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A Josephson diode is a nonreciprocal circuit element that supports a larger dissipationless supercurrent
in one direction than in the other. In this Letter, we propose a class of Josephson diodes based on

supercurrent interferometers composed of Andreev bound state Josephson junctions or interacting quantum
dot Josephson junctions, which are not diodes themselves but possess nonsinusoidal current-phase
relations. We show that such Josephson diodes have several important advantages, like being electrically

tunable and requiring only time-reversal breaking by a magnetic flux. We also show that our diodes have a
characteristic ac response, revealed by the Shapiro steps. Even the simplest realization of our Josephson
diode paradigm that relies on only two junctions can achieve efficiencies of up to ~40% and, interestingly,

far greater efficiencies are achievable by concatenating interferometer loops. We hope that our Letter will
stimulate the search for highly tunable Josephson diode effects in Josephson devices based semiconductor-
superconductor hybrids, 2d materials, and topological insulators, where nonsinusoidal current-phase

relations were recently observed.
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Nonreciprocal circuit elements underlie many applica-
tions of semiconductor electronics, such as current recti-
fiers, power converters, and photodetectors. The most
paradigmatic example of a nonreciprocal circuit element
is the semiconductor diode that, conditioned on the polarity
of a voltage bias, controls a dissipative current flow. Driven
by the need for energy-efficient circuitry, there has recently
been mounting interest in extending the concept of a
semiconducting diode to a “Josephson diode” (JD)
[1-27] that, depending on the direction of a current bias,
supports a larger dissipationless supercurrent in one
direction than in the other. Promising applications of such
a JD could comprise superconducting (SC) electronic
circuits with reduced power consumption and signal iso-
lation in superconducting neural networks [28,29].

However, a difficulty toward realizing a JD is that the
current-phase relation (CPR) in time-reversal or inversion-
symmetric Josephson junctions (JJs) is symmetric around
zero SC phase difference, 1(¢p) = —I(—¢). This property
ensures that the critical currents for the two current-bias
directions, I} and I, are equal so that a JD effect is
missing. To circumvent this constraint, previous Letters
studied a diode effect in inversion-symmetry breaking
superconducting thin films [1-6], JJs of finite-momentum
superconductors [7-9], JJs of multilayered materials
[10-14], topological insulator JJs [15,16], and spin-orbit
coupled 2d electron gas JJs subject to a Zeeman field
[17-19]. Moreover, it was noted that a diode effect can arise
in spin-orbit coupled nanowire JJs subject to a Zeeman field
[20-23], magnetic junctions [24-26], and domain wall SC
channels [27].
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In this Letter, we consider an alternative platform for a
JD in a supercurrent interferometer containing two or
more mesoscopic JJs, such as quantum material JJs
hosting highly transmitting Andreev bound states or
quantum dots. These JJs are not diodes themselves but
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FIG. 1. (a) Minimal experimental setup for a JD interferometer

comprising two JJs with nonsinusoidal CPRs. (b) Interference of
different supercurrent harmonics /,_; , that gives rise to the JD
effect. (c) Critical currents for two current-bias directions /7 in a
quantum point contact interferometer versus external flux @.
(d) Diode efficiency n of an Andreev interferometer versus
external flux @ and transmission 7, of the second JJ. The
transmission of the first JI is 7; = 0.7.
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have a high-harmonic content in their CPR. We show that
such JDs have multiple advantages, such as being all-
electrical tunable and requiring only time-reversal breaking
by a magnetic flux. For characterizing the JD effect, we use
the diode efficiency, defined as

AL
CIE I

n with Al = |I} —I7]. (1)

While we show that this diode efficiency can reach ~40%
for the single-loop interferometer with two JJs, we also
propose a route for systematically increasing the diode
efficiency by concatenating multiple interferometers.
Finally, we show that the JD effect also manifests itself
in the ac response of our setup as asymmetric Shapiro steps
and we discuss applications of our JD paradigm for
calibrating protected superconducting qubits [30-33].

Setup and minimal model.—OQOur setup comprises a pair
of mesoscopic JJs (£ = 1, 2) that connect two conventional
SC leads to form a supercurrent interferometer (or super-
conducting quantum interference device, SQUID), see
Fig. 1(a). To illustrate the origin of the JD effect in such
an interferometer, we introduce a minimal model in which
the CPRs of the two JJs include only a first harmonic and
second harmonic contribution,

1 . 2) .
I,(p) = I; ) sin(g) + I;) sin(2¢). (2)
Here, ¢ is the SC phase difference and / ;m) is the amplitude
of the mth harmonic for the Zth JJ. Upon piercing an
external magnetic flux @, through the area between the JJs,
the total CPR of the interferometer reads

(@) =1,(@) + L(p — 2720/ D). (3)

Here, ®, = h/2e denotes the magnetic flux quantum and
we have assumed that self-inductance effects [34] are
negligible, implying that (by fabrication) the only differ-
ence between the interferometer arms arises from the two
JJs. The critical currents for the two current-bias directions
are then given by /¥ = max,[+/(¢)].

