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Two crucial tests of the reality of the effect
can be made. The first is that the precession
angle must increase linearly with t. We calcu-
late the average over the data of (FIa) cosy),
which is proportional to the precession angle.
According to Eq. (4) the result should be -MH'
x(a )(cos y)(g )f, a linear function of t with slope
proportional to -M. Figure 2 shows our result.
The second test is that the precession-induced
polarization must have the proper correlation
with the magnetic-field direction. We calculate
(at() T.he result according to Eq. (4) should be
(a)(t)($)-M(a')(t')P cosy. We subtract the (known)
first term and plot against y, folding y =0 to
-180 deg with 0 to +180 deg. The result is shown
in Fig. 3. Within the limited statistical accuracy,
the data satisfy the tests.
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4According to M. Nauenberg (Phys. Rev. , to be
published), if the baryons are composite states of
triplets then pA=(1+)q)p„. For quark triplets, q=-)
and pA=)S„=-0.95. For singly charged triplets, q

=-1 and p„=)p„=-1.59. Nicola Cabibbo has pointed
out to us that present calculations based on SU(3) must
take mA =m~ and thus have uncertainties of the same
order as the fractional mass difference, which is 17%.

~Terms in t2 do not contribute to our final result be-
cause they are odd in cosset. Terms in t3 would lead
to a correction of about 1'.

Our final result (pA=-1. 39) is based on an analysis
that takes into account both the inhomogeneity of H and
the small components not along g. The simpler analy-
sis described here gives pA

= -1.33.
For a forward A, n(0) x H is along A. For our

sample, the laboratory angular distribution of the A' s
is strongly peaked forwards (maximum angle =30 deg),
and the average component of n(0) x H along g(0) x A
is about a fifth of that along A,

8Even if there were a parity-nonconserving polariza-
tion component along A at t=0, i.e. , an additional
term in Eq. (3}, it would not affect our result for pA
because such a term has no correlation with the mag-
netic field and gives no contribution after the average
over cp.

9We expect (cosy) = 0 and find 0. 0036. We expect
($) =0.05 and find 0.0617. Their product makes the
first term negligible.

The error in (at] cosy) is [((at( cosy) )/+]~
Equation (5), which expresses M in terms of the mo-
ments of the distribution, is completely equivalent to
the method of maximum likelihood, for our case. For
a distribution of the form 1+ax, the likelihood function
is II&(1+azg) and the most likely value of a is given by
the solution of the equation Zixt/{1+ax&) =0. For (a~
«1, we expand the denominator and obtain a = Zxz/Zx&2,
which is equivalent to Eq. (5). We are indebted to
Frank T. Solmitz for this observation.

~~Average values over the 8553 events {with the
brackets omitted} are t =2. 748 x 10 ~ sec, t =14.07
x 10-20 sec2 cosy = 0. 0036, cos q = 0.496, ( = 0.0617,
$2 = 0.295.
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Evidence for a pi-rho resonance has recently
been pointed out on the basis of 7T-p reaction ex-
periments involving four final-state particles. ~ 3

It is the purpose of this note to indicate, by means
of a simple model for the dynamics of the produc-
tion process in such reactions, a possible expla-
nation for an observed peak in the final state 7T-p

mass spectrum. The calculation reported here
presumes only to be an improvement over the
phase-space calculation with which the 7T-p pro-
duction data were compared. The complexity of
the kinematics in a many-particle final state and

the uncertainties in the behaviors of off-mass-
shell matrix elements make a more elaborate
calculation at present unfeasible.

