PHYSICAL REVIEW LETTERS 129, 227401 (2022)
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Nonlinear responses are actively studied as probes of topology and band geometric properties of solids.
Here, we show that second harmonic generation serves as a probe of the Berry curvature, quantum metric,
and quantum geometric connection. We generalize the theory of second harmonic generation to include
Fermi surface effects in metallic systems, and finite scattering timescale. In doped materials the Fermi
surface and Fermi sea cause all second harmonic terms to exhibit resonances, and we identify two novel
contributions to the second harmonic signal: a double resonance due to the Fermi surface and a higher-
order pole due to the Fermi sea. We discuss experimental observation in the monolayer of time reversal
symmetric Weyl semimetal WTe, and the parity-time reversal symmetric topological antiferromagnet

CuMnAs.
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The quantum geometric properties of the electron wave
function give rise to a multitude of electronic transport
effects [1-13]. In optical phenomena the Berry phase plays
a fundamental role in photogalvanic responses [14,15],
circular photogalvanic effect [16,17], and in other nonlinear
optical responses [18-22]. The Berry curvature dipole and
the quantum metric are likewise key in determining non-
linear optical responses [20,23—-35]. Fundamental interest
in the band geometric properties of quantum materials has
been responsible for the recent resurgence of nonlinear
phenomena, driving basic discoveries. Prominent examples
include nonreciprocal currents [36—40], Hall effects in
time-reversal invariant systems [41-46], and using non-
linear susceptibilities to probe details of the crystallo-
graphic orientation, band structure, and grain boundaries
[47,48]. However, the interplay between band geometric
quantities that gives rise to the photogalvanic effect, second
harmonic (SH) response [25,49-56] as well as higher
harmonic generation [57-60], is not fully understood
[34,61-80]. In fact, the theory of SH generation itself
has two key shortcomings: (i) missing terms which arise
in the presence of a finite Fermi surface in metallic or
semimetallic systems, (ii) missing terms which arise in
the presence of disorder. Additionally, the theory of SH
generation in parity-time reversal symmetric systems is
relatively less explored.

Motivated by these, we generalize the theory of SH
generation [24,25] to include the effect of finite Fermi
surface in metallic systems and the effect of disorder. Our
central result is encapsulated in Figs. 1 and 2, showing
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the SH response in the monolayer of the time reversal
symmetric Weyl semimetal WTe, and the parity-time
reversal symmetric topological antiferromagnet CuMnAs,
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FIG. 1. (a) Band dispersion for monolayer WTe, [from Eq. (6)].

We have set the tilt A = 0, gap parameters 6 = —0.25, D = 0.1
in eV and the other parameters to be B =1.0eV A‘z,
v, =1¢eV A~'. (b) The momentum space distribution of Q)
(top) and the symplectic connection I%;" (bottom), where cv
denotes conduction and valence band. Frequency dependence of
the different contributions to the (c) real and (d) imaginary parts of
the conductivity o,,,. The conductivities are expressed in units

of 65 = 107 nAm/V2. We have set y = 0.2 eV, =1 ps and
temperature 7 = 12 K.
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FIG. 2. (a) Band dispersion for P7-symmetric CuMnAs

[Eq. (7)]. Here, we set the hopping t =0.08 eV and 7 =1 eV.
The other parameters are ap =0.8, ap =0, and hyy =
(0,0,0.85) eV. (b) The momentum space distribution of Gey
(top) and the metric connection I'y," (bottom). Frequency
dependence of the different contributions in the (c) real and
(d) imaginary parts of the SH conductivity o,,,. The conductiv-
ities are expressed in units of oy = 10~ nAm/V?, while
u=0.2eV, =1 ps, and temperature 7 = 12 K.

represented here by the Hall signal. Remarkably, the SH
response exhibits two extrema: one in the vicinity of the
chemical potential y and one in the vicinity of 2u. These
result from the interplay of five distinct contributions
related to the quantum geometric properties of the wave
function (see Table I), which are all resonant. The strongest
contributions to the peaks stem from Fermi surface terms
we denote as anomalous and doubly resonant, as well as a

TABLE 1.
(2)

higher-order pole term from the Fermi sea. The latter two,
whose existence was previously unknown, are always
opposite in sign, in a striking analogy to the anomalous
Hall effect in magnetic materials [81].

These findings can be understood in terms of a system-
atic quantum geometrical classification, which we achieve
by formulating the theory of SH generation within the
quantum kinetic framework. We show that the SH current is
primarily determined by four geometrical quantities, the
Berry curvature (QQ), the quantum metric (G), the metric
connection (I'), and the symplectic connection (). The
former two are the real and imaginary parts of the quantum
geometric tensor (Q = G —iQ/2) while the latter two
define the quantum geometric connection (C =TI — iD),
respectively [17,19]. By an appropriate choice of material,
the extrema in the SH response probe either the Berry
curvature or the elusive quantum metric [83]. In time
reversal (7)) symmetric systems, such as monolayer
WTe,, the shift contribution depends only on I', while
the other four contributions rely only on Q. In contrast, in
parity-time reversal symmetric (P7) systems, such as
CuMnAs, the SH shift contribution is determined by T,
while all other geometric contributions are determined
by G. We show that the SH injection current vanishes in
T -symmetric systems, while all the current components are
finite in P7 -symmetric systems. Although we focus on
topological materials, the conclusions hold generally for
insulators and metals.