With this minimal model, we can now explain how the
JD effect arises. For that purpose, we initially set ® =
@, /8 and consider the case when one JJ comprises only a
first harmonic 1, (¢) o sin(¢), while the other JJ comprises
only a second harmonic I,(p — 27®/®g) « cos(2¢p). As
shown in Fig. 1(b), the two CPRs then interfere destruc-
tively for —z < ¢ < 0 and constructively for 0 < ¢ < 7.
This interference effect, which behaves opposite for pos-
itive and negative SC phase differences, gives rise to
unequal critical currents for the two current bias directions
I} # 17, and thus to a JD effect.

This conceptual picture of the JD effect’s origin does not
change qualitatively when adding additional harmonics
to the JJ CPRs. In the previous situation when one JJ

comprised only a second harmonic so that / g]) =0, the I
critical current corresponded to one of two minima within
the range —z < ¢ <0, see Fig. 1(b). When gradually
turning on, for example, a finite first harmonic so that

1&” > (0, these two minima acquire different depth.
However, the values of the global maximum and minimum
of the CPR remain different and thus I # I.

Andreev interferometer—So far, our minimal model
helped us develop a conceptual picture of the JD effect in
supercurrent interferometers. A natural next step is to
clarify the detailed experimental requirements for a JD.
For that purpose, we will consider more realistic interfer-
ometer setups with JJs that comprise beyond-second
harmonic contributions, extending the minimal model of
Eq. (2). We first consider an interferometer with JJs for
which Andreev bound states with gate-tunable transmis-
sions mediate the supercurrent. Such Andreev bound state
JJs have recently been realized in spin-orbit coupled
semiconductor JJs [35,36], topological insulator JJs
[37-39], or graphene JJs [40,41]. The CPR of an
Andreev JJs is given by [42,43],

eA%7, sin
o) =5

er() = A1 —1/sin°(/2). (4)

Here, ¢,(¢) are the Andreev levels that emerge within the
SC gap A and that mediate the supercurrent. Moreover, 7,
are the transmission of the #th JJ and T is the temperature.
Henceforth, we will assume k7T << A. In this situation, the
CPR of Eq. (4) is approximately sinusoidal for small
transmissions, I,(¢) o sin(¢) if 7, < 1. However, for
large transmissions 7, <1, the CPR gets increasingly
“skewed,” thereby acquiring higher harmonic content,
I(p) = 1) sin(g) + 17 sin(2¢p) + - - -.

Returning to our question on the experimental require-
ments for the JD, we proceed by computing the diode
efficiency of the Andreev interferometer as a function of the
transmissions 7, and the external flux ®. A representative
result is depicted in Fig. 1(d). It shows that the JD diode
efficiency n comprises four lobes with a maximum effi-
ciency of ~40%. Moreover, we find from the simulations
that the JD requires only three simple requirements that
need to be simultaneously satisfied: (1) The external flux
should not be an integer multiple of the half flux quantum
@ # nd,/2. If this condition is not satisfied, then I(¢p) =
—I(—¢) and I = I, implying that the JD effect vanishes,
see Fig. 1(c). (2) The junction transmissions should not be
equal, 7| # 7,. If this condition is not satisfied, then the
CPR has the property I(¢p) = —I(—¢ + 22®/®,), imply-
ing I = I;. The vanishing diode efficiency when 7, = 7,
is shown by the dashed line in Fig. 1(d). (3) At least one of
the JJ needs to be highly transmitting. This requirement
ensures a sizable higher harmonic content in the total CPR.

Tanh(e,(¢)/2kpT],
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If such a higher harmonic content is negligible (compared
to the magnitude of the first harmonics), then the JD effect
is again missing.

Last, we note that at the special point when ® = ®,/2
and 7; = 1,, all odd harmonics vanish in the interferometer
CPR, I(¢)  sin(2¢) + - - -. In this case, the interferometer
can (if shunted by a large capacitor) realize a protected
superconducting qubit that stores quantum information in
states of opposite Cooper-pair parity [30-33]. An applica-
tion of our proposed diode effect is thus the calibration of
such protected superconducting qubits by mapping out the
phase diagram of Fig. 1(d).

Interacting quantum dot interferometer—We have seen
in the previous section that a CPR with higher harmonic
content due to highly transmitting Andreev bound states
can give rise to a JD effect. In this section, we consider
another established approach for realizing higher harmon-
ics with a JJ composed of a spin-degenerate quantum dot
(QD) with charging energy U that couples with tunneling
amplitudes 77 /g to SC leads with SC gap A. Such a QD JJ
can reverse the supercurrent when a gate voltage tunes the
offset charge n, on the dot [44,45]. Close to the super-
current reversal, single Cooper pairs tunnel with approx-
imately equal amplitude in the forward and reverse
direction. As a result, the net current due to single
Cooper pair tunneling, corresponding to the first harmonic,
is reduced. In this regime, it was observed that higher
harmonics contributions become relevant [46,47].

