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We study superconductivity in a three-dimensional zero-density Dirac semimetal in proximity to a
ferroelectric quantum critical point. We find that the interplay of criticality, inversion-symmetry breaking,
and Dirac dispersion gives rise to a robust superconducting state at the charge-neutrality point, where no
Fermi surface is present. Using Eliashberg theory, we show that the ferroelectric quantum critical point is
unstable against the formation of a ferroelectric density wave (FDW), whose fluctuations, in turn, lead to a
first-order superconducting transition. Surprisingly, long-range superconducting and FDWorders are found
to cooperate with each other, in contrast to the more usual scenario of phase competition. Therefore, we
suggest that driving charge neutral Dirac materials, e.g., PbxSn1−xTe, through a ferroelectric quantum
critical point may lead to superconductivity intertwined with FDW order.
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Introduction.—Superconductivity (SC) is observed in
numerous doped materials with extremely low density of
free charge carriers. Examples include doped SrTiO3 [1–
3], Sr-doped Bi2Se3 [4], YPtBi [5], Tl-doped PbTe [6],
and elemental bismuth [7]. The observation of low-density
SC is surprising for two main reasons [8,9]. First, because
the Fermi and the Debye energies are similar in magni-
tude and therefore the Coulomb repulsion is naively
unscreened. Second, the density of states of a three-
dimensional Fermi liquid, which affects the transition
temperature drastically in conventional superconductors,
is orders of magnitude smaller than in standard super-
conducting alloys. Therefore, finding microscopic models
with superconducting instabilities at arbitrarily low density
is an outstanding challenge.
A necessary ingredient for realizing low-density SC is a

sufficiently long-ranged attractive interaction [10–12].
Such an interaction can be provided by the fluctuations
of a bosonic order parameter in the vicinity of a quantum
critical point (QCP) [13–16]. In particular, it was proposed
that superconductivity in some low-density SCs, such as
doped SrTiO3 and PbxSn1−xTe, originates from the prox-
imity to a ferroelectric (FE) QCP [12,17–25]. Indeed,
experiments find that the electronic properties of SrTiO3

are strongly influenced by the transition [23,25–31] and
possibly also of PbxSn1−xTe [32].
The soft modes near the critical point in polar crystals are

transverse. According to the standard description of the

electron-phonon interaction, transverse phonons are
decoupled from the itinerant electron’s density [19,33].
Several mechanisms have been proposed to circumvent this
issue, such as coupling to gapped longitudinal modes
[19,25], two transverse phonon exchange [34–38], and a
linear vector coupling in multiorbital systems [8,12,39–45].
A renormalization group (RG) analysis found the vector
coupling is marginally relevant in Dirac semimetals [8].
Based on this observation, it was shown that FE critical
fluctuations are a promising pairing mechanism for low-
density SC. However, close enough to the QCP these
arguments break down since the system flows to strong
coupling.
In this Letter, we investigate the fate of the clean

ferroelectric QCP in 3D polar Dirac materials at zero
density using both Eliashberg and BCS theories. We are
deliberately studying this idealized model as a paradigmatic
example of a low-density system with strong spin-orbital
effects where sharp conclusions can be made. First, we
show that the original FE QCP is preempted by a
ferroelectric density wave (FDW) QCP due to the coupling
between Dirac fermions and transverse optical phonons.
This FDW state breaks translational symmetry in addition
to inversion and rotational symmetries. Second, we find
that the FDW fluctuations, which are peaked on a spherical
surface in momentum space, mediate a much stronger
attractive interaction as compared to the fluctuations of the
uniform FE order. This attraction leads to a SC instability
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which, in turn, softens the FDW fluctuations and enhances
the pairing interaction even further. Consequently, because
of this feedback effect, the system undergoes a first-order
transition into a zero-density superconductor coexisting
with ferroelectricity of some sort (finite momentum or
uniform), before the putative FDW QCP is reached. Thus,
in addition to obtaining a zero-density pairing instability,
we find an effective attraction between FDWand SC order
parameters, in sharp contrast to the usually observed
competition between SC and other types of order such
as antiferromagnetism, nematicity, or charge density wave
[46–50].
Model.—We start with the effective low-energy model

for a polar Dirac semimetal near a FE transition derived in
Ref. [8]. The direct Coulomb repulsion is strongly screened
by the longitudinal optical phonon mode which remains
massive at the critical point and does not contribute to the
low-energy properties [51]. The massless 3D Dirac fer-
mions ψk are then only coupled to the transverse optical
phonon mode φiðqÞ ¼ PijðqÞujðqÞ, where uiðqÞ is propor-
tional to the optical phonon displacement, PijðqÞ ¼ δij −
q̂iq̂j is the projector onto the transverse modes, and
q̂≡ q=jqj. The imaginary-time action of the system is
given by S ¼ R

dτðLψ þ Lφ þ Lψ−φÞ, with

Lψ ¼
XN
n¼1

X
k

ψ†
nðτ;kÞð∂τ þ ivFγjγ0kjÞψnðτ;kÞ;