The reaction which is analyzed corresponds to
the process

7T +p ~7T +p+p~7T +p+7T +7T

It is assumed that the reaction associated with the
observed peak in the 7T-p spectrum proceeds prin-
cipally via peripheral collisions which are domi-
nated by the one-pion-exchange diagram of
Fig. 1(a). The cross section associated with
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this diagram is written

IM I =(Sw&u) do /dQ, (3)

where w is the total center-of-mass energy of the
w Nsy-stem. The cross section de+~/dQ is char-
acterized at high energy by a pronounced diffrac-
tion peak at small four-momentum transfer P,
which can be expressed by the equation4

do /dQ=(do/dQ) e

It is the contention of this note that a similar dif-

Here F(d, ) is the form factor associated with the
pion propagator normalized to unity at ~ =m,
and FI is the invariant flux equal to the product
of the nucleon mass M, and the incident pion mo-
mentum in the laboratory. The quantity g /4&
=-1.8 is the effective nmp coupling constant, and
m and m2 are, respectively, the masses of ~ and
P.

The matrix element M~&' corresponds to the
off-mass-shell n+-p scattering amplitude. Ne-
glecting spin dependence in the n. -N interaction,
the on-mass-shell amplitude I» is related to
the pion-nucleon differential cross section do+~/
dA by the relation

fraction character exhibited by the squared ampli-
tude )M»' t over a significant range of its vari-
ables accounts for a pronounced peak observed
in the cross section der as a function of the n-p
center-of-mass energy, and )M &') is there-
fore replaced here by the two-parameter expes-
sion given by Eqs. (3) and (4). The use of this
model is consistent with the experimental ob-
servation that the production process occurs with
small four-momentum transfer to the nucleon.
The form (4) is expected to be valid provided the
center-of-mass energy &u of the outgoing pi-nucleon
system is sufficiently high. The calculation of this
note is restricted to such values of co.

In calculation of (2) we choose to evaluate both
the form factor F(h') and the spin factors [lF-(m,
-m)~][g~-(m, +m)') at the point h~ =m~ so that the
momentum-transfer dependence of the cross sec-
tion is contained solely in the propagator factor
I/(b, '-m')'. This manner of treating the h~ de-
pendence has lead to qualitative agreement with
experiment in a calculation similar to that dis-
cussed here. ' Making use of this simplification,
and approximating M &' by the mass-shell ampli-
tude Mv& given by Eqs. (3) and (4), the cross
section is obtained in the form

Piss

I
I
l

I

I

1 &gm& 1 t'do& (m, '-4m')
d =(2 )' i4 ~IF, EdQII ('*--*)'

2 AP4( )
dq, dqg, q

f ' qloq20qo
(5)

(a) Equation (5) is a function of five independent in-

variantt

variables, '

w =(p, +p,)',
&'= (q. -ps)'

f'=(q, -p, )',

u'=(q+q, )',
(u' = (q+ qi)~.

F&G. ],. Single-particle exchange diagrams giving
rise to a kinematical peak in the m-p mass spectrum.

The value of the total center-of-mass energy S'
determines the range of values of the remaining
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variables. By use of the relations

dq /q -=(2v/2F)du'df, 6'(p -p )d.q dq/q q = [(q/u)d(cos8 )dq ]
1 10 2 200 2 2 g~g'2

the invariant phase-space factor can be re-expressed in terms of u', P, and the spherical angles of

q2 relative to p, evaluated in the center of mass of the q, q, system [indicated by the subscript in (7) ].
Substituting (I) in Eq. (5) one obtains for the cross-section differential in the variable u the result

t.(-f') m~ 2 -x(-f')
do g' (m, -4m )

j

do
~

d( f2) d(cose )
dq2 q u e

du' 4n' 4F (dQj ~, ' 2w u (LP-m')'
0 (-f') Q'y Q2

(&)

Here
q/u = 2u '[(u' +m, '-m')' = 4m, 'u']"',

and

(-t ) 2W 'f(W' M ')' m'(W +M ')-(W'+M '-m2)u'
min

~ [W'-2(M '+ m') W'+ (M 2-m')']'"[u' 2(W'+-M,2)u*+ (W' M')']-'"}

= -Q + 5 cos82, (d =A-8 cos82+C sin82 cos+2
(10)

where the coefficients a, 5, A, 8, and C are positive functions of W, u', and f .
As a result of the factor exp[-A, (-f )], the integrand in (&) tends rapidly to zero as (-f ) increases

from its lowest value, and the main contribution to the t integral comes from a region of values of
the variable in the vicinity of the lower limit, (-t )mtn. Evaluation of the coefficients A, B, and C
demonstrates that for values of (-t ) near this limit &u is given to an excellent approximation by the
simple form

~ =-A-Bcos~, .

