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Tunable Rectification of Diffusion-Wave Fields by Spatiotemporal Metamaterials
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The diffusion process is the basis of many branches of science and engineering, and generally obeys
reciprocity between two ports of a linear time-invariant medium. Recent research on classical wave

dynamics has explored the spatiotemporal modulation to exhibit preferred directions in photons and
plasmons. Here we report a distinct rectification effect on diffusion-wave fields by modulating the
conductivity and observe nonreciprocal transport of charges. We experimentally create a spatiotemporal

diffusion metamaterial, in which a mode transition to zero frequency is realized. A direct current
component thereby emerges, showcasing a biased effect on the charge diffusion when the incident
fundamental frequency is a multiple of the system modulation frequency. These results may find
applications spanning a plethora of diffusive fields in general.
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For some time, several diffusion-related periodic phe-
nomena have become unified under the global mathemati-
cal label of diffusion-wave field [1,2], mainly including the
categories of charge- carrier-density waves, thermal waves
[3.4], chemical waves [5], etc. Generally, such propagation
in linear, nonbiased, and time-invariant materials obeys
reciprocity [6,7], which means the field transport is
symmetric in opposite directions. The recent studies of
nonreciprocity [8] induced by spatiotemporal modulation
in electromagnetic [9-11], acoustic [12—14], and elastic
[15,16] metamaterials have revealed potential for develop-
ing asymmetric transport and flexible manipulation,
exhibiting advantages in more diverse signal and energy
transmission. However, realizing nonreciprocal diffusion-
wave field propagation is intrinsically elusive, due to the
intrinsic  reciprocity and unclear symmetry-breaking
mechanism endorsed by diffusive nature. Though several
spatiotemporal diffusion systems [17,18] have also exhib-
ited asymmetry, the nonreciprocal mode transition subject
to periodic excitation has not been explored, in an analogy
to photonic transitions induced by refractive index modu-
lation [19-21]. As such, the successful realization of
spatiotemporal diffusion-wave metamaterials simultane-
ously implies the fundamental significance of nonreciproc-
ity in diffusion-related periodic transports, and the
industrial benefits in applications with alternating current
(ac), fluctuating temperature, varying particle concentra-
tion, etc.

As a typical characteristic of nonreciprocal transfer,
some drag effects of physical fields have been observed,
such as Fizeau drag of light [22,23], plasmon polaritons
[24,25], and thermal waves [26], meaning that the waves
travel at different speeds along and against the moving or
modulation direction of media. Here we report another kind
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of drag effect on diffusion waves. Thanks to the mode
transitions [14,19-21] to zero frequency caused by a
conductivity modulation synchronized with the periodic
excitation, a dc component emerges and ‘“‘drags” the
transmission potential @, away from the previous average
of the input potential ®;, as shown in Figs. 1(a) and 1(b).
A fundamental framework is established to analyze the
system, thus deriving the dispersion relation, harmonic
generation, transmission spectrum, and nonreciprocal
effects. A confirmatory experiment is conducted to verify
the conversion from ac to dc and nonreciprocal transport of
charge diffusion waves. This discovery might reduce the
dependence on inversion-symmetry-broken materials [27]
(such as the semiconductor p—n junction) in direction-
dependent charge transport, and further realize ac-dc
converters, rectifiers, diodes, and isolators with isotropic
and linear materials. Besides, this mechanism is applicable
to a wide range of diffusion phenomena that obeys Fick’s
law, including charge diffusion, mass transport, and heat
transfer.

The diffusion processes are mainly governed by Fick’s
diffusion equation, which describes physical quantities
(e.g., energy or discrete particles) driven by potential
gradients as driving forces. Its most general form is
0(c®)/ot =V - (cV®D), where ® is the potential field, ¢
is time, ¢ and c¢ are the conductivity and capacity of the
medium, respectively. Figures 1(a) and 1(b) depict the
general representation of a spatiotemporally modulated
medium (length L), with the diffusion waves traveling
towards the forward (left) and backward (right) direc-
tions. An oscillating potential boundary ®,(¢) with fre-
quency @, is applied at one end to imitate an incident
wave, while zero-flux boundary condition is taken at the
other to observe a transmission potential ®;(z). For the
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FIG. 1. Conceptual representation and dispersion relation of
diffusion waves through a spatiotemporally modulated medium.
(a) Nonreciprocal forward and backward transmission (®F and
®%) of a diffusion wave (excited by a sinusoidal input potential
®,) can be induced, using a medium whose conductivity o(x, t) is
spatiotemporally modulated. For some cases where the excitation
frequency is a multiple of the modulation frequency, there exists a
zero-frequency harmonic, or dc component, dragging the average
of the transmission potential @7 away from that of ®@;. (b) The
time-averaged potential distribution (@) and (®?) along x at the
quasisteady state. (c) Dispersion diagrams for the spatiotempor-
ally modulated medium. Red and blue curves represent, respec-
tively, the excited forward and backward space-time modes
within a range of incident frequency @,. (d) The projection of
the dispersion diagram on Re(f)-w, plane. The arrow indicates
the mode transition accompanied by the frequency shift w, and
wave number shift j3,,.