Motivated by this alternative mechanism to generate
higher harmonics, we consider a second realization of the
supercurrent interferometer with one low-transmitting JJ
and one QD JJ. We first compute, assuming the zero-
bandwidth approximation in the leads [48,49], the CPR of
the QD JJ. For the detailed model, see Ref. [50]. Our results
are shown in Fig. 2(a). We find that the first harmonic is
reduced close to the supercurrent reversal transitions, while
the second harmonic exhibits an enhancement. If we now

I®) [eA/100h]
S}

(=]

FIG. 2.

(a) First and second harmonic 7/('?) of a QD JJ CPR
with (U, 1,15, T) = (3,2/3,2/3,0.001)A versus offset charge,
ng,. See Ref. [50] for the detailed model. (b) Diode efficiency 7 for
an interferometer with a QD JJ and low-transmitting JJ versus
flux @ and offset charge n,. Here, 7 is optimized with respect to
the JJ transmission. QD parameters are as in (a).

arrange the QD JJ and a JJ with transmission 7 < 1 in a
supercurrent interferometer, the JD effect emerges again.
We have computed the diode efficiency in Fig. 2(b). As
expected, the diode efficiency is maximal near the super-
current reversal transitions where first and second harmon-
ics have comparable magnitudes.

Diode efficiency optimization.—Our previous JD imple-
mentations achieved efficiencies n ~40%, see Figs. 1(c)
and 2(b). We will now discuss how the diode efficiency can
be optimized. One conceptual approach is to include
additional harmonics in the CPR that elevate the critical
current in one direction and reduce it in the reverse one. As

an example, we return to Fig. 1(b) where /(@) « sin(¢) —

cos(2¢)/v/2 and add a third harmonic « — sin(3¢)//3.
This third harmonic will destructively and constructively
interfere with the minima and maxima of the CPR, thereby
enhancing the JD effect. Adding further harmonics so that
I(p) x >N, cos[n(¢p —n/2)]/+/n leads to a CPR that
approaches asymptotically # = 1 for increasing N [50].

To implement this approach experimentally, we propose
an array of parallel Andreev JJs arranged in an interfer-
ometer setup, see Fig. 3(a). We expect that tuning indi-
vidually the interferometer fluxes and transmissions will
create an optimized JD effect as discussed above. To find
the maximum diode efficiencies, we use Monte Carlo
maximization, randomly sampling the parameter space
of transmissions and fluxes. We use ~10° sampling points,
sufficient to find the maximum diode efficiency for N; ~
10 JJs. Results for the maximum efficiency are shown in
Fig. 3(a) as a function of N,;. We find that the efficiency
grows monotonously with N, increasing faster for small
N;. These results suggest that already a small number of
concatenated loops is sufficient to significantly improve the
diode efficiency.

However, we note that it is not possible to achieve perfect
efficiency with a finite number of JJs, since there is no
phase-independent term in a CPR. Hence, it is relevant to
set bounds on the maximal efficiency achievable with N;
JJs that are not diodes themselves. Two JJs achieve the

1 2
Ny o[x]
FIG. 3. (a) Maximum diode efficiency n for N; JJs concat-

enated in an interferometer array (as shown in the inset). Dashed
lines show n* = (N; —1)/N,. (b) CPR in the maximum diode
efficiency configuration for various N;.
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highest diode efficiency when the supercurrent interference
is optimal: the CPR maxima align, while the minimum of
one junction aligns with the maximum of the other one.
With this reasoning, the best upper bound we found is given
by 50% for two JJs. By concatenating N; JJs in the same
way, the best upper bound we found for the diode efficiency
is " = (N, = 1)/N [50].

Shapiro steps—While we have so far explored the JD
effect in dc-biased interferometers, it is natural to ask if
there are also manifestations of the JD effect in an
interferometer with both an applied dc bias and ac bias.
To address this question, we consider for concreteness an
interferometer with single-channel Andreev JJs. The time
dependence of the phase difference ¢(7) and the voltage
drop V(1) = (h/2e)¢(t) is given by [56-58],

S 0(0) + 1lp(0)] = i+ esin(or). (9

Here, iy and i, are the amplitudes of the dc and ac bias.
Moreover, o is the driving frequency and R is a shunt resis-
tance in parallel to the interferometer. For I(¢) « sin(¢),
the primary consequence of Eq. (5) is the appearance of
voltage plateaus or “Shapiro steps” in the iy, — V curve
when V =V, =2nhw/e. Here, n is an integer. We now
want to understand how these Shapiro steps change for our
JD interferometer.