The use of this approximation considerably simplifies the integration in (&) without appreciably alter-
ing the results of an exact evaluation. With the use of Eq. (11) the integrand is independent of q, and

d(cos8~) is linearly related to de'. It follows that du/du' can be rewritten,

f2 2{,-4 ')~d ~, l™~2 -~(-&) 1 q (- ')
4v 4F ' «fl& ~ p a u [a 5/B(A (u') ]'-'-I min (dp

(12)

=A+B.
max

The integration over w is restricted to values of the final pion-nucleon energy for which the diffrac-
tion-peak parametrization of the pion-nucleon cross section [Eq. (4)] is expected to be valid.

The solid curve of Fig 2represe. nts a plot of dv/du' as a function of the center-of-mass energy of
the pi-rho system for a value of a of 6 (BeV/c) ~ and an incident pion lab momentum of 3.65 BeV/c
[W = I.V6 (BeV) ]. The value of A. was taken in agreement with v-p scattering data~ corresponding to
values of uP between the maximum obtainable value of 4.16 (BeV)' and a chosen value of &uo' of 2.70
(BeV)'. The latter value corresponds to a pion lab momentum of approximately 1 BeV/c. The shape
of the function do/du' is rather insensitive to the value chosen for &uo. The predominance of small
values for the m-p center-of-mass energy is interpreted kinematically by saying that both the pi and the
rho tend to go forward after production.

171



VOLUME 13, NUMBER 5 PHYSICAL REVIEW LETTERS 3 AUGUST 1964

i.O 2.0 5.0 4.0

]

.. ~ ~ Q
I

1 1

l

f

l

I

t

FIG. 2. Plot of the differential cross section obtained
from the diagram of Fig. 1(a) as a function of the squared
mass of the pi-rho system. The peak in the mass spec-
trum results from the assumption that the virtual ex-
changed pion is diffraction scattered from the nucleon.
The dashed curve corresponds to phase space.

The histogram of Fig. 3 is a sketch of the data
of reference 1 at the pion lab momentum cited
above. Subsequent experiments indicate that
the broad peak in the data exhibited at low values
of u' consists of two adjacent peaks at approxi-
mately (1.08 BeV)' and (1.32 BeV)'. The mag-
nitude of the observed total cross section re-
ported in reference 1 is 0.86 mb.

The nature of the present calculation is such
that a reliable value for the total cross section
is not readily obtained. ' The method followed
here for handling the form factor and the spin
terms appears in a similar calculation to under-
estimate the cross section by as much as a fac-
tor of two (while closely reproducing the ob-
served spectrum shape). ' Further, it is ex-
pected that rho-nucleon diffraction scattering
associated with the diagram of Fig. 1(b) should
contribute appreciably to the peak in the low
mass region of the m-p spectrum. Finally the
present calculation excludes all events with &'
& &0' for which the diffraction peak parametriza-
tion is not valid. ' These events as well as the
contributions of other possible diagrams are
expected to add to the spectrum roughly in ac-
cord with the dashed phase-space plot of Fig. 2.
Taking account of these considerations we are
led to conclude on the basis of the present cal-
culation that it is possible to obtain a total cross
section as large as 0.4 or 0.5 mb, approximately
one fourth of which is represented by a peak in
the low mass region of the n-p spectrum. Since
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FIG. 3. Sketch of the data of reference 1 as a func-
tion of the squared mass of the pi-rho system. The
dashed curve represents a fit to the data obtained by
combining the present calculation with phase space so
as to obtain reasonable agreement at the upper and
lower extremes of the spectrum.

