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We derive the structure of three-loop anomalous dimensions governing infrared singularities of QCD
amplitudes with one massive and an arbitrary number of massless external partons. The contributions of
tripole and quadrupole correlations involving a massive parton are studied in detail. The analytical
expression of tripole correlations between one massive and two massless partons is obtained at three loops
for the first time. We regularize the infrared divergences in the soft matrix element in a novel approach,
where no extra scale dependence is involved, and the calculation can be performed in momentum space.
Our results are essential to improve the theoretical predictions of single top and top quark pair productions
at hadron colliders.
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Introduction.—The structure of infrared (IR) singular-
ities of gauge-theory amplitudes is of basic importance for
both theory and phenomenology. Impressive progress has
been made to investigate IR structure of multileg scattering
amplitudes involving both massless and massive partons
[1–22] in the past decades. This enables us to systemati-
cally resum large logarithmic corrections to many impor-
tant observables. In the LHC era, precision top quark
physics is crucial for the measurements of the standard
model parameters and for the determination of back-
grounds for new physics phenomena. However, much less
is known about the IR structure of multileg amplitudes with
massive partons beyond two-loop order, which is essential
to understand soft-gluon effects and to improve the
theoretical predictions for top quark productions at hadron
colliders [23–34].
In soft-collinear effective theory (SCET) [35–37], the IR

singularities of on-shell QCD amplitudes are in one-to-one
correspondence to the ultraviolet (UV) poles of low-energy
matrix elements. The poles can be subtracted in MS scheme
by means of a multiplicative renormalization factor
Z−1ðϵ; fpg; fmg; μÞ. Here, fpg≡ fp1; p2;…; png and
fmg≡ fm1; m2;…; mng denote the momenta and masses
of the on-shell n partons, respectively. According to the
renormalization group (RG) equation, the Z factor for hard
scattering amplitudes can be determined by the correspond-
ing anomalous dimensions [8,10]

Zðϵ;fpg;fmg;μÞ¼Pexp

�Z
∞

μ

dμ0

μ0
Γðfpg;fmg;μ0Þ

�
; ð1Þ

where Z and Γ are matrices in color space. The structure of
the anomalous-dimension matrix Γ is severely constrained
by soft-collinear factorization, non-Abelian exponentiation,
and the behavior of amplitudes in two-parton collinear
and small-mass limits. In this Letter, we focus on the IR
singularities of QCD scattering amplitudes with an arbi-
trary number of massless and one massive external partons.
We will investigate the kinematic dependence of the tripole
and quadrupole correlations in anomalous dimensions, and
derive their behavior in two-particle collinear and small-
mass limits. Finally, the analytical calculation for the three-
loop tripole correlation involving a massive parton will be
presented.
General form of anomalous dimensions.—In SCET, the

soft and collinear fields do not interact with each other after
decoupling transformation. RG invariance implies that
renormalization-scale dependence cancels in the combina-
tion of a hard Wilson coefficient and associated soft and
collinear matrix elements. It follows that Γ ¼ Γs þ

P
i Γi

c1,
where Γs and Γi

c denote the soft and collinear anomalous
dimensions, respectively. The collinear piece can be
expressed by a sum over single-parton contributions, each
of which is a color-singlet and linearly depends on the
collinear logarithm Li ¼ ln½μ2=ð−p2

i − i0Þ� [38] through
Γi
c ¼ −Γi

cuspLi þ γic [39]. Here, Γi
cusp is the cusp anomalous

dimension depending on the color representation of parton
i, and γic controls the single-logarithmic evolution. Γs is a
matrix in color space due to multiparton correlations of soft
interaction. The kinematic dependence of Γs is encoded via
cusp angles formed by the Wilson lines belonging to
different pairs of massless or massive partons
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βij ¼ Li þ Lj − ln
μ2

−sij
; βIj ¼ Lj − ln

mIμ

−sIj
;

