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We study near-neighbor and dipolar Ising models on a lattice of corner-sharing octahedra. In an extended
parameter range of both models, frustration between antiferromagnetism and a spin-ice-like three-in-three-
out rule stabilizes a Coulomb phase with correlated dipolar and quadrupolar spin textures, both yielding
distinctive neutron-scattering signatures. Strong further-neighbor perturbations cause the two components
to order independently, resulting in unusual multi-k orders. We propose experimental realizations of our
model in rare-earth antiperovskites.
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Spin ice has been a paradigmatic example of frustrated
magnetism since its experimental realization in the rare-
earth pyrochlores Dy2Ti2O7 and Ho2Ti2O7 [1–3]. It is
defined on a lattice of corner-sharing tetrahedra by a local
two-in-two-out (2I2O) constraint on each tetrahedron. This
constraint results in extensive ground-state degeneracy
[2,4–6], long-range dipolar correlations [7–9], and frac-
tionalized excitations that behave as emergent magnetic
monopoles [10–15], a phenomenology known as the
Coulomb phase [16,17]. Spin ice, and derivatives such
as quantum spin ice [10,18,19] and monopole-crystalline
fragmented spin ice [20–22], are among the best-studied
frustrated magnets due to the abundance of rare-earth
pyrochlore materials with large local moments [23].
Nevertheless, Coulomb phases are not limited to the

pyrochlore lattice, as shown by the rich physics of
(artificial) square ice [24] and kagome ice [25] in two
dimensions. A three-dimensional alternative would be a
lattice of corner-sharing octahedra (e.g., the edge midpoints
of a simple cubic lattice), endued with Ising spins pointing
into or out of these octahedra and a local three-in-three-out
(3I3O) constraint, defining a 20-vertex model [26]; under-
standing this rule as a local divergence-free constraint
yields a Coulomb phase similar to pyrochlore ice. This
geometry is realized in the cubic phase of antiperovskites
in which rare-earth metal ions with strong easy-axis
anisotropy form coordination octahedra around a central
anion [Fig. 1(a)]. Such models have received some theo-
retical attention [10,27,28] but have not yet been consi-
dered as an experimentally viable platform for spin ice, as
realizing the perfect Coulomb phase requires significant
fine-tuning.
Our Letter addresses this gap by studying both near-

neighbor exchange and dipolar Ising Hamiltonians on the
antiperovskite lattice. For the former, we find an extended
parameter range in which frustration between antiferro-
magnetic alignment and the 3I3O rule brings about a new

kind of Coulomb phase. Octahedra in its ground-state
manifold show correlated dipolar and quadrupolar align-
ment, both of which give rise to distinctive features in the
magnetic structure factor. This phase, dubbed fragmented
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FIG. 1. (a) Two unit cells of the antiperovskite structure
showing the local h100i Ising axes and near-neighbor exchange
couplings J1, J2, J02 of the magnetic ions (blue). (b) Spin-flip (SF)
neutron-scattering pattern of (1) at T ≪ J for neutrons polarized
along ½11̄0�. Sharp pinch points are visible at all Γ points of the
simple cubic lattice. [The non-spin-flip (NSF) structure factor is
independent of wave vector.] (c) NSF and (d) SF neutron-
scattering pattern of (2) for J2 < J1 at T → 0. In addition to
pinch points, rods of diffuse scattering arise along wave vectors of
the form ð1=2; 1=2;lÞ, which are fully visible in the NSF pattern
and yield smooth maxima in the SF one.
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spin ice, is further stabilized by dipolar interactions against
weak further-neighbor interactions. Stronger perturba-
tions result in a variety of ordered phases: in those derived
from fragmented ice, the dipolar and quadrupolar compo-
nents order independently, resulting in unusual multi-k
structures.
Our results mark out rare-earth antiperovskites, with