the measured total cross section considerably
exceeds this estimate it is likely that a n-p reso-
nance does enhance the reaction. This conclu-
sion is further supported by the fact that the cal-
culated peak in the spectrum appears to be rather
narrower than that observed. It is suggested that
the peak observed in the data of reference 1 is
a combination of two adjacent peaks, the first
of which arises from the kinematical effect dis-
cussed here and the second of which represents
a true resonance. The pi-rho system associated
with the kinematical peak does not occur in a
definite angular momentum state, but the sharp
rise of the calculated cross section at threshold
suggests that the s-wave term is predominant.
The pi-rho angular distribution in this peak
should be independent of the azimuthal angle y~
between the planes (p~, p2) and (p~, q,), and the
rho should exhibit in its own rest frame a costa
decay angular distribution with respect to the
incident pion. Further, the kinematical peak
given by the present calculation should become
larger and broader as the incident pion momen-
tum is increased.
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For a value of (do/dQ)p equal to 11 mb/sr, the value
obtained by integration of Eq. (12) over u is 0.03 mb.

$The analysis of the experimental data excluded only
those events with values of ~ in the N~ mass band.

where a denotes the isotopic spin index. Let us
further impose the subsidiary conditions

(2)

SPIN AND UNITARY SPIN INDEPENDENCE OF STRONG INTERACTIONS*
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The purpose of this Letter is twofold. We want and (8=0,T =1). The pion field a is related to
first to point out that the group SU(4) introduced the axial vector field cp& through y~a = (I/p)&&wa,

by Wigner' to classify nuclear states can be ex- p, being the mass common to all mesons.
tended to the relativistic domain and it is, there- The conditions (2) are compatible with the equa-
fore, relevant for particle physics. We will next tions of motion only if L includes, besides II
show that when strangeness is taken into account [Eq. (2)], additional terms such that the mesons
the group SU(4) becomes enlarged to' SU(6) which (p, &u, w) are coupled to conserved currents. Thus
contains, as a subgroup, SU(3)@[SU(2)]&. [SU(2)]& cu and p are coupled to the conserved baryon and
is the unitary subgroup (little group) of the Lo- isotopic-spin currents, respectively, while the
rentz group that leaves invariant the momentum pion is coupled to a conserved axial-vector cur-
four-vector q. rent.

The group we consider here embodies SU(3) and It can now be shown~ that L is invariant under
the ordinary spin in the same way as signer's a group' g, which induces for each momentum q
SU(4) embodies isotopic spin and ordinary spin. of the mesons a unitary unimodular transforma-
Preliminary results on the classification of par- tion among the 15 degenerate states v, p, and n'.

ticles based on SU(6) seem encouraging enough to In counting the multiplicity we include, for a given
motivate a study of this group. ' momentum, the spin states just as for Wigner's

We begin by discussing the first point. Let us supermultiplets. Under this transformation the
assume that the p, &u, and w mesons are coupled nucleon (S= —,, T = —,) transforms like the four
to the nuclear field through a symmetrical La- dimensional representation of the group.
grangian of the form In the nonrelativistic limit, J-I gives rise to

a potential which describes spin- and isospin-in-
Mf dependent exchange forces (Majorana forces) be-

a a . a a, tween nucleons This po.tential is, therefore, in-=gl (d + r p +t p r cp ), 1
6 g p

' variant under Wigner's group SU(4). If now a
purely spin-dependent perturbation is introduced,
v and p remain degenerate whereas the pion splits
from them within the supermultiplet. We note that

(d =0, 8 p =0, ~, p, and w are associated with the adjoint repre-
PP '

l I sentation of SU(4). When this representation is
reduced under the subgroup SU(2) @[SU(2)]& it
splits into states with (J= 1,& = 0), (&= 1,& = I),
and (Z= 0,& = 1).

which insure that m&, p&~, p& describe, respec- These considerations are readily extended to
tively, particles with (J'=1,T =0), (8=1,T =1), include strange particles. In this case the SU(2)
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