Hurst and J. M. H. Levelt, J. Chem. Phys.
34, 54 (1961).

3E. M. Saunders, Phys. Rev. 126, 1724 (1962).
4L. H. Nosanow and G. L. Shaw, Phys. Rev. 128,

546 (1962).
~R. Jastrow, Phys. Rev. 98, 1479 (1955).
6W. J. Mullin, Phys. Rev. 134, A1249 (1964). We

wish to thank Dr. Mullin for sending us a preprint in
advance of publication.

TJ. O. Hirschfelder, C. F. Curtiss, and R. B. Bird,
Molecular Theory of Gases and Liquids (John Wil. ey
0 Sons, Inc. , New York, 1954).

For simplicity we do not require 4' to be antisym-
metric; this effect can be included in a straightfor-
ward way.

H. W. Jackson and E. Feenberg, Ann. Phys. (N. Y. )
15, 266 {1961).

~ For the general principles of cluster expansions
see J. E. Mayer and M. G. Mayer, Statistical Me-
chanics {John Wiley @ Sons, Inc. , New York, 1940).

N. G. van Kampen, Physica 27, 783 (1961).
2F. Iwamoto and M. Yamada, Progr. Theoret. Phys.

(Kyoto) 17, 543 (1957); 18, 345 {1957).

EVIDENCE FOR FIELD-DEPENDENT ZERO-POINT SPIN-WAVE EFFECTS
IN ANTIFERROMAGNE TS*

I. S. Jacobs and S. D; Silverstein
General Electric Research Laboratory, Schenectady, New York

(Received 17 July 1964)

In this note we report the observation and analy-
sis of nonlinear behavior in the low-temperature
magnetic field dependence of the transverse mag-
netization, and corresponding magnetic field de-
pendence of the perpendicular differential sus-
ceptibility, of antiferromagnetic EuTe and CoCl, .
We feel that these effects arise primarily from
the zero-point spin-wave contribution to the free
energy in accord with the theory of Kanamori
and Yosida. '

A method in common use for the estimation of
exchange parameters' utilizes the initial perpen-
dicular susceptibility and presumes it to be a
constant up to the saturation field, in accord with
molecular field theory. However, a nonlinearity
in the magnetization curve reduces the accuracy
of this method; e.g. , such a procedure overesti-
mates the saturation field by about 10$ in the
case of EuTe. A zero-point correction to the

initial susceptibility, in the evaluation of ex-
change parameters, has occasionally been con-
sidered but its magnitude is not precisely known. '

The magnetization~ and the differential suscep-
tibility' were examined to 200 kOe. EuTe pow-
ders were used because the anisotropy field
[presumably in the (111) layer planes' of the fcc
structure J is extremely low, i.e., about 200 Oe.'
Above 4 kOe, all crystallites are magnetizing in
the transverse mode. Monocrystals of CoCl,
were measured with the field perpendicular to
the c axis. Here, the transverse mode is ob-
tained above 2 kOe. '

In Fig. 1 we present the magnetization and
differential susceptibility for a EuTe powder
sphere at 2.1'K. The magnetization curve is
similar to one published by Busch et al.' during
our study. Of principal interest is the upward
concavity from the dashed line drawn to fit the
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FIG. 1. Magnetization, o, in emu/g and differential
susceptibility, dM/dH, in arbitrary units vs external
field for a EuTe powder sphere at 2.1'K.
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lower field points. This also appears in the ear-
lier data without mention thereof. The curve of
dM/dH reveals an increase of 22k from its ini-
tial value. The saturation field, Hs, determined
from the peak in dM/dH, is 75 kOe (internal).
For comparison we replot dM/dH in Fig. 2(a),
normalized to its initial value (above the spin
flop' ), with a field scale normalized to Hs. In
contrast to the discontinuity expected, the transi-
tion spread of 7 kOe cannot arise from the pre-
sumably dominant dipolar anisotropy because the
dipolar energy of the saturation configuration is
isotropic. We ascribe it to saturation field inho-
mogeneities caused by stoichiometry deviations
(e.g. , some Eu'+), evidenced by the low satura-
tion moment and the recently recognized sensi-
tivity of the exchange to trivalent impurities. '

In Fig. 2(b) we show the normalized dM/dH
curve for a monocrystal slab of CoCl, at 4.2'K.
The saturation field is 34 kOe (internal). This
better defined sample exhibits a sharper transi-
tion with a 1.5-kpe spread.

In the magnetic structure' of EuTe one must
consider the nearest-neighbor (nn) exchange inter-
actions between the corner and face-centered ions,
and the antiferromagnetic next-nearest- neighbor
(nnn) exchange interaction between the ions at the
cube corners. Empirical analyses'~'~" indicate
that the nn exchange is small compared to the
nnn exchange interaction. This nn exchange,
as well as the anisotropy, is neglected in our
theoretical analysis.