large Ising-like moments, as well as structural analogs
[29,30], as a novel platform for realizing Coulomb-phase
physics and may explain experiments that found no
magnetic ordering in such materials down to the lowest
temperatures [31,32]. Moreover, they demonstrate that
the mechanisms underlying dipolar pyrochlore spin ice
[6,33,34] are generic and may help stabilize more exotic
icelike models [27,35–37] in the theoretical literature.
Near-neighbor exchange model.—We consider Ising

spins on the X sites of a cubic perovskite (ABX3) lattice,
which form corner-sharing octahedra. The only crystallo-
graphically allowed Ising axis connects the octahedron
centers, i.e., each spin points out of one octahedron into the
other. The closest analog of nearest-neighbor spin ice in this
geometry is a 20-vertex Ising model in which all 3I3O
octahedra have equal and minimal energy,

H ¼ J
2

X
octah:o

�X
i∈o

σ⃗i · êout

�
2

; ð1Þ

where êout is the unit vector pointing out of octahedron o at
site i and σ⃗i is constrained to be �êout. Since nearest-
neighbor Ising spins are perpendicular, Heisenberg inter-
actions between them would be inactive. Therefore,
realizing (1) requires either Dzyaloshinskii-Moriya (DM)
or symmetric off-diagonal exchange of equal strength to the
ferromagnetic across-octahedron interaction [J ¼ J1 ¼ J2,
cf. Fig. 1(a)],

H ¼ J1
X
hiji

d̂ij · ðσ⃗i × σ⃗jÞ − J2
X
⟪i↔j⟫

σ⃗i · σ⃗j þ const; ð2Þ

the DM vector d̂ij ¼ êout;i × êout;j is the only one allowed
by lattice symmetry [38].
We computed thermodynamic properties of Eq. (1)

on a system of 643 unit cells using an efficient cluster
Monte Carlo algorithm adapted from Ref. [39] and plotted
heat capacity and entropy as a function of temperature in
Fig. 2. The heat capacity shows a single Schottky peak at
T ∼ J, corresponding to the proliferation of non-3I3O
octahedra, viz. emergent monopoles. This Schottky peak
does not account for the full high-temperature entropy of
the system; the numerically obtained residual entropy is in
good agreement with the Pauling estimate [4] for the
20-vertex model, S0 ¼ kB logð2.5Þ=3 ≈ 0.305kB per spin.
Similar to pyrochlore ice, long-wavelength properties of

this ground-state manifold can be understood by coarse-
graining the spins σ⃗ into a polarization field P⃗. The free

energy density of this field is purely entropic in origin and,
in the first approximation, proportional to jP⃗j2. Together
with the divergence-free constraint ∇ · P⃗ ¼ 0 imposed by
the 3I3O rule, this gives rise to long-range dipolar corre-
lations [8,9,16], which can be observed as sharp pinch
points in the magnetic structure factor at reciprocal lattice
vectors [Fig. 1(b)]. Non-3I3O defects are sources of the P⃗
field and, in dipolar systems, act as emergent monopoles of
the physical magnetic field [11].
The above Coulomb-phase description, however, only

holds for the fine-tuned point (1). For J2 > J1, ferromag-
netic alignment between spins across an octahedron is
favored. Such alignment is compatible with the 3I3O rule:
namely, one spin points in and one out along each body
diagonal of the octahedron (see inset of Fig. 2).
This alignment across each octahedron results in ground
states with ferromagnetically aligned chains along all
h100i directions. These chains are, however, decoupled,
leading to uniform planes of diffuse neutron scattering at
fhkLgðL ∈ ZÞ-type wave vectors [30,40] and a subexten-
sive ground-state entropy of kB log 2 × 3L2 per L3 unit
cells: this entropy is indeed found in loop-update [34]
Monte Carlo simulations of (2) with L ¼ 16 (Fig. 2). The
heat capacity peak at T ∼ ðJ2 − J1Þ suggests that the chains
align in a Kasteleyn transition resembling that of pyrochlore
spin ice in a ½100� field [41].
J2 < J1, by contrast, favors 3I3O octahedra that are as

antiferromagnetic as possible. However, if all three pairs of
opposite spins are antiferromagnetically aligned (i.e., both
point in or both out), the total number of spins pointing into
the octahedron is even, which frustrates the 3I3O rule. For