one-dimensional (1D) spatiotemporal medium, the gov-
erning diffusion equation becomes

oDd(x,1) 0

o202 {au, ) (1)

ot X ox

0D (x, t)}
where the capacity c is a constant, and the conductivity is
modulated as a traveling wave of both space x and time ¢:
o(x,t) = o(f,x —w,t), where f5, and w,, are the spatial
and temporal frequencies of the modulation wave, respec-
tively. Applying Floquet-Bloch theorem, the potential field
®(x, t) inside the metamaterial should be a superposition of
the eigenfunctions

(I)(x, t) = ei(/)’X—a)ot)ZFmeim(/}px—m,,z) (2)
m

where f is the wave number of the pseudo diffusion plane
wave calculated based on the fundamental frequency w,
excited by the oscillating source, and F',,, (m=0,£1,%£2,...)
are the Fourier coefficients of Floquet-Bloch harmonics.
Taking the framework of charge transport as an example, we
obtain the dispersion relation (Supplemental Material 1-2
[28]) of the medium with a sinusoidal modulated conduc-
tivity ¢ = oy[1 + A, cos(f,x — w,t)], where 65 =1 Sm,
A,=09,p,=2zrm", and w, = 4z s~'. Other parame-
ters are set as ¢y = 1 Fm™! and L = 1 m. We truncate the
Fourier expansions to the tenth order to achieve a precise
solution of the dispersion relation presented by the 3D curves
in Fig. 1(c). Different from electromagnetic wave propaga-
tion [29,30] in dielectrics and free space, whose dispersion
diagram is mainly plotted with pure real wavenumbers,
Fig. 1(c) shows that here almost all the wave numbers f are
complex with nonzero imaginary parts, indicating the spatial
attenuation of the diffusion system. Several modes (f3, @) =
(np,, nw,) (nis an integer) are located on Im(f) = 0 plane,
which are also the intersections of the forward and backward
space-time harmonics. The dispersion diagram exhibits
periodicity only with respect to Re(f) and w,, so we plot
its projection on Re(f) — @, plane in Fig. 1(d). A repeated
cell pattern appears along a straight line whose slope equals
the phase velocity of the pump modulation [the slope is equal
to 1 in Fig. 1(d) as a result of the normalization of
coordinates]. The frequency shift w, and wave number shift
B, induced by the spatiotemporal modulation can be easily
seen, which can be viewed as a counterpart of mode
transitions [14,19-21] in modulated diffusion systems.
Especially when the “incident” frequency w, = now,, (n
is an integer), the mode transitions will cause a zero-
frequency component, leading to a biased effect. In addition,
nonreciprocity from the breaking of time-reversal symmetry
is observed, presented as the asymmetric tilted dispersion
curves and different propagating speeds along forward and
backward directions. This asymmetry is positively related to
the modulation depth A, (see Fig. S1 [28]). Note that
nonreciprocity cannot be generated by a pure time modula-
tion (3, = 0) or a pure space modulation (@, = 0). See the
discussion of these two special cases in Supplemental
Material 3 and Figs. S2-S3 [28].

To specifically demonstrate the transmission properties
of the diffusion waves, we plot the transmission potential
for different frequencies of the input potential ®; in Fig. 2.
The material parameters for the results in Fig. 2 are the
same as in Fig. 1(c). The boundary condition at the input
end is set to be ®; = Agcos(p — wyt), where Ag =1V,
¢ = /2, and wy/w, = 0.2, 1, 1.1, and 2. The analytical
results (Supplemental Material 4 [28]) fit well with finite-
element simulations using COMSOL Multiphysics®, veri-
fying the accuracy of our analytical solutions. As shown in
the cases wy = w,, and wy = 2w, the transmission poten-
tial is dragged, for the average of potential over time (®;)
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FIG. 2. Transmission through a spatiotemporally modulated
medium. (a)—(d) Forward and backward transmission potentials
corresponding to different frequencies of the input potential ®;:
wy = 02w, (a), vy = w, (b), wy=1.1w, (¢), and wy = 2w,
(d). In the cases wy = w, and 2w,, a potential drag occurs
because the average of ® over time is nonzero, while in the cases
@y = 0.2w, and 1.1w,, the time-averaged potential remains 0.
Lines are analytical results, scatter points are simulated results,
and dashed lines are analytical solutions of the time-averaged
potential. (e)—(h) Analytical transmission spectrum correspond-
ing to (a)—(d). Higher order harmonics (the 1%, 42", ... orders)
appear around the fundamental frequency w,, and the zero-
frequency harmonic is generated at the —1% order when wy = w
(at the —2" order when w, = 2w,).