The quantum kinetic equation for the density matrix
p(k,t) in the crystal momentum representation is

op(k. 1)
ot

4 Gl 1.l 1))+ 2 (k. ) = O k. )] = 0.
m

Different terms leading to second harmonic (2w) current in response to a harmonic electromagnetic field [see Eq. (5)]. The

SH conductivity is given by the relation, j; ' (2w) = >, 64pc(20)E,(w)E. () and the SH conductivities are defined to be symmetric
under the exchange of the last two indices. This is achieved via the relation, 6, = 6,0, = —1/(27)%(*/1*) [ dk[T ype + L aes)/2. We
define the quantum metric as G5, = {R,,. R5,,}/2, the Berry curvature as Q5% = i[RS,,. Rb,,] [21], and the metric connection (I')

and symplectic connection (I') terms as R¢,, Db, RS, , = I'ibe —

ifa¢, where D}, = 9), — i(Rb,, —Rb,). Corresponding to each

SH current component, there is also a photogalvanic (dc) counterpart, which can be obtained via the substitution g2, — gj;’,jo and

R° — g2=° (see Table S1 in SM [82]).

mp

Current Integrand Geometrical quantity 7 P7T Physical origin
Drude 10 = g2 3, (1/h)(0e,,/dk,) (0> £ / ok, 0k,) None 0 #0 Nonequilibrium distribution
function
Injection IL‘EC = S o Grp (00, /0k,)(Ghe, — iQbS, /2)F ., Qg Q G Velocity injection
along current
Shift 8h = > o @p G Gon (Tabe — iTabVF,, U I I Shift of the wave packet
Anomalous A0 = g0 > @, gne (Gaty — iQ05,/2)(OF .,/ Ok.) QG Q G  Fermi surface
DR Lo = 2 pm PoupGipImip (Gt — 1955, /2) (OF .,/ k) Qg Q G Fermi surface
HOP THOP — > pm O 2T (Gt — Q¢ /2) (g, / Ok, ) F o, QG Q G Velocity injection

along field
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Here, H(k,t) = Hy(k) + er- E(t) is the full Hamiltonian
of the clean system, with H, being the unperturbed band
Hamiltonian. The last term represents the light-matter
interaction in the length gauge with “—e” being the
electronic charge. The external time dependent homo-
geneous electric field is given by E(t) = Ege™™", with
E, = {E}, E}, Ej} being the electric field strength and w
being the frequency. To simplify the analytical calculations
we approximate the scattering term by p/z. The relaxation
time 7 accounts generically for impurity and phonon
scattering, as well as recombination, and is assumed to
be constant.

The nonlinear dynamics of the charge carriers can be
explored by expanding the density matrix perturbatively in
powers of the electric field, p(k, 1) = p© (k, 1) + p) (k, 1)+

@) (k,t) + -, where pM)(k,t) o (E5)N. Expressing the
density matrix in terms of the eigenstates of the unperturbed
Hamiltonian, Ho|uy) = €,4|uy), the kinetic equation for

the Nth order term in the density matrix, p") (k, 1) = p™), is
given by

(N) . (N)
6pm Pm eE(t _

0tp [HO /) ]mp +_P - fl( ) ’ [ka(N 1)}mp' (2)

Here, we define the covariant derivative as [Dyp],,, =
OkPmp = i[Rics Plnp» Where R, (k) = i(up'|dguy) is the
momentum space band resolved Berry connection.

Up to linear order in the external field strength, the
solution of Eq. (2) yields pgn,l =>. p,(np )Ege‘“‘” where

~(1,c e c
pSnp) = % mp [acp£"[)75 + lR mp]' (3)

Here, we have defined F,,, = f,(f,)) - fg,o) to be the differ-
ence between the occupation in bands p and m in
equilibrium. The occupation of the bands is given by f ,(,(1) ) =
ps,?,),, = [1 4 Pens=#)]~1 the Fermi-Dirac distribution func-
tion, where § = 1/(kgT), kg is the Boltzmann constant, T
is the absolute temperature, and u is the chemical potential.
The function ¢j, =[1/7—i(w — w,,,)]”" with 7w, =
(Emx — €px) is related to the joint density of states
broadened by disorder, and g& = [1/7 — iw]~". The details

of the calculations are given in Sec. S1 of Supplemental
Material (SM) [82]. In Eq. (3), the first term captures the

intraband contributions (ps,? 1>, = 0 for m # p) which is finite
only in the presence of a finite Fermi surface (e.g., doped
semimetals and metals). The second term in Eq. (3)
captures interband transitions as F,,, = 0 for m = p.
Using the first order solution of the density matrix p,(n,),,

the second-order correction can be calculated to be
(2) _ ~(2’bC)EbEc —2wt H
Pmp = 2 _pc Pmp ~Eolfp€ . HEIE,

2 2w
iy =7 f? 3 [a” Pri ‘ZZ(R'"" B 5”1”6))}’
(4)

with the second term involving a sum over all the bands.
We highlight that even the intraband or diagonal terms

(m = p) in pg,%;, have contributions arising from the inter-

band terms in p,(nlz), (see Sec. S1 of SM [82]).

The time dependent current is calculated from the
definition, j(f) = —eTr[Pp(f)]. In the eigenbasis of Hy,
the velocity operator 7 can be expressed as v9,,(k) =
hY (8 0k €mk + IRSh®,,). Tt includes the intraband
term in the form of the band velocity, and the interband
term dependent on the band resolved Berry connection
[84—-86]. The current can also be expressed as a power
series of the electric field strength, j(7) = >, j») with

™) o (E5)N. The SH component of the current is given by

the 2w component of jgz)(t).

Explicitly calculating the SH current for a d dimensional
system, we obtain

. & d'k
0 = =S R, / Gy Lonlle). (5)

where, Zope = 0y + Ly +Tihe + Lope + Ton + oY
and BZ denotes the Brillouin zone. Here, based on the
corresponding dc counterparts [21], we have denoted the

different SH contributions to the integrand as follows:

Drude (ZP, ), injection (Z™ ), shift (Z3! