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Many-Body Radiative Decay in Strongly Interacting Rydberg Ensembles

Chris Nill ,1 Kay Brandner ,2 Beatriz Olmos ,1’2 Federico Carollo ,1 and Igor Lesanovsky

1.2

"Institut fiir Theoretische Physik, Universitiit Tiibingen, Auf der Morgenstelle 14, 72076 Tiibingen, Germany
2School of Physics and Astronomy and Centre for the Mathematics and Theoretical Physics of Quantum Non-Equilibrium Systems,
The University of Nottingham, Nottingham NG7 2RD, United Kingdom

® (Received 16 June 2022; accepted 7 November 2022; published 9 December 2022)

When atoms are excited to high-lying Rydberg states they interact strongly with dipolar forces. The
resulting state-dependent level shifts allow us to study many-body systems displaying intriguing
nonequilibrium phenomena, such as constrained spin systems, and are at the heart of numerous
technological applications, e.g., in quantum simulation and computation platforms. Here, we show that
these interactions also have a significant impact on dissipative effects caused by the inevitable coupling of
Rydberg atoms to the surrounding electromagnetic field. We demonstrate that their presence modifies the
frequency of the photons emitted from the Rydberg atoms, making it dependent on the local neighborhood
of the emitting atom. Interactions among Rydberg atoms thus turn spontaneous emission into a many-body
process which manifests, in a thermodynamically consistent Markovian setting, in the emergence of
collective jump operators in the quantum master equation governing the dynamics. We discuss how this
collective dissipation—stemming from a mechanism different from the much studied superradiance and
subradiance—accelerates decoherence and affects dissipative phase transitions in Rydberg ensembles.
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Introduction.—Rydberg gases allow us to explore the
interplay between strong interactions, external driving
imposed by external fields, and dissipation. This has led
to a whole host of theoretical and experimental works,
investigating, for example, dissipative phase transitions, the
dynamics of epidemic spreading and critical phenomena
[1-6], as well as the dissipative preparation of correlated
quantum states [7—11]. Dissipation typically manifests
through two processes, which are decoherence (of quantum
superposition) and radiative decay [12-15]. Decoherence
leads to a gradual decay of quantum superposition that is
formed between the high-lying Rydberg state and the
atomic ground state from which the Rydberg state is
excited. This process can be controlled by the phase
coherence of the excitation laser and by the temperature
of the Rydberg gas. It is also influenced by strong
interactions among Rydberg atoms [15-18], which can
be exploited for designing single photon absorbers and
emitters [19-23]. Radiative decay, on the other hand, is a
ubiquitous process which is caused by the coupling of the
atomic dipole to the electromagnetic field. This results in
the spontaneous emission of a photon from a Rydberg
excited atom and a concomitant quantum jump from
the Rydberg state to a low-lying electronic state, e.g.,
the ground state.

When considering ensembles of atoms, their coupling to
the radiation field [24,25] can lead to collective behavior as
pointed out by Dicke in his seminal work [26]. This emerges
when the typical distance between the atoms becomes
comparable to the wavelength of the emitted radiation.
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In this case it is no longer possible to trace an emitted
photon back to a specific atom. This loss of which-way
information results in quantum interference that ultimately
promotes this dissipation from a single-atom to a many-atom
process. A striking consequence of this is the appearance of
subradiant collective states whose lifetime may exceed that
of single atoms by orders of magnitude [27-34]. In typical
experiments, Rydberg atoms are separated by several
micrometers. This is significantly larger than the wavelength
for transitions to low-lying states, which is on the order of a
hundred nanometers. Radiative decay is therefore here not
expected to acquire a collective character and is typically
modeled as a single-atom process. Note, that superradiance
and subradiance can nevertheless occur and have been
investigated in Rydberg gases [35-38]. However, in these
studies the considered radiative transitions take place among
Rydberg states and the associated wavelengths are on the
order of millimeters to centimeters [39].

In this Letter, we demonstrate that strong interactions in
Rydberg gases can nevertheless be responsible for another
mechanism underlying collective dissipation. The funda-
mental observation is that the frequency of a photon that is
spontaneously emitted from a decaying Rydberg atom
depends on the state of the neighborhood of the emitting
atom [cf. Figs. 1(a) and 1(b)]. We unveil this effect and
analyze its consequences in a simple setting, permitting for
the exact derivation of the Markovian quantum master
equation of the Rydberg gas which, as we discuss, features
many-body jump operators. We show that the ensuing
dissipation accelerates decoherence and that it further
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FIG. 1. Rydberg atoms and collective dissipation. (a) One-
dimensional lattice gas of interacting atoms resonantly driven by
a laser with Rabi frequency Q. Neighboring atoms interact with
interaction strength V when simultaneously excited to their
Rydberg state |1). Rydberg states decay under the emission of
a photon to the ground state || ) at rate y. (b) Decay in a system of
two atoms. When the interaction strength V is larger than the
natural linewidth y it is possible to discern whether a decaying
Rydberg atom had an excited neighboring atom or not. This
information can be inferred from the frequency of the emitted
photon: vy, excited neighboring atom; v, neighboring atom in the
ground state. (c) Graphical representation of projectors Pi which
project on the subspace where the neighborhood of a reference
atom (empty circle) contains £ excited atoms (in two dimensions).
Because of the strong nearest-neighbor interaction an emitted
photon carries information on the subspace from which the
emission took place, leading to collective jump operators.

impacts on nonequilibrium phase transitions occurring in
the stationary state of driven Rydberg gases. This collective
state-dependent decay mechanism should be observable in
(precision) experiments and is important for a thermody-
namically consistent and faithful modeling of noise and
error sources in quantum computers and simulators based
on Rydberg atoms.

Interacting Rydberg gas in an electromagnetic field.—
To illustrate the abovementioned effect we focus on a
simple model of a Rydberg gas. The atoms are placed on
the sites of a d-dimensional hypercubic lattice, labeled by
the position vectors 1. Each atom is effectively described
as a two-level (spin) system [see sketch in Fig. 1(a)], with
ground state ||) and Rydberg state |1) separated by an
energy difference w,. We also assume for simplicity that
the atoms only interact with their nearest neighbors with
coupling strength V [see Fig. 1(a)]. This is accounted for by
the Hamiltonian,

\%4
Hatom = a)aznk +§ Z NNy s (1)
k

|k—m|=1

where n;, = |[14)(1| is the projector on the Rydberg state
of the atom located at position ry.

The atoms are immersed in an electromagnetic radiation
field, described by the Hamiltonian,

Hrad = quagsaqy (2)
q.s

Here, a4, and aES are the annihilation and creation
operators of a photon mode with momentum q, polarization
s, and energy w, = c|q| (c is the speed of light). The dipole
coupling between the atoms and the electromagnetic field
modes is determined by the interaction Hamiltonian:

Hiy = Z(Qqsa;seiq.rk + Hﬁ‘)(”}j + 61:)' (3)
k.q.s

Here, 6] = (67)" = |14)({+] is the atomic raising operator
for the atom located at ry. The coupling constant gq, =

V/ (04/2€)V)(d - &) depends on the atomic transition
dipole moment d, the unit polarization vector &, the
vacuum permittivity €y, and the quantization volume V.
Note that a variant of this model was considered also in
Refs. [40,41], to study superradiance in the presence of
interactions.

Our aim is to integrate out the electromagnetic field
modes in order to obtain a quantum master equation that
describes the open quantum dynamics of the atomic
ensemble. We follow a procedure analogous to the usual
one developed for the description of noninteracting atoms
immersed in the radiation field (see, e.g., Refs. [24,25]).
First, we rotate into the interaction picture with respect to
the atom and radiation degrees of freedom via the unitary
transformation U = exp [it(H yom + Haq)]- Because of the
Rydberg interactions, atomic operators acquire an operator-
valued phase which depends on the neighborhood of the
considered atom, e.g.,

2d
Uoi U' = 67 exp(iw,t) exp (in > §Pi> . @)
=0

Here, £ € {0,1,...,2d} and Pi is the projector on the
subspace containing exactly & excited atoms in the neigh-
borhood of atom k [see Fig. 1(c)]. Similar structures
emerge, for example, in the so-called PXP model or the
quantum hard-squares model, which describe strongly
interacting Rydberg gases [42,43].

As derived in the Supplemental Material [44], after the
Born-Markov and rotating-wave approximations, the quan-
tum master equation reads (in the original lab frame):

2d
) . _ 1
p=—ilHyom-P) +7) _ [ZPiUkPGZPi-i{nk,p} . ()
© Le=o
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where y = (|d[*w})/(3nc3ey) is the single-atom decay rate.
Note that for the rotating-wave approximation to be valid,
the nearest-neighbor interaction strength V must be much
larger than y. Moreover, we have assumed that w, >V,
which allows us to neglect corrections to the spontaneous
emission rate originating from the interaction shift of the
atomic levels in the presence of neighboring excitations,
which are of order w,/V. Finally, note that we consider the
separation between neighboring atoms to be much larger
than the transition wavelength 4 = 2z¢/w,. This allows us
to neglect the effect of coherent dipole-dipole interactions
and collective dissipation (i.e., superradiance and subra-
diance) induced by the radiation field. These conditions are
typically met in current Rydberg quantum simulators using
optical tweezer arrays. For example, in the experiment
reported in Ref. [52], one finds for rubidium-87 atoms
(principal quantum number n = 75, lattice constant 10 pm,
Ce coefficient Cg = h x 27 x 1.947 GHz pm®): o, ~
105 Hz, V =h x 272 x 2 x 10° Hz, and y = 6 x 10 Hz.

From the master equation (5) one can read off that an
atom at position r; has 2d 4 1 different decay channels,
where d is the dimension of the hypercubic lattice on which
the atoms are positioned. Each of these channels, which is
represented by the collective many-body jump operator
L{ = \/}7Pi0;, corresponds to a different number of
excited atoms £ in the atom’s neighborhood, and can be
associated to a different frequency of the emitted photons,
ve = w, + £V [see Fig. 1(b)]. The many-body operators Lj
are also consistent with thermodynamic considerations.
While we treat the background radiation field as an
effective zero-temperature reservoir here, which is well
justified since the atomic energy scale @, is typically much
larger than the temperatures encountered in quantum-
optical experiments, it is in principle straightforward to
extend our approach to thermal environments with finite
inverse temperature . One would then expect the Gibbs
state o exp[—f(Hyom)] to be a stationary state of the
corresponding master equation. This condition, which is
indeed met in our many-body approach, is also both
sufficient and necessary for consistency with the second
law of thermodynamics, at least in situations where the
standard weak-coupling, Born-Markov and rotating-wave
approximations are applicable [53,54]. On the other hand, a
simpler model in which each atom would feature a single
decay channel, represented by a jump operator Lj = /yo)
that does not account for interactions between atoms,
would lead to a nonthermal stationary state at finite
temperatures and thus, in general, to violations of the
second law; see also Ref. [55].

Decoherence dynamics.—In order to analyze the
impact of collective jump operators versus the convention-
ally employed single-atom decay, we consider an
atomic ensemble that is initially prepared in the state
[¥o) = (1/2)M? @y [I4)x + |1)4]- Experimentally, such a
product state can be prepared in an interacting system by a

strong laser pulse whose Rabi frequency Q is much larger
than the interaction strength V. We study the evolution of
the average single-atom (Rydberg state—ground state)
coherence, which can be measured experimentally [56],
and which we decompose as

X() = £ 5o (1) = 1 S (PEp) (1) = SOX:(0).
¢

k k.g

The evolution equation of the expectation values X, is
readily obtained [44]. For the collective dissipation,
described by Eq. (5), we obtain