Lφ ¼ 1

2

X
q

φ�
i ðτ;qÞð−∂2τ þ c2q2 þ rÞφiðτ;qÞ;

Lψ−φ ¼ λ
XN
n¼1

X
kq

ψ†
nðτ;kþ qÞγiψnðτ;kÞφiðτ;qÞ: ð1Þ

The first term describes N Dirac points and contains the
Hermitian γ matrices γ0 ¼ σx ⊗ s0 and γi ¼ σy ⊗ si
(i ¼ x, y, z), where σi (si) are Pauli matrices in orbital
(spin) space, and σ0 and s0 are the identity matrix. While
N ¼ 4 in cubic systems such as PbTe, we consider the
formal limit N ≫ 1 to neglect vertex corrections in our
calculations. The second term describes the propagating
transverse optical phonons, with c denoting the phonon
velocity and r being the bare phonon mass. Note that r ¼ 0
marks the bare FE QCP [52]. Finally, the last term contains
the coupling constant λ between the Dirac electrons and the
transverse optical phonons.
Tendency to FDW order.—In the normal state, the

coupling to the Dirac electrons leads to a renormalization
of the phonon spectrum encoded in the polarization
operator

Πij
n ðiΩ;qÞ¼ λ̃2α2ðv2Fq2−Ω2Þ ln vFΛ0e1=3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2Fq
2þΩ2

p PijðqÞ; ð2Þ

where λ̃2 ≡ λ2N=12π2vFc2, α≡ c=vF is the velocity ratio,
and Λ0 is the high-momentum cutoff. We assume through-
out this Letter that the effective coupling constant is small,
λ̃ ≪ 1, and that Fermi velocity is much larger than the bare
transverse phonon velocity, α ≪ 1. The effective normal
state phonon propagator is then given by D̂−1

n ¼ D̂−1
0 − Π̂n,

where ðD−1
0 ÞijðiΩ;qÞ ¼ ðrþ c2q2 þ Ω2ÞPijðqÞ is the bare

propagator [53]. Minimization with respect to momentum
reveals that, due to the logarithmic dependence in Eq. (2),
the original q ¼ 0 FE transition is preempted by one at a
finite momentum jqj ¼ Q, where

Q ¼ Λ0 exp
�
−

1

λ̃2
−
1

6

�
; ð3Þ

and the static polarization is transverse. Near the minimum
q ¼ Q, the static bosonic propagator can be expanded as

D−1
n ð0; qÞ ≈ r − rFDW þ λ̃2c2ðq −QÞ2; ð4Þ

where rFDW ¼ λ̃2c2Q2=2. We note that Q is exactly the
scale appearing in the RG equations derived in Ref. [8]
where the system reaches the strong-coupling regime.
Equation (4) has a minimum on the whole sphere q ¼ Q
instead of a single point at q ¼ 0 implying more phase
space for fluctuations. Bosonic models of this type are
known to undergo a weak fluctuation-driven first-order
transition [54,55], which we will neglect hereafter.
Synergistic FDW and SC orders.—We proceed to

discuss the possibility of a pairing instability near the
emergent FDW QCP by solving the coupled Eliashberg
equations [56] inside the paraelectric (PE) phase at the
temperature T ¼ 0. First, we analytically solve the equa-
tions in a BCS-like approximation which implies neglect-
ing the electronic normal self-energy as well as the
frequency and momentum dependence of the supercon-
ducting order parameter Δ. The boson self-energy
ΠðiΩ; q;ΔÞ, however, is computed fully self-consistently.
Then, we compare our analytic result with a numerical
solution of the frequency-dependent Eliashberg equations
and find good qualitative agreement. As we shall shortly
detail, we find a range of the parameter r, where the gap
equation has a nontrivial solution Δ ¼ Δ�ðrÞ ≠ 0 in spite
of the vanishing density of states. However, by analyzing
the free energy in the vicinity of this solution, we show
that Δ� is in fact an unstable solution, which indicates the
existence of a stable minimum where the system develops
both FDW and SC orders simultaneously through a first-
order phase transition.
The mechanism driving the first-order transition stems

from the feedback of the SC gapΔ on the boson propagator
DðiΩ; q;ΔÞ. For Δ ¼ 0, the one-loop polarization operator
is given by Eq. (2) and the minimum of D−1 is at the finite
momentum q ¼ Q, Eq. (3). The introduction of a finite
(constant) Δ has two important effects on D−1ðiΩ;q;ΔÞ
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[56], which we illustrate in Fig. 1. First, the position of the
minimum gradually shifts toward smaller q until it merges
with the q ¼ 0 local maximum at Δ0 given by

Δ0 ¼ expð−5=6ÞvFQ: ð5Þ

When Δ > Δ0, the minimum of D−1 shifts back to q ¼ 0.
Second, a finite Δ reduces the value of the global minimum
ofD−1, as shown in Fig. 1(b). Thus, increasingΔmakes the
FDW mode softer, which in turn increases the pairing
interaction. This scenario should be contrasted with other
models for superconductivity in the vicinity of a QCP,
where the SC order and the order associated with the QCP
generally compete, see, e.g., Refs. [46–49]. Here, the two
long-range ordered states not only mutually enhance each
other, but they are also characterized by the same energy
scale vFQ.
Gap equation.—We now discuss the solutions of the gap

equation when approaching the FDW QCP from the PE
side, focusing on the leading s-wave channel [63,64]:

Δ ¼ 6λ̃2α2v3F
πN

Z
∞

−∞
dω

Z
Λ0

0

dkk2
Δ ·Dðiω; k;ΔÞ
ω2 þ v2Fk

2 þ Δ2
: ð6Þ

Note that D plays the role of an effective pairing inter-
action, and that this equation always has the trivial solution
Δ ¼ 0. Furthermore, this equation admits a nontrivial
solution because the integral gives a Cooper-like logarithm.
The one-dimensional nature of this logarithm, however,
does not arise from the electron’s propagator having a finite
chemical potential, but instead from the phonon’s propa-
gator being peaked at a finite momentum [56]. If we neglect
the feedback of Δ on D discussed above, we find a
“standard” instability toward pairing peaked at the FDW
QCP. As shown by the red dashed line in Fig. 2, in this case
Δ diverges at the QCP r ¼ rFDW. However, upon including
Δ self-consistently inD, the situation changes dramatically.
Indeed, solving Eq. (6) reveals three important ranges of r.
In the immediate vicinity of the putative FDW QCP,
rFDW < r ≤ r1, the only solution we find is Δ ¼ 0. The

first nontrivial solution Δ� appears at r1 ¼ rFDW þ δr,
where

δr ∼ λ̃2c2Q2 exp

�
−
N

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p

6λ̃α
þ 2

λ̃

�
: ð7Þ

The value of Δ� increases as we move further away from
the QCP, r1 < r < r2, until it reaches the value Δ� ¼ Δ0

given by Eq. (5) at r ¼ r2:

r2 ¼ 6e−5=3
�
1þ λ̃2

2

�
c2Q2: ð8Þ

Finally, the nontrivial solution disappears abruptly for
r ≥ r2 provided that 12α=N ≲ 1. The full dependence of
the solution Δ�ðrÞ on the tuning parameter r is shown in
Fig. 2 by the solid blue curve. Note, however, that the
region rFDW < r < r1 is exponentially small even on the
scale of the exponentially small vFQ.
To confirm that these results are not an artifact of the

BCS approximation, we also numerically solve the coupled
Eliashberg equations with full frequency dependence of the
gap function and including the normal part of the electron’s
self-energy [56]. Overall, we find the same qualitative
behavior of a nontrivial solution that grows upon increasing
r away from rFDW. The main impact of the normal part of
the self-energy is a reduction in the value of Δ�.
First-order transition into an FDWþ SC state.—The

increase of the nontrivial solutionΔ�ðrÞ upon moving away
from the QCP in the range r1 < r < r2 seems at odds with
the naive expectation that superconductivity is maximal at
the QCP, or at least grows upon approaching it. To under-
stand this, we analyze the superconducting free energy
F½Δ�. Expressing the gap equation (6) as 1 ¼ f½Δ��, the
free energy derivative can be conveniently written as

(a) (b)

D− 1(q) − D− 1(0) min
q
D− 1(q)

Δ

q
Q

FIG. 1. (a) Inverse static phonon propagator D−1ðqÞ, which is
proportional to the inverse pairing interaction, as a function of
momentum for fixed r and Δ=Δ0 ¼ 0 (blue), 0.5 (red), and
1 (purple), with Δ0 given by Eq. (5). D−1ðq ¼ 0Þ was subtracted
for better visualization. (b) The minimal value of D−1 shifts to
lower values with increasing Δ, signaling a decrease in the
spectral mass m2ðr;ΔÞ from Eq. (9).

rr2r1rFDWrFE

Δ0

Δ

Δm(r)

Δ*(r)

FIG. 2. Nontrivial superconducting solution Δ� (blue line) as a
function of the tuning parameter r. The red dashed line represents
the “superconducting dome” one would obtain by ignoring the
feedback effect of the SC gap Δ on the phonon propagator D.
The values of Δ0, rFDW, r1, and r2 are defined in the main text.
The black dotted line shows ΔmðrÞ defined below Eq. (9). The
exponentially small region rFDW < r < r1 was inflated for
illustrative purposes.
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∂F½Δ�=∂Δ ¼ Δ − Δf½Δ�. Because ∂f=∂Δ > 0 at Δ ¼ Δ�
(as can be understood from the dependence of D on Δ
shown in Fig. 1), it follows that ∂2F=∂Δ2 < 0 at Δ ¼ Δ�,
i.e., the nontrivial solution is unstable [56]. The fact that Δ�
is a local maximum of the free energy is further illustrated
in Fig. 3, where F½Δ� is plotted as a function of Δ for
different fixed values of r. This situation should be
contrasted with the standard BCS gap equation for a
Fermi liquid with attractive interactions, where the non-
trivial solution is always a local minimum of the free
energy.
To understand the relationship between the SC and FDW

order parameters, we introduce the phonon spectral mass:

m2ðr;ΔÞ≡min
q

D−1ð0; q;Δ; rÞ: ð9Þ

The PE phase corresponds to m2ðr;ΔÞ > 0, while
m2ðr;ΔÞ < 0 indicates the structural instability toward
FDW order. The equation m2ðr;ΔmÞ ¼ 0 defines the
threshold gap value ΔmðrÞ above which the PE-super-
conducting system is unstable toward the development of
FDW order in conjunction with superconductivity for a
given r. Thesevalues correspond to the termination points of
the free energy curves in Fig. 3. The curveΔmðrÞ is shownby
the black dotted line in Fig. 2, with ΔmðrFDWÞ ¼ 0 and
Δmðr2Þ ¼ Δ0.
We thus conclude that the solution Δ�ðrÞ is an instability

line separating the two stable solutions: (i) a trivial Δ ¼ 0
solution and (ii) a second nontrivial solution Δ > ΔmðrÞ
inside the FDW phase, which cannot be accessed by our
gap equation derived in the PE phase. For r ≤ r1, the trivial
solution Δ ¼ 0 is unstable and superconductivity becomes
inevitable. We note that we cannot determine whether the
ordered state has uniform FE or modulated FDW order,

since our analysis is done on the PE side of the transition.
Nonetheless, we refer to the ordered state as FDW for
definiteness.
The shape of the free energy landscape in Fig. 3 is typical

of a system undergoing a first-order transition, as it displays
two local minima [one at Δ ¼ 0 and another at Δ > ΔmðrÞ]
and one local maximum at 0 < Δ�ðrÞ < ΔmðrÞ for
r1 < r < r2. This behavior is rooted in the unusual positive
feedback effect of a gap opening on the effective pairing
interaction D of Eq. (6) [65]. This feedback is stabilized
only when FDW order sets in, signaling a coexistence
between SC and FDW orders. This also explains the
absence of a nontrivial solution Δ�ðrÞ for r > r2, since
in this range the line Δ�ðrÞ is above ΔmðrÞ, which means
that the system must already be in the FDW phase.
The expected first-order phase diagram emerging from