FIG. 2. Heat capacity (top) and entropy (bottom) of (2) for three
values of J2=J1. Inset: a ferromagnetic (left) and a dipolar-
quadrupolar (right) octahedron; red spins are in dipolar, blue in
quadrupolar alignment.
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0 < J2 < J1, the optimal octahedra are still 3I3O, but
not fully antiferromagnetic, pairs across the octahedron
being two-in, two-out, and one-in-one-out. There are 12
such “dipolar-quadrupolar” octahedra, so the ground-state
entropy remains extensive: Pauling’s estimate yields S00 ¼
kB logð1.5Þ=3 ≈ 0.135kB per spin, which is in good agree-
ment with Monte Carlo simulations (Fig. 2). Entropy
is released in two Schottky peaks: at T ∼ J1;2, the high-
temperature paramagnet crosses over into 20-vertex spin
ice, while at T ∼ ðJ1 − J2Þ, the 12-vertex ground-state
manifold is selected out of the latter. Dipolar components
in this manifold still form a Coulomb phase: pinch points
remain sharp but their intensity is reduced due to the
smaller average dipole moment of dipolar-quadrupolar
octahedra [Fig. 1(d)]. The antiferromagnetic quadrupolar
components, on the other hand, enhance the magnetic
structure factor in rods at ð1=2; 1=2;lÞ and similar wave
vectors without new singular features. Such fragmentation
within the ice manifold has no analog on the pyrochlore
lattice, and, as quadrupoles do not contribute to the coarse-
grained field P⃗, it is not fully captured by Coulomb-phase
theory.
Dipolar spin ice.—Next, we consider adding dipolar

interactions between the large rare-earth Ising moments,

H ¼ Dl3
X
ij

�
σ⃗i · σ⃗j
r3ij

−
3ðσ⃗i · r⃗ijÞðσ⃗j · r⃗ijÞ

r5ij

�

− J2
X
⟪i↔j⟫

σ⃗i · σ⃗j − J02
X
⟪ij⟫0

σ⃗i · σ⃗j; ð3Þ

where l is the distance of nearest-neighbor spins and D ¼
μ0μ

2=ð4πl3Þ is the dipolar interaction-energy scale. For
simplicity, we set J1 ¼ 0; indeed, adding multiples of (1) to
the Hamiltonian only renormalizes the energy cost of
monopoles, so low-temperature effects of J1 and J2 are
equivalent. On the other hand, we add second-neighbor
interactions between spins in different octahedra [J02 in
Fig. 1(a)] as a representative of all subleading exchange
couplings; in antiperovskite materials, we expect J02 ≪ J2
as there is no obvious exchange pathway between 20
neighbors.
On the pyrochlore lattice, dipolar interactions can be

decomposed into a leading term that leaves the mono-
pole-free sector exactly degenerate and residual inter-
actions that decay as r−5 and are thus negligible beyond
nearest neighbors [33]: that is, the two-in-two-out manifold
in dipolar pyrochlore ice remains degenerate to a good
approximation. A similar decomposition of the dipolar
Hamiltonian is possible on the antiperovskite lattice as well
[42]; however, as the nearest-neighbor residual interaction
is much stronger than that across an octahedron, a purely
dipolar Hamiltonian would be projectively equivalent to the
12-vertex model found above for J2 < J1 [42]. Emulating
the 20-vertex Coulomb phase requires compensating the

residual terms with a ferromagnetic J�2 ≈ 0.75D [42];
indeed, the entire 3I3O manifold is approximately degene-
rate at this point, evidenced by the confluence of all ordered
phases in Fig. 3(b).
Using single-spin-flip Monte Carlo dynamics [6], we in-

deed find an extensive residual entropy for J2 ≲ J�2; J
0
2 ≈ 0.