p

is nonzero. We therefore refer to the cases wy = nyw,, as
coupled case for brevity. On the contrary, for wy # nyw,,
which is called uncoupled case, the time-averaged potential
(@) remains 0, as confirmed in the cases @, = 0.2w,, and
oy = l.lw,. We give the analytical transmission spec-
trum in Figs. 2(e)-2(h), corresponding to the four cases in
Figs. 2(a)-2(d). It can be seen that under spatiotemporal
modulation, higher order harmonics (the +1%, +ond
orders) appear around the fundamental frequency @, thus
modulating the waveform of ®7. Specially, when the
incident frequency wy is close to the modulation frequency
w,, there exists a low-frequency harmonic wyey = wy—o,,,
just like beats produced by the superposition of two
harmonic oscillations with nearly equal frequencies [31].
As the example wy = 1.1w,, shown in Fig. 2(c), the period
of @ turns to be 10 times the modulation temporal period.
Furthermore, as wy — ,,, the period of beat approaches
infinity. According to Eq. (2), when oy = nyw,, the (—ny)

order of transmission spectrum is zero frequency and
corresponds to the time-averaged potential (D).

The difference in the waveform as well as the trans-
mission spectrum between the forward and backward
directions reflects the nonreciprocal effect of spatiotempo-
ral modulation on the diffusion waves. A feature is that the
incident wave seems to be more efficiently converted to
higher-order harmonics in the forward direction, originat-
ing from the fact that the dispersion curves representing
the forward harmonics are closer to each other than the
backward ones. As an exception, when @®; remains constant
(wg = 0), the potential distribution along the entire trans-
mission path will be ®(x,7) = ®;, implying that the
modulation does not make any difference in forward and
backward directions. This is identical with the view of
previous works [17,18] that two material parameters must
be modulated simultaneously to obtain nonreciprocity in
diffusive systems under constant boundary conditions. It
should be added that our theory also applies to thermal
waves. If the input temperature is oscillating around a
reference temperature 7', there will be a temperature
offset with respect to T at the output end for the coupled
case, based on the principle of superimposition.

In the following, we discuss the drag effect on the dc
component of various modulation parameters in coupled
cases. The analytical results of (®7) in Fig. 3 illustrate the
dependence of the potential drag on the modulation depth
A,, modulation phase velocity v, (defined as v, = w,/f,,,
where f3,, is taken to be constant and ), is varying in order
to adjust v,,), and the initial phase ¢ of the input potential.
The input frequency is taken as wy, = w,, and other
parameter settings in Fig. 3 are the same as in Fig. 2,
except the argument of concern. From Fig. 3(a), we see that
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FIG. 3. Influence of modulation parameters on the time-
averaged potential and nonreciprocity. Dependence of trans-
mission potential drag on the modulation depth A, (a), modu-
lation phase velocity v, (b), and initial phase ¢ (c). (d) Degree of
nonreciprocity (defined as (®2) = (®F) — (®2)) for various
combinations of v, and ¢.
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as the increase of the modulation depth A, the potential
drag characterized by (®;) becomes larger. The effect of
the modulation phase speed v, is depicted in Fig. 3(b),
where the absolute value of (@) increases as v, increases
from 0 and decreases from co. Both (®F) and (®%)
approach 0 when v, — 0 and oo, so nonreciprocity will
disappear under these circumstances. The dependence of
(®7) on the initial phase ¢ is shown by the sinusoidal curve
in Fig. 3(c). [This sinusoidal function can be reflected from
Eq. (S30) in the Supplemental Material [28].] The drag
effect appearing in the transmission potential can be either
positive or negative under the modulation of ¢, meaning
that it can even oppose the modulation phase speed. It can
be seen that the value range of (®F) is larger than that of
(®B), as a result of the stronger transitions in the forward
direction. We define the difference (®2) = (®F) — (®F) to
characterize the degree of nonreciprocity. The values of
(®2) for various combination of v, and ¢ are summarized
in Fig. 3(d), revealing the controllable nonreciprocity of the
spatiotemporal metamaterial. The optimal combination of
v, and ¢ with maximum nonreciprocity can be found,
while the contour line “0” indicates that some combinations
of v, and ¢ can restore reciprocity of the zero-frequency
component.