this analysis is shown schematically in Fig. 4. Upon
approaching the FE QCP from large values of r, the system
can remain in the non-SC and PE state, which is locally
stable. At some point r ≥ r1, Δ jumps to a finite value and
the system undergoes a first-order transition into the state
where SC and FDW coexist. On the other hand, upon
increasing r from the FDW side (r < rFDW), the system is
already SC, and therefore, can remain in this locally
stable minimum until some larger value of r is reached,
where Δ jumps abruptly to zero and the system becomes
PE. A detailed calculation of the Ginzburg-Landau free
energy in the ordered FDW state, which is needed to
determine precisely the global free-energy minimum, is
outside the scope of this Letter. Note also that our appro-
ach is justified as long as the first-order simultaneous
SCþ FDW transition happens before the fluctuation-
driven weakly first-order transition expected for the purely
bosonic FDW propagator of Eq. (4).
In order for the superconducting state discussed above to

be stable against phase fluctuations, it must have a finite

r > r2

Δ0 Δ

F[Δ] − F[0]

r1 < r < r2

r < r1

0

FIG. 3. Superconducting free energy F½Δ� for different fixed
values of the tuning parameter r in the PE phase. The red curve
with a maximum at Δ ¼ 0 is from the region rFDW < r < r1. The
blue curves are from the region r1 < r < r2 and exhibit a local
minimum at Δ ¼ 0 and a local maximum at 0 < Δ� < Δ0. The
black curve with r > r2 has a single minimum at Δ ¼ 0. All
curves end at the points where the corresponding spectral mass
m2ðr;ΔÞ vanishes (bold dots), i.e., at ΔmðrÞ, which indicates an
instability toward the FDW state.

T

rr2r1rFDW

FDW/FE

+SC

Normal

FIG. 4. The expected phase diagram showing the interplay
between the FDW/FE and SC orders. The two ordered states
enhance each other upon approaching the bare critical point rFDW,
resulting in a first-order transition into the state where FDW/FE
and SC coexist. The transition is accompanied by the character-
istic bistable region with two local energy minima (gray region).
“Normal” marks the nonsuperconducting paraelectric region.
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superfluid stiffness ρs. In a BCS superconductor, ρs is
proportional to the electronic density. In the case of a Dirac
semimetal at charge neutrality, we find that the gap itself
generates an emergent density scale ðΔ=vFÞ3, which leads
to a finite stiffness despite the vanishing density of states. In
the uniform FE phase, we find

ρs ∼
e2

vF
Δ2 ln

�
vFΛ0

Δ

�
: ð10Þ

We expect this result to hold inside the FDW phase as well.
The finite stiffness even at charge neutrality originates
from the charge reservoir provided by the filled valence
band [66].
Discussion.—We have found that the strong coupling

between a FE QCP and a charge neutral Dirac point [8]
leads to the first-order transition into the state where
nonuniform ferroelectric order and superconductivity
appear simultaneously. The key ingredients crucial for this
result are the Dirac band touching and its linear coupling to
the inversion-odd transverse critical modes.
Our low-energy model of a Dirac semimetal near a

putative QCP is possibly relevant to the alloy PbxSn1−xTe.
SnTe (x ¼ 0) is a ferroelectric crystalline topological
insulator [67]. PbTe (x ¼ 1), on the other hand, is a
paraelectric and higher order topological insulator [68].
For intermediate x, a ferroelectric-paraelectric transition
takes place at x ≈ 0.5 [69,70]. Doping this composition
with indium promotes superconductivity, and is accompa-
nied by unusual features in the phonon density of states
[31,32,71]. Using experimental parameters for PbTe we
estimate the effective coupling constant to be λ̃2 ≈ 0.27
[56]. Thus, we predict the possibility of nonuniform
ferroelectricity and low density superconductivity in the
alloy ðPb1−xSnxÞ1−yInyTe.
The onset of an FDW phase in this compound should

lead to translational symmetry breaking, which could be
experimentally detected in the lattice degrees of freedom by
neutron and Raman spectroscopy, and in the electronic
degrees of freedom by angle-resolved photoemission spec-
troscopy and quantum oscillations [72].
Furthermore, our results raise a number of questions. The

first challenge is to perform a complimentary study on the
ordered side of the transition. Second, the phenomenologi-
cal nature of the zero density superconductor calls for
research, e.g., the nature of its collective modes. Also,
studying the influence of disorder on the coupled transition
is critical in making connection to real materials. Finally,
understanding how the phase diagram depends on chemical
potential may help make connection to ferroelectric metals
with a Fermi surface. For instance, in the case of a Fermi
liquid near a putative dipolar ferromagnetic QCP (rather
than our dipolar ferroelectric QCP), it is well established
that an instability toward a finite-momentum magnetic state
is driven by quantum fluctuations [73–75].
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