At J2 ≈ J�2, the residual entropy is consistent with that of
the 20-vertex model; as J2 is lowered, this value decreases
continuously to the residual entropy of the 12-vertex frag-
mented spin ice of dipolar-quadrupolar octahedra [Fig. 3(a)].
These icelike phases are stabilized by the dipolar inter-
actions, which cause the single-spin-flip dynamics (realized
in materials by thermal fluctuations) to become glassy [42],
thus preventing any low-temperature ordering transition,
similar to dipolar pyrochlore ice [34,50–54]. Indeed, simu-
lations using loop-update dynamics find ordered ground
states with zero residual entropy for all values of J2 and J02
[Fig. 3(b)].
Magnetic structure factors in the high-residual-entropy

regime resemble closely those of the J1–J2 model above.
Neutron-scattering patterns at J2 ≈ J�2 are similar to those
of (1) [42], while the J2 < J�2 case (Fig. 4) resembles the
12-vertex model [Figs. 1(c) and 1(d)], with two important
differences. First, dipolar pinch points have higher inten-
sity, while the broad quadrupolar maxima at ð1=2; 1=2;
1=2Þ are weaker. Second, sharp peaks appear at ð1=2;
1=2; 0Þ due to ordering of the quadrupolar components of
the octahedra; however, the ordered moment remains quite
small, as evidenced by a substantial diffuse component

FIG. 3. (a) Residual entropy at T ¼ 0.25D (below spin free-
zing) in single-spin-flip dynamics. The colored arrows indicate
the Pauling entropy estimates of the near-neighbor model (2).
(b) Composite order parameter of the four ordered phases at
T ¼ 0.1D in loop-update dynamics, which remains in equili-
brium down to this temperature. AFM, antiferromagnetic; FM,
ferromagnetic.
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surrounding the peaks. Both effects are due to the low-
temperature glassiness of single-spin-flip dynamics, which
sabotages both the full suppression of ferromagnetic
octahedra and the full development of order.
Ordered phases.—Such spin freezing can effectively be

lifted in Monte Carlo simulations by adding short-loop
updates that respect the 3I3O ice rules [34]. These reveal
four low-temperature ordered phases that all meet near the
optimally compensated spin-ice point [Fig. 3(b)]. At
J2 ≳ J�2, ferromagnetic octahedra are favorable, resulting
in aligned chains of spins, similar to the proposed ground
states of pyrochlore ice [34,55,56]. If J02 ≳ 0, these chains

align into a three-dimensional canted ferromagnet; for
antiferromagnetic J02, each sublattice orders along the
f1=2; 1=2; 0g wave vector normal to its spin direction,
resulting in a three-k structure with full cubic symmetry.
Both transitions are strongly first-order [42], similar to
dipolar pyrochlore ice [34].
On the other hand, phases at J2 ≲ J�2 are composed of

dipolar-quadrupolar octahedra: the two components order
independently, which breaks cubic rotational symmetry and
results in two-k structures. Ordering wave vectors are again
controlled by the sign of J02, as shown in Fig. 5; neutron-
scattering signatures of the ordered phases are discussed in
the Supplemental Material [42]. As the ordered state is
described by two independent order parameters with
distinct symmetries, the ordering transition occurs in two
stages: first, quadrupolar components order in a continuous
transition, followed by the dipolar ones at a lower temper-
ature, which leads to a jump in both order parameters [42].
Between these transitions, we anticipate another kind of
fragmented spin ice, in which the quadrupolar components
show partial ordering, while dipolar ones remain in a
Coulomb phase.
Conclusion.—In summary, we have studied dipolar and