14

X¢=- (ia)a + 2) X¢ — E(y + iV)XE,

while for the conventionally employed single-atom decay,

S . 4 .
Xi=- <twa + 5>X§ =& +iV)Xi+y(E+ 1)XE,
where we use the convention X3, , = 0. These equations
can be exactly integrated with initial condition Xg/ (0) =
(1/N) 3= (Wo| Piog|¥o) = 27241 (%) [44]. Here, we
focus on the short-time behavior, which already displays

a qualitative difference between collective dissipation and
single-body decay:

, 11 Y2 —2dV?
X(t)| ~=—~ e
| X5 (1)] 3 4yt+ T 2,
1 2d+1 2d + 1) +2d)y? = 2dV?
Xl - = pr4 12431 = I 2.

For single-atom decay the initial drop of the coherence
from its initial value 1/2 is independent of the system
geometry. The first collective contribution in |X*(¢)
emerges from the interaction of an atom with its neighbors,
which involves the interaction strength V and the co-
ordination number 2d and is thus not of dissipative nature.
In contrast, for the case of collective decay, already the
leading term is dependent on the coordination number. This
shows that collective dissipation notably accelerates the
decoherence process as compared to the single-atom case.
We briefly discuss the effect of collective dissipation on
other coherence observables and on quantum correlations
in Ref. [44].

This effect should be even more dramatic in a continuous
gas. Here, the initial rate of decoherence is proportional to
the number of atoms N;,, with which a given reference
atom interacts strongly enough so that the concomitant
energy shift exceeds the single-atom decay rate y. For a
homogeneous atomic gas with density ¢, and Rydberg
states that are interacting with a van der Waals potential
[39], Vyaw(r) = Cg/7%, this number of atoms scales as
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Nine ~ 00(|Ce|/7)¥® and thus the collective decoherence
rate should scale as y, ~ yoy(Ce/7)%°.

Stationary state of a laser-driven Rydberg gas.—The
stationary state of the dynamics considered so far is the one
devoid of any Rydberg excitation, since the system is only
coupled with an effectively zero-temperature reservoir. In
the following, we are interested in exploring the stationary
state that emerges when (collective) radiative decay com-
petes with external laser driving. To include the excitation
laser (with frequency w;, Rabi frequency €, and detuning
A = w, — w;) we consider master equation (5) with the
modified atomic Hamiltonian:

Hatom - Hatorn + Z[Qo‘z + (A - a)a)nk]' (6)
k

This is actually an ad hoc construction, given that the
master equation has to be derived using the modified
Hamiltonian. However, this approach is currently the
standard one for incorporating coherent laser excitation,
interaction, and dissipation in interacting Rydberg gases
[4,12,15,57]. Our expectation at this point is that its
analysis will reveal which quantitative and qualitative
changes to the stationary state—caused by collective jump
operators—one may expect.

We first perform a mean field analysis. Following the
treatment of Ref. [2], this leads to the mean field equations
of motion:

n=Qs, —yn,
—Asy — g (4dn + 1)s, —2dVns,,

5, = —As, — g (4dn + 1)s, +2dVns, — Q(4n —2).  (7)

Here, n = (ny), s, = (o%), and s, = (6%), and translation
invariance is assumed throughout. A noteworthy aspect of
these equations is their dependence on the dimension d.
In the contribution due to interactions, the latter enters
through the combination 2dV, with 2d being the co-
ordination number of the d-dimensional hypercubic lattice.
Therefore, different dimensions simply lead to a rescaling
of the mean field interaction. This is not the case for the
collective decay which results in terms proportional to
y(4dn + 1), which does not amount to a simple rescaling
when changing dimensionality. This becomes visible in the
stationary state phase diagram displayed in Fig. 2. In the
main figure we show the number of stable stationary mean
field solutions. While for most parameters there is merely
one solution, there exists a region for which two stationary
solutions emerge. This bistability, extensively discussed in
the literature, e.g., in Refs. [2,4,58], is seen in the inset.
There we show the stationary Rydberg excitation density
nS, as obtained from the mean field equations (7) after
setting the time derivatives to zero and solving for n. From a