To identify the possible changes of the Shapiro pattern
for a JD interferometer, we have solved Eq. (5) numerically,

0.8

(a)

0.4

. tac[eA/R]

iac[eA/R]

FIG. 4. (a) igc —V curve of an ac-biased Andreev interfero-
meter, showing Shapiro steps with step heights Ai,. (b) Step
heights, Ai,, as a function of I, showing a relative offset.
(c) Differential resistance, dV/dl., versus I,. and I4., for an
interferometer without JD effect, showing a symmetry around
I4. = 0. (d) Same as (c) but for a interferometer with JD effect.
The symmetry around /4, = 0 is missing. Parameters used for
all plots are (7y,7,, ®/®y, w) = (0.7,0.99,0.32,0.2A) with
A = (2¢R/h)(eA/h), except (c) uses 7, = 0.7.

leading to two notable findings: (1) In the iy, — V curve of a
conventional JJ with sinusoidal CPR, the step size (or
plateau length in i,.) of the nth Shapiro stepat V =1V, is
equal to the step size of the —nth Shapiro step, Ai, = Ai_,.
This equality follows from the property iq.(V)=—igq.(=V).
In a JD interferometer, this no longer holds. As shown in
Fig. 4(a), we find that the step sizes of the nth and —nth
Shapiro steps are, in general, unequal, Ai, # Ai_,. This
unusual behavior of the Shapiro step size becomes par-
ticularly apparent when tuning 7., which shows oscilla-
tions with a relative offset between Ai, and Ai_,, see
Fig. 4(b). (2) For a conventional JJ with no JD effect, a plot
of the differential resistance dV/diy4. versus i,. and iy,
shows a “fanlike” pattern with sharp peaks marking the
Shapiro steps. As shown in Fig. 4(c), in the absence of the
JD effect, the peaks in the differential resistance are mirror
symmetric with respect to iy, =0 and the separation
between neighboring peaks on a fan (for fixed i,.) gives
the Shapiro step size. In a JD interferometer, the differential
resistance peaks lack the symmetry around iy, = 0, see
Fig. 4(d). This unusual behavior arises due to the unequal
critical currents for the two current-bias directions, so that
the peaks emerge at different iy, values for i, =0.
Moreover, the separation between neighboring peaks is
different for positive and negative dc current bias directions,
which reconfirms our previous finding that Ai,, # Ai_,,.
Finally, we remark that earlier works have found that
“fractional Shapiro steps” can arise in Andreev JJs at
voltages V =V,,, =2(n/m)ho/e due to the higher
harmonic content in the CPR [59-61]. Interestingly, such
fractional Shapiro steps can emerge in our setup in an even
more pronounced way if 7, < 1. For example, by setting
® = @, /2 and tuning the JJs from an unbalanced (7| # 7,)
to a balanced situation (z; = 7,), we find an exact doubling
of the Shapiro steps, with all integer steps having the same
height as half-integer steps, see Fig. 5. This exact doubling
of Shapiro steps is due to a CPR with only even harmonics
I(¢) x sin(2¢) + - - -, and could provide another way of
calibrating protected superconducting qubits [30-33],

5 =0.95 > = 0.99
13T 0 1 2 33 2 a1 0 1 2 3
2eV/hw 2¢eV/hw
FIG. 5. Shapiro steps in the i4.-V curve for an dc- and ac-biased

Andreev interferometer with drive amplitude i,. = 0.4eA /A and
/D, =1/2 (a) For (r;,7,) = (0.99,0.95), fractional Shapiro
steps appear, highlighted by red arrows, which signal the im-
portance of higher harmonics. (b) For (71, 7,) = (0.99,0.99), the
fractional Shapiro steps have the same step heights as the integer
Shapiro steps.
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complementary to the method proposed in the section on
the Andreev interferometer.

Conclusions.—We studied a JD effect in supercurrent
interferometers of JJs with a nonsinusoidal CPR. We
showed that such interferometers achieve sizable diode
efficiencies, optimizable by concatenating interferometer
loops. We also discussed a manifestation of the JD effect in
the Shapiro steps and applications for qubit calibration.
Exciting future directions may include the study of JDs
with methods of circuit quantum electrodynamics when the
flux @ is replaced by a quantized field [62].

We acknowledge helpful discussions with J. M. Chavez-
Garcia and M. Kjaergaard. We acknowledge funding from
the Swedish Research Council (VR) and the European
Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation programme under
Grant Agreement No. 856526, and NanoLund. We also
gratefully acknowledge funding from the Microsoft
Corporation.

Note added.—Recently, a manuscript [63] appeared, pro-
viding complementary analytical results on the JD effect for
a variant of the minimal model of Eq. (2).
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