purely near-neighbor exchange Ising models on a lattice of
corner-sharing octahedra, as may be realized in rare-earth
antiperovskite materials. Similar to spin ice on the pyro-
chlore lattice, the phase diagram of these systems can be
understood in terms of a 20-vertex model of three-in-three-
out octahedra, which gives rise to a low-temperature
Coulomb phase with extensive ground-state entropy,
pinch-point correlations, and emergent magnetic mono-
poles. While such a model is fine-tuned, glassiness induced
by dipolar interactions in spin ice stabilizes the Coulomb
phase for a finite range of exchange parameters. More
interestingly, perturbing away from this fine-tuned point
results in fragmented spin ice, where spins around each
octahedron exhibit both dipolar and quadrupolar alignment;
while the former remain in a Coulomb phase, the latter also
contribute distinctive features to structure factors. Such a
fragmented phase is not possible in pyrochlore ice (except
in strained thin films [57,58]), as all 2I2O tetrahedra are
symmetry-equivalent to one another; by contrast, it is
generic on the antiperovskite lattice as it is stabilized by
the dipolar interaction for a wide and experimentally
relevant range of parameters. Further-neighbor interactions
break the approximate degeneracy of these ice manifolds,
resulting in a variety of ordered phases. In particular,
perturbing the fragmented spin ice gives rise to two-k
structures as the dipolar and quadrupolar components yield
symmetry-inequivalent order parameters at different propa-
gation vectors and thus two distinct ordering transitions at
different temperatures.
Our results demonstrate that both mechanisms by which

dipolar interactions stabilize pyrochlore ice, the projective
equivalence of dipolar and near-neighbor exchange models

FIG. 4. Polarized neutron-scattering pattern of (3) at J2 ¼ 0.4D,
J02 ¼ 0.05D. Neutrons are polarized along ½11̄0�. The non-spin-
flip channel (left) is strongly peaked at ð1=2; 1=2; 0Þ, with some
visible broadening along the qz direction. The spin-flip channel
(right) remains diffuse, with pinch points atΓ and smooth intensity
maxima at ð1=2; 1=2; 1=2Þ.

FIG. 5. Magnetic structures of the four ordered phases in
Fig. 3(b). Colors indicate inequivalent ordering wave vectors:
green, (000); blue, ð1=2; 1=2; 1=2Þ; red, ð1=2; 1=2; 0Þ normal to
spin direction; purple, ð1=2; 1=2; 0Þ in the plane of spin directions.
The black boxes indicate the magnetic unit cell of each order.
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[6,33] and glassy low-temperature spin dynamics
[34,50,51], remain active on other lattices and help stabilize
analogous Coulomb phases. This is critical for antiper-
ovskite materials, as the projective-equivalence mechanism
is insensitive to low-temperature distortions of the crystal
structure [59] and may also help stabilize more complex
models, several of which exhibit fractonic features [27,37].
In fact, lattices beyond the pyrochlore may exhibit richer

physics, precisely on account of the several interaction
terms that need to be fine-tuned to realize the perfect
Coulomb phase. A case in point is the antiperovskite lattice,
where frustration between antiferromagnetic correlations
and the 3I3O rule results in fragmented spin ice, without
direct analogs in bulk pyrochlores. This opens up new
experimental directions for frustrated magnetism: indeed,
certain rare-earth antiperovskites are known to avoid mag-
netic ordering down to very low temperatures [31,32],
which may indicate spin-ice physics. On the theoretical
side, developing field theories for the fragmented ice phase
promises considerable challenges due to the frustration
needed to bring it about. (The long-wavelength physics of
Coulomb phases is essentially unfrustrated [8,9].) The
coexistence of dipolar and quadrupolar features also raises
the possibility of a higher-order gauge theory description,
with potentially exciting consequences for both excitations
and ordering transitions.

All data supporting this work and the code used to
generate them are available on Zenodo [60,61].
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