The spin-wave calculation proceeds in a manner
directly analogous to that by Kanamori and Yosi-
da. ' The spin-wave excitation frequencies are

a~- = 2dsz([1~ y- J[1~ y-(2H'/H '- I)]}'"
k k k s

H/ Hs

FIG. 2. Normalized differential susceptibility curves
(dM/d@/(dM/d+Z p vs normalized field 8/H~ where
H~, the saturation field, is determined from the peak
observed in (dM/dH): (a) EuTe, experiment and theory;
(b) CoC12, experiment.

Here J is the nnn exchange interaction, z is the
number of nnn, yk=z 'Q&exp(ik 5), wh. ere the
sum is over nnn, H is the applied magnetic field,
and Hs =4SZz/gp, B. At low temperature we ne-
glect the spin-entropy contribution to the free
energy. Therefore,

F = MES (S-+ 1) NpgSH-2/2, H
B s

+ zA g (u& ++(0 ).
k k k (2)

The first two terms in Eq. (2) can be obtained in
the molecular field theory, while the last term
corresponds to the spin-wave modifications in the
form of a zero-point energy. It is this term that
produces a nonlinear magnetization and a noncon-
stant differential susceptibility.

An intuitive description of the effect may be ob-
tained by realizing that the initial transverse con-
figuration of the spins characterizes a non-Neel
ground state of the antiferromagnet which mani-
fests itself in a zero-point reduction of the sub-
lattice magnetization. The sublattices rotate with
increasing field until a ferromagnetic state is ob-
tained at saturation. The ferromagnetic state does
not suffer from a zero-point reduction of the
magnetization. Thus, the moment in the direc-
tion of the field does not vary linearly with the
sine of the rotated angle, but also must contain
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h =m(1+2a)-4am'. (3)

Here h is the field normalized to the saturation
field in the absence of the biquadratic term, m
is the relative net magnetization, and n is the
ratio of biquadratic to bilinear exchange terms
times S . The normalized differential suscepti-
bility is

(dm/dh) 12o.m'
(dm/dh) 1+2m

m =0
(4)

a gradual suppression of the zero-point reduction
as the ferromagnetic state is achieved.

The calculation of this effect depends upon the
reliability of the spin-wave method in giving ac-
curate values for the zero-point magnetization
reduction. The magnetization and differential
susceptibility are the negative of the first and
second derivatives, respectively, of the free
energy with respect to the magnetic field. The
calculation of the zero-point contributions entails
the evaluation of integrals over the first Brillouin
zone appropriate to the magnetic sublattice.
These have been done numerically with a GE-225
computer. The first Brillouin zone appropriate
to the ABCAstack, ing sequence of the (111) layer
planes is an oblique hexagonal prism tipped at
an angle of 8 =arcsin-,' from the vertical with c
=~W3/ao and a = 4vW2/3ao. Here a, is the cubic
lattice spacing.

The results of the calculation of the suscepti-
bility for EuTe, normalized to the value at zero
field, are indicated by the theoretical curve in
Fig. 2(a). We have made use of the empirical
value' of the nnn exchange constant, J=0.124 K.
We see that the theoretical and experimental
curves are in accord for low values of the rela-
tive field but tend to deviate somewhat in the
higher regions, although maintaining a similar
shape. The experimental curve for CoCl, bears
a stronger similarity in shape to the theoretical
curve although, of course, the magnitudes differ.
The calculation pertinent to CoCl, will be pre-
sented elsewhere, with other analyses of CoCl,
experiments.

Although the imperfectly defined chemical and
structural state of the EuTe sample precludes a
refined analysis, the discrepancy between theory
and experiment cannot be ignored. Another
source of nonlinear transverse magnetization is
effective biquadratic exchange arising from the
strain dependence of the exchange energy. ""
Following Kittel, "the magnetization field rela-
tion is

We have examined the discrepancy between theo-
ry and experiment for EuTe in Fig. 2(a) in terms
of the exchange striction analysis, ~4 invoking
only nnn exchange. The equilibrium lattice con-
traction so derived is in good agreement with
recent x-ray measurements by Rodbell, Osika,
and Lawrence. " The value of n required is,
however, about an order of magnitude smaller
than that employed' to describe the temperature
dependence of the sublattice magnetization.

We are particularly indebted to P. E. Law-
rence, who contributed immeasurably to the ex-
periments. J. Owen, H. B. Callen, T. R. Mc-
Guire, S. Foner, and D. S. Rodbell provided
stimulating discussions at various stages of the
work. Samples were obtained through the coop-
eration of M. W. Shafer and T. R. McGuire
(EuTe), and J. W. Cable and S. Foner (CoC1,).
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