We then construct an equivalent circuit of 1D metama-
terial with spatiotemporally modulated conductivity and
demonstrate the aforesaid phenomenon experimentally (see
Fig. 4). The circuit in Fig. 4(a) is a lumped parameter model
of electric charge diffusion, corresponding to the con-
tinuum model in Fig. 1. The governing equation of the
circuit can be derived analytically using the Kirchhoff laws,
which can be homogenized spatially and equivalent to the
differential diffusion equation in Eq. (1) when a large
number of components are adopted [18]. Here we use 10
time-varying resistors alternated by 9 fixed capacitors,
forming a spatial variation of conductivity along the
direction of propagation. The experimental platform is
illustrated in Fig. 4(b), where the potentiometers are driven
by stepper motors controlled by a microcontroller unit. The
resistance of each potentiometer can be adjusted by rotating
its spinner handle connected to the shaft of a motor, so
the reciprocating rotation of the motor will change the
resistance periodically. The resistance of each resistor
satisfies R; = Ry, +ARTI(0; —w 1), where R, =100,
AR =2100 Q, TI(-) represents the normalized square
dimensionless function, the initial phase 6;=2x(i—
1)/10 and i = 1,2, ..., 10. In our experimental setup, the
fixed capacitance C, = 235 pF, and the modulation period
t,=2n/w,=15.5s. The left end of the circuit is connected
to an oscillating voltage source ®; = A, cos(@ — wyt),
where Ag = 14 V, and the right end is measured by an
oscilloscope to obtain @ for the forward case, while for the
backward case, the positions of ®; and @ are switched
(Supplemental Material 5 [28]).
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FIG. 4. Experimental verification of nonreciprocal voltage
transmission under spatiotemporal modulation. (a) Equivalent
circuit model for a medium with spatiotemporally modulated
conductivity, consisting of a series of time-varying resistors
alternated by fixed capacitors. (b) The system built according
to the equivalent circuit in (a). 10 rotary potentiometers are driven
by 10 mechanical motors to produce spatiotemporally varying
resistance distributions. (c)—(d) Experimentally measured voltage
when the frequencies of ®; are taken as wy = 0.8w, (c¢) and
@y = w, (d). The lines are experimental results and the scatter
points refer to simulated results using the same setup as the
experiment. (e) Experimental results of the dependence of the
drag effect (characterized by the time-averaged voltage) on
the initial phase ¢.

First, we select ¢ = z/2 and choose different w, to
obtain the performance of ®;. We give the measurement
results for the cases w;/w, =0.8 and 1 in Figs. 4(c)
and 4(d). Moreover, results of more cases (a)o/a)p =0.2,
1.1 and 2) are summarized in Fig. S4 [28]. Obviously, a
voltage bias occurs in the coupled case. Next, we restrict
the frequency of ®; at wy = w, and observe the depend-
ence of the voltage bias on the initial phase ¢ of the input
source. (See Supplemental Material, movie 1 for the
evolution with time by tuning w, and ¢.) It can be seen
that the voltage bias varies over a wide range with respect to
@ in Fig. 4(e), where the bias is calculated by averaging the
voltage over 10 modulation periods after reaching the
quasisteady state. For reference, we also present the finite
element numerical results using the circuit module of
COMSOL Multiphysics®, in which the parameter setting
is the same as the experiment. Despite the errors from the
unstable motor frequency, inaccurate initial phase, etc., the
experiment has proven the phenomena predicted by our
theory. Apart from the aforementioned circuit, compress-
ible composites [32,33] may also be good experimental
candidates for producing a spatiotemporally varied con-
ductivity. Although the proposed experimental setup is in
the field of charge diffusion, the equivalent circuit is also
suitable for verifying the transport of heat and mass. Their
counterparts can be realized by using materials with
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variable thermal conductivity or diffusivity and applying an
oscillating heat or material source.

In summary, we have theoretically and experimentally
reported the nonreciprocal transport of diffusion waves
through spatiotemporally modulated systems. The space-
time mode transitions to zero frequency account for the
drag phenomenon of the transmission potential. It should
be added that the occurrence of drag is not confined to the
above setting of boundary conditions. For example, if we
apply an oscillating potential at one port and a constant
potential at the other, there will exist a flux drag, i.e., a dc
flow [34], through the system (Supplemental Material 6
and Figs. S5-S7 [28]). We observe the asymmetric time-
averaged flux in the coupled cases, whose rectification
ratios are dependent on the modulation parameters such as
A,, v,, and @.

The conclusion may be also extended to other diffusion-
wave fields like carrier-density waves in electronic media
(notably semiconductors), thermal waves, chemical waves
and diffuse-photon-density waves [35-37], for their gov-
erning equations are same or similar to the formalism
mentioned in this Letter. Especially in thermal and mass
diffusion, since the two-parameter (conductivity and capac-
ity) modulation [17,38] is extremely difficult to implement
practically, the approach proposed here may provide feasible
ways to generate nonreciprocity or design new-type diodes.
For instance, it is possible to design thermal metamaterials
[39—46] whose output end is heated or cooled in the forward
or backward case (See Supplemental Material, movie 2 for
the temperature evolution with time). This approach may also
find applications in controlling signal transmission and
information communication [47,48], such as filtering, rec-
tification, etc.
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