βIJ ¼ cosh−1
�

−sIJ
2mImJ

�
; ð2Þ

where sij ¼ 2σijpi · pj þ i0. The sign factor σij ¼ þ1 if
the momenta pi and pj are both incoming and outgoing,
and σij ¼ −1 otherwise. Here, and below, we label the
massive partons by capital indices I; J � � �, and the massless
ones by lowercase indices i; j � � �. Because hard scattering
amplitudes are independent on the collinear scales, Li must
cancel in the sum of the soft and collinear anomalous
dimensions, i.e.,

∂Γs

∂Li
¼ −

∂Γi
c

∂Li
1: ð3Þ

This implies that Γs can only linearly depend on the cusp
angles, or depend on the conformal cross ratios of cusp
angles where all the collinear scales cancel. For hard
scattering amplitudes with four or more massless external
legs, the possible conformal cross ratios are found to be
βijkl ¼ βij þ βkl − βik − βjl [9,10]. According to (3), the
coefficients of cusp angles βij and βIj in Γs have to be
related to the cusp anomalous dimension, so the cancella-
tion of collinear logarithms could be achieved by applying
color conservation relation

P
i Ti þ

P
I TI ¼ 0. Here and

below TiðIÞ denotes the color generator of the iðIÞth
massless (massive) particle in the color-space formalism
of [40,41].
The RG equation implies that all the UV poles of a soft

matrix element can be written as an exponential of the soft
anomalous dimension, in analogy to (1). Non-Abelian
exponentiation theorem indicates that only the maximally
non-Abelian part of the conventional color factor of each
Feynman diagram contributes to the soft anomalous
dimension. In other words, the color structures involved
in soft anomalous dimensions must be connected. This was
first found in the case with two Wilson lines in [42,43], and
then generalized to multiparton scattering in [44,45]. By
symmetrizing the attachments to the Wilson lines and
applying the Lie algebra relation ½Ta

i ;T
b
i � ¼ ifabcTc

i
repeatedly, any color structure can be rewritten as a sum
of symmetric products of generators multiplied by structure
constants. Eventually, soft anomalous dimensions only
contain the following color structures up to three-loop
order (sums over repeated color indices are implied)

Dij ¼ Ta
i T

a
j ≡ Ti · Tj; T ijk ¼ ifabcðTa

i T
b
jT

c
kÞþ;

T ijkl ¼ fadefbceðTa
i T

b
jT

c
kT

d
l Þþ; ð4Þ

where ðTa1
i1
� � �Tan

in
Þþ ≡ 1=n!

P
σ T

aσð1Þ
iσð1Þ � � �T

aσðnÞ
iσðnÞ , and σ

goes through all the permutations of n objects.

The structure of soft anomalous dimensions for multileg
massless QCD amplitudes has been studied up to four-loop
order. On the other hand, it is only known up to two-loop
order for massive amplitudes. For massless amplitudes,
only dipole structures Dij are involved in soft anomalous
dimensions up to two-loop order, because it is impossible
to construct an antisymmetric (in the parton indices)
kinematic function independent of collinear scales for
the tripole structure T ijk [46]. The authors in [21] first
calculated the nonvanishing nondipole corrections at three-
loop order, which correspond to T ijkl and are strongly
constrained by two-particle collinear limits. For amplitudes
with massive partons, T ijk associated with antisymmetric
kinematic structures can appear from two-loop order, only
if at least two of the three partons are massive [13,14].
In the following, we will extend the structures of

anomalous dimensions to multileg QCD amplitudes with
single massive parton up to three-loop order. Color gen-
erators corresponding to massless and massive partons are
mixing in color conservation, increasing the complexity of
color algebra. Starting from three loops, color structures
T iiII , T ijII, T iijI , and T ijkI have to be taken into account.
Color conservation implies the following identity:

T ijII ¼
1

2
ðT jjiI þ T iijIÞ −

1

2

X
k≠i;j

ðT ijkI þ T jikIÞ

−
1

2

X
J≠I

ðT ijIJ þ T jiIJÞ; ð5Þ

which helps to eliminate linearly dependent color structures
in the anomalous dimensions. The second (third) term on
the right-hand side vanishes when there are fewer than three
massless (two massive) partons. The only conformal cross
ratio for kinematic functions of tripole correlations involv-
ing a massive parton is given by

rijI ≡ v2I ðni · njÞ
2ðvI · niÞðvI · njÞ

with i ≠ j; ð6Þ

where vI ¼ pI=mI is the four velocity of massive parton I,
and niðjÞ is the lightlike unit vector along the momentum of
massless parton iðjÞ. The kinematic variables correspond-
ing to quadrupole correlations T ijkI can be expressed in
terms of the three linearly independent variables rijI, rikI ,
and rjkI , since all the other conformal ratios are fully related
to these three variables, e.g.,

ðni · njÞðvI · nkÞ
ðni · nkÞðvI · njÞ

¼ rijI
rikI

: ð7Þ

Finally, the general structure of the three-loop anomalous
dimensions for QCD amplitudes with one massive and an
arbitrary number of massless partons is given by
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Γðfpg; fmg; μÞ ¼
X
ði;jÞ

Ti · Tj

2
γcuspðαsÞ ln

μ2

−sij
þ
X
I;j

TI · TjγcuspðαsÞ ln
mIμ

−sIj
−
X
ðI;JÞ

TI · TJ

2
γcuspðβIJ; αsÞ

þ
X
i

γiðαsÞ1þ
X
I

γIðαsÞ1þ fðαsÞ
X
ði;j;kÞ

T iijk þ
X

ði;j;k;lÞ
T ijklF4ðβijkl; βijkl − 2βilkj; αsÞ

þ
X
I

X
ði;jÞ

T ijIIFh2ðrijI;αsÞ þ
X
I

X
ði;j;kÞ

T ijkIFh3ðrijI; rikI; rjkI; αsÞ

þ ½nondipole contributions involving two or more massive partons� þOðα4sÞ: ð8Þ

Here, γcuspðαsÞ denotes the lightlike cusp anomalous
dimension [47], which is available up to four-loop order
[48–61]. γcuspðβIJ; αsÞ is the angle-dependent cusp anoma-
lous dimension, which has been fully obtained up to three-
loop order in QCD [62–64], and is partially known at four
loops [65,66]. The collinear anomalous dimensions γqðgÞ
can be extracted from the divergent part of the quark
(gluon) form factor up to four loops [60,61,67–69]. γQ is
available up to three loops [62–64,70–72]. The contribu-
tions in the first two lines of Eq. (8) have been presented in
[8–10,21,73]. The terms in the third line denote tripole and
quadrupole correlations with a massive parton starting from
three-loop order. Because of symmetry properties of T ijkl

and βijkl [10], F4 and Fh3 can be chosen as odd functions,
i.e., F4ðx; y; αsÞ ¼ −F4ð−x; y; αsÞ and Fh3ðx; y; z; αsÞ ¼
−Fh3ðy; x; z;αsÞ. The kinematic functions in (8) are
strongly constrained by the small-mass limits. When the
masses of the external partons are much smaller than the
characteristic hard scales, the amplitude can factorize into a
product of jet functions, describing collinear singularities,
times the corresponding massless amplitude [74,75]. This
implies that there is no color exchange between different
external partons in Γðfpg; fm → 0g; μÞ − Γðfpg; f0g; μÞ,
where Γðfpg; f0g; μÞ denotes the corresponding anoma-
lous dimension in purely massless case. Moreover, the
anomalous dimensions for 1 → 2 splitting amplitudes ΓSp

can be determined by Γðfpg; fmg; μÞ in (8) when the
momenta of any two massless particles are aligned. The
fact that ΓSp only depends on color generators for the two
daughter particles requires that the contributions involving
color generators for other particles must cancel out. The
relevant derivations are provided in Supplemental Material
[76]. As a result, we have the following relations:

lim
ω→−∞

F4ðω;ω; αsÞ ¼
fðαsÞ
2

; Fh2ð0;αsÞ ¼ 3fðαsÞ;
Fh3ð0; r; r; αsÞ ¼ 2fðαsÞ; ð9Þ

and

lim
v2I→0

Fh3ðrijI; rikI; rjkI; αsÞ

¼ 2fðαsÞ þ 4F4ðβijkI; βijkI − 2βkjiI; αsÞ: ð10Þ

The first relation in (9) was first obtained in [21], while the
others are derived for the first time in this Letter.
Calculation of Fh2.—In this section, we present the

calculation of the three-loop coefficient

Fh2ðr; αsÞ ¼
�
αs
4π

�
3

F h2ðrÞ þOðα4sÞ: ð11Þ

F h2ðrÞ can be conveniently obtained through the evalu-
ation of soft anomalous dimensions. To extract the UV
poles of soft matrix elements, appropriate regulators need
to be introduced to regularize IR divergences. For example,
an exponential regulator was proposed in [77] to isolate UV
poles, and the relevant calculations were performed sys-
tematically in configuration space. In [15], IR divergences
are regularized by assigning a residual external momentum
to each Wilson line. We note that for physical observables,
the low-energy matrix elements in SCET are free of IR
poles because they are regularized by the low-energy
measurements. This provides a natural approach to isolate
UV poles of soft matrix elements. Specifically, we consider
the soft function in factorization at cross-section level

SðωÞ ¼ h0jT̄½Y†
n1Y

†
n2Y

†
v�δðω − v · p̂ÞT½Yn1Yn2Yv�j0i; ð12Þ

where YnðvÞ ¼ YnðvÞð0Þ denotes semi-infinite soft Wilson
line along nμðvμÞ direction, p̂μ is the momentum operator
picking up the total momentum of all soft emissions in final
states, and TðT̄Þ indicates (anti-)time ordering. In practice,
this soft function has applications in phenomenology. For
instance, it can describe the soft-gluon effects for near-
threshold production of single top quark associated with
color-singlet states (e.g., W boson or charge Higgs) at
hadron colliders. In [78] one of us and a collaborator have
provided a novel method to compute inclusive soft func-
tions in terms of loop diagrams. In particular, the soft
function defined in (12) can be rewritten as

PHYSICAL REVIEW LETTERS 129, 232001 (2022)

232001-3



SðωÞ ¼ 1

2π
Re½Σðωþ i0Þ − Σðω − i0Þ�; ð13Þ

with

ΣðωÞ ¼
Z

∞

0

dt eiωth0jT
�
Y†
n1ðtvÞY†

n2ðtvÞ

· P exp

�
ig
Z

t

0

ds v · AcðsvÞTc
v

�
Yn1ð0ÞYn2ð0Þ

�
j0i;

ð14Þ

where P indicates path ordering. This allowed us to avoid
any phase space integrations and to straightforwardly take
advantage of well-established multiloop technology.
In our calculation, only color-connected diagrams,

also called webs are taken into account due to non-
Abelian exponentiation theorem. Unlike the soft correlator
h0jYn1Yn2Yvj0i, the soft function in (13) appears in
factorizations at cross-section level. Nevertheless, the
replica trick for evaluating the diagrammatic contributions
to the exponent [44,45] is still compatible [79]. A sample is
shown in Fig. 1, where each subdiagram on the right hand
side has the same color structure as the left one. This can be
seen by moving the gluon end points sequentially from
right to left along the attached Wilson lines in each
subdiagram. There are several advantages to extract UV
poles by evaluating diagrams from definition in (14). First,
ω is the only dimensionful kinematic variable in the
integrals, so it can factor out and does not increase the
complexity of the integrals. Although both IR and UV
poles exist in individual diagrams, all the IR poles cancel
out when summing over all the diagrams contributing to
F h2ðrÞ. Second, gauge invariance is preserved, and the
calculation can be performed in general covariant gauge.
Finally, the calculation can be performed in momentum
space, which allows us to use sophisticated multiloop
computation techniques, e.g., integration-by-parts (IBP)
reduction and the differential equation (DE) method.
The calculation is performed in dimensional regulariza-

tion d ¼ 4 − 2ϵ and in general covariant gauge with gauge
parameter ξ. We use QGRAF [80] to generate the color
connected diagrams at three loops. After partial-fraction
decompositions, the scalar Feynman integrals in the dia-
grams can be mapped onto thirty integral topologies, each
of which consists of fifteen linearly independent quadratic

and linear propagators. Using IBP reduction and eliminat-
ing redundant master integrals (MIs) across the integral
topologies [81,82], F h2ðrÞ can be further expressed
as a linear combination of 173 linearly independent MIs.
In this expression the gauge parameter ξ manifestly cancels
out, demonstrating the validity of our setup. In the
next step, we use the DE method to solve for the MIs.
The public packages CANONICA [83] and DLOGBASIS [84]
are helpful to convert the DE systems into a canonical
form [85]. The resulting symbol alphabet is fr; r − 1;
r − 2; ðr − 1Þ ffiffiffi

r
p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr − 1Þp g, where the last letter leads

to the generalized harmonic polylogarithms (GHPLs) [86]
in the solution of the DEs, and the letter ðr − 1Þ ffiffiffi

r
p

can be
rationalized by changing variables to u ¼ ffiffiffi

r
p

− 1. The
boundary conditions are determined by the values of the
MIs at r ¼ 1, which corresponds to the kinematic
point vμ ¼ nμ1 þ nμ2. The dimensional recurrence relations
[87–89] help to express each MI at r ¼ 1 in terms of a set of
quasifinite integrals in d ¼ n − 2ϵðn ¼ 4; 6; 8;…Þ, which
can be evaluated by performing the integrations over the
Feynman parameters with the package HYPERINT [90].
Eventually, we can iteratively solve the DEs order by order
in ϵ in terms of Goncharov Polylogarithms (GPLs) and
GHPLs.
After inserting the results of the MIs into the expression

ofF h2ðrÞ, all the poles from ϵ−5 down to ϵ−1 notably cancel
out. Furthermore, all the GHPLs also manifestly drop out.
Finally, the expression can be remarkably simplified to

F h2ðrÞ ¼ 128½H−1;0;0;0 þH−1;1;0;0 þH1;−1;0;0 −H1;0;0;0� þ 128ðζ2 þ ζ3Þ½H1;0 −H−1;0� þ 96ðζ3 þ ζ4Þ½H−1 −H1�
þ 128ζ2½H−2;0 −H2;0 þH−1;0;0 −H1;0;0� þ 256½H1;2;0;0 þH2;0;0;0 −H−2;0;0;0 þH−1;−2;0;0 −H−1;2;0;0

−H1;−2;0;0 −H−1;0;0;0;0 þH1;0;0;0;0� þ 48ð2ζ2ζ3 þ ζ5Þ; ð15Þ

FIG. 1. An example for the relation of color structures between
diagrams of the soft correlator and the soft function in (13). For
the subdiagrams on right hand side, the external and internal
double lines correspond to the semi-infinite and finite-length soft
Wilson lines in (14), respectively. The dashed gray lines denote
color connections between the soft Wilson lines along the same
directions.
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where Ha⃗ ≡Ha⃗ð
ffiffiffi
r

p Þ are the harmonic polylogarithms
[91,92]. We use the notation of dropping the zeros in
the vector a⃗, adding 1 to the absolute value of the next right
nonzero index for each dropped 0. In small-mass limit
r → 0, all the terms in (15) vanish except the last one,
which returns to the tripole contribution in the purely
massless cases, as shown in (9). Fh2ðr; αsÞ does not have a
uniform transcendental weight (2L − 1) at L loops, differ-
ing from the tripole and quadrupole correlations in purely
massless cases. This interesting observation has also been
found recently in the boomerang-type webs [93].
Summary.—Based on soft-collinear factorization and

non-Abelian exponentiation theorem, we have derived
the general form of anomalous dimensions governing IR
singularities of QCD amplitudes with one massive and an
arbitrary number of massless partons up to three-loop order.
In comparison to the purely massless cases, two additional
color structures are introduced, and the corresponding
kinematic variables have been determined. We discuss
the relations between the kinematic coefficients using
the constraints from small-mass and two-particle collinear
limits. The three-loop analytical expression of the tripole
correlation involving a massive parton has been obtained
for the first time, which can be directly used to improve
theoretical predictions of cross sections for single top
productions. It is also an important ingredient to the IR
singularities of QCD amplitudes with a heavy quark pair.
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