x  bistability
4 (single-body decay)
d=1x
~ |d=2x
S |d=3 X
© 2
bistabilities
(collective decay)
0
—15 —10 -5 0 5 10 15
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FIG. 2. Bistability region in the mean field phase diagram in the
presence of single-atom and collective decay. In the gray region
the stationary state of the mean field equations is unique. In the
colored region, whose shape depends on the dimension d, two
stationary solutions exist. The cusps culminate in critical points,
which are marked by crosses. The inset shows a cut of the
stationary state density through the bistability region, taken at
Q = 2.5y. The red (blue) curves show the stationary Rydberg
excitation density ng, (ni), where the superscript ¢ (s) refers to
collective (single-atom) decay of collective (single-atom) decay.
Solid and dashed lines mark the two stationary solutions. We
have set dV = 10y. The mean field equations for ng are in Eq. (7)
while those for ng, are given in Ref. [44].

dynamical perspective bistability typically manifests in
intermittency of the quantum jump statistics [1,59,60].
The important aspect here is that the size and shape of this
region strongly depend on the dimensionality, which is not
the case when single-body decay is considered where one
can simply rescale the interaction strength.

To complement the mean field analysis we numerically
calculate the stationary state of a small one-dimensional
chain containing either N =4 or N =8 atoms.
Qualitatively, both single-body and collective decay yield
similar results, which are displayed in Fig. 3. For negative
detunings A—where the mean field analysis predicts bista-
ble behavior—there is, however, a substantial quantitative
difference. For example, the excitation density under col-
lective dissipation can exceed the one predicted by single-
atom decay by more than a factor 2. This indicates that the
bistable or metastable (in low dimensions) regions indeed
are located in different regions of the parameter space, as the
mean field result suggests. Note that these features persist in
the presence of weak laser phase noise [44].

Conclusions and future directions.—In this Letter, we
have studied the radiative decay of an interacting Rydberg
gas. We have considered a rather simplified scenario, in
which Rydberg atoms interact with nearest-neighbor inter-
action V, whose value exceeds that of the emission line-
width y. Realistic interactions have a gradually decaying
tail and there will be distances in which the interaction
strength between the atoms becomes comparable with the
decay rate. Here it is no longer possible to perform a
rotating-wave approximation and the master equation
becomes explicitly time dependent. Moreover, it would
be interesting to include the laser driving systematically in
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FIG. 3. Stationary state of a d =1 chain with periodic

boundaries. Shown is the stationary density of Rydberg excita-
tions as a function of the laser detuning A and the Rabi frequency
Q with V = 10y in the presence of single-body decay (ni) and
collective many-body decay (ng). The data are obtained by
solving Eq. (5) with Hamiltonian (6). In the rightmost column
we show the relative difference between the two densities,
dng = (n& — ni)/n. Significant deviations are visible for
negative detunings in the region where bistable behavior is
predicted by the mean field analysis. To estimate the steady
state we average over 100 linearly spaced data points in the
interval [4.75yt,5.00y¢]. The oscillations visible in the region
A/y > 0 are a finite time effect. The data for N = 4 are obtained
by exact diagonalization, while the N = 8 data were calculated
using continuous-time quantum jump Monte Carlo averaged over
300 trajectories.

the derivation of the master equation for the atomic system,
e.g., by using the Floquet-Lindblad approach, which makes
it possible to accommodate strong periodic driving fields in
a thermodynamically consistent way [61]. For the sake of
simplicity, we have focused on an ad hoc approach in
this Letter, where the driving is incorporated only in the
unitary part of the master equation, as is currently standard
quantum optics.

In order to experimentally probe the impact of collective
effects it would be desirable to investigate strongly inter-
acting Rydberg lattice systems that allow us to observe
dissipative dynamics over many emission cycles. This
should be, for example, possible in trapped Rydberg ion
systems [62,63], which provide trapping of ground and
Rydberg states alike and also offer the opportunity to
continuously cool external degrees of freedom that may be
heated from spontaneous emission.
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