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than 3% of the quadratic shift. However, the
transition observed is unsuitable for revealing a
possible breakdown of parity or electron electric
dipole moment, since bm~ = 0.
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Two protons and a p. meson can form a Cou-
lombically stable three-body system in the ground
(para) state similar to the ground state of its mo-
lecular prototype H, . The first stable excited
state of (p-p-p) (ortho state) has a total angular
momentum of one quantum unit and corresponds
roughly to the first rotationally excited state of
H, +.' Electronic wave functions for H, + can be
found' to within an error on the order of Me/Mp
=0.0005 in the Born-Oppenheimer approxima-
tions but analogous calculations for (p- p-p)+
have inherent errors on the order of M&/Mp
=0.1. It is desirable to have (p-p-p)+ wave
functions which are free of this error, not only
because of the intrinsic interest of the problem
but also because of recent muon capture experi-
ments, such as those of Rothberg et a,l. ,

~ whose
interpretation ultimately depends upon accurate
knowledge of (p- p-p)+ wave functions. We have
computed wave functions and energies using the
exact Hamiltonian of (p-p-p)+ and have not in-
voked the Born-Oppenheimer approximation, al-
though the spin of the particles is neglected here.

Eliminating the three coordinates of the center
of mass leaves a wave equation in 6 space vari-
ables. Since (p- p-p)+ can be viewed as a mole-
culelike system, one useful choice of coordi-
nates is the three Euler angles (n, P, y) and in-

I2

FIG. l. {P-p,-P)+ system showing interparticle co-
ordinates. The p, particle is taken as particle 3.

ternal coordinates (p, $, t)). The three particles
define a triangle, shown in Fig. 1, whose orien-
tation with respect to some inertial coordinate
system moving with the center of mass is given
by (o., P, y) and whose shape is given by (p, $, g).
The internal coordinates are related to the inter-
particle distances by

p=R~2,

(R2s +l3)/+12'

7) —(fI„-JI„)/II„.

The Hamiltonian, similar to that of %u, Rosen-
berg, and Sandstrom, ' can be written in terms
of these variables as H =Ho+H, +B„where
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The Hamiltonian has been made dimensionless

by choosing the unit of length to be the Bohr
radius, a

&
= ff'/M&e', and the unit of energy to

be e'/a&. K is the total angular momentum
operator, ' and two operators which commute
with this Hamiltonian are Ks and Es = i8/-sa
Thus the eigenfunctions of H can be chosen to be
eigenfunctions of these operators as well.

The Euler angles can be eliminated from the
Hamiltonian by expanding the wave function in
terms of the eigenfunctions of the symmetric
top, ' i.e. ,

K
(f~) ~ D (&)( p )@ (ff)( ] )

~=-E

Substituting this expansion into the Hamiltonian
reduces it to a set of (2K+1) equations in p, $,
and i) alone. Thus for the para state (K = 0) we
have a single equation M (p, &, i)) =E@(p, g, i)).
An approximate solution of this equation can be
obtained by expanding 4 in terms of a suitable
basis set and obtaining a matrix equation for the
coefficients by the Rayleigh-Ritz variational tech-
nique. One such set is a generalization of that
used by Froman and Kinseye for the same type
of calculation, the power series basis set:

rqb x
fp $ if exp[-&~pg —&~8 (p - po) P, r ~ q+p (p even).

a-
iK i(o, , P, y)

eq 8]

Table I. Energies and expectation values for the
ground (para) state of (p-p, -p)+.

No. of
terms in
basis set

Binding
energy

(eV)
(p)
(a@)

8
12
27
36
64
80

Orthogonal polynomial basis set
244. 8 2.895 0.5496
247. 8 2.922 0.5704
249. 5 2.919 0.5685
249. 5 2.923 0.5693
254. 0 2.969 0.5734
254. 3 2.973 0.5733

8
12
27
36
64

Power
244. 1
247. 6
251.5
251.5
252.4

series basis set
2. 889 0.5472
2.913 0.5721
2.960 0.5721
2.968 0.5711

The nonlinear parameters, 5 and po, as well
as a scale factor of p, are chosen by the varia-
tional principle so as to minimize the energy
for a given approximate eigenfunction. This
choice of optimum parameters gives a great im-
provement in the energy for eigenfunctions con-
taining a small number of terms. Some results
obtained by us and others for the para state are
given in Table I.

A second choice is an orthogonal polynomial
basis set

r 2 20 I (P&-P» (n)exit-5k-&() (P-P ) ~&,
q P 0

8
I

32

Results of others
232. 7 2. 891
241 ~ ~ ~

249 ~ ~ ~

~ ~ ~ b

0.654
~ ~ ~

r ~ p (p even},

where I.q is the qth simple Laguerre polynomial,
and I'p is the pth Legendre polynomial. This lat-
ter basis set was chosen for the functional in-
dependence of its terms which tends to prevent
ill-conditioning of the matrix, 9 and its use served
as a check on the power series results.

aa& is the reduced Bohr radius and is related to a&
by a&=a&(1+M&/Mp) ~ =0.002847 A.

See reference 9.
csee reference 1. The function cosh(epS)exp( ]fpf)-

was used, with q and f chosen so as to minimize the
energy.

dSee reference 11. The basis set used was much the
same as our power series basis set, but without the
-p2 term in the exponential.
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Examining the convergence of the quantities
in the table as the number of terms in the wave
function increases suggests that the final values
for the (p- p-p)+ ground state are 254. 3 eV for
the binding energy'0 and (p) =2.973a& =0.00846 A

(a &
defined in Table 1) for the expects. tion value

of the interproton separation, with error less
than 1+. This value for the binding energy is
5.3 eV lower than the best previous value. "

Of importance in the analysis of muon capture
experiments is knowledge of the muon-proton
overlap, y, which is defined as the probability
per unit volume of the muon coinciding with one
of the protons, "and is given by

y= — (4(p, 1, ~1) ('p'dp.
40

The overlap is expressed in units of the (pu)
atom overlap, 1/ma~~. For the para state the
overlap was found to be yp =0.5733, with error
less than 1%1. Of greater interest, however, is
the muon-proton overlap for the ortho (K =1)
state. A 27-term, optimized-parameter wave
function yielded the value yo = 0. 500, accurate
to within a few percent error.

It should be emphasized that while the para
state was treated exactly, the ortho state cal-
culations were done with the neglect of the term
H, in the Hamiltonian which couples the three
equations defining the ortho wave function. This
approximation introduces an inherent error into
the wave function of the order of (M&/Mp)'
= 0.01. A binding energy of 102.2 eV and an
expectation value of the interproton separation
of (p) =3.64a&=0. 0104 A. were calculated for
the ortho state using this 27-term wave function.

It is interesting to note that the best previous
computations of yp and y0 were done by %ein-
berg~m using wave functions calculated by Cohen,
Judd, and Riddell, ' which had an inherent error
on the order of M&/Mp. Weinberg's computa-
tions gave y =0.654, 14% higher than our value,
and y0= 0. 5 3, 16% higher than our value. Wein-
berg's yo was used by Rothberg et al. ' in com-

puting a theoretical capture rate of muons by
protons in liquid hydrogen. Their theoretical
capture rate was 960y0 sec '=560 sec ' as com-
pared to the experimental result of 464+42 sec '.
Using our value of y0 given above yields a theo-
retical capture rate of 960y~ sec '=480 sec '.

A more exact treatment of the ortho state as
well as detailed discussion of these calculations
will be published in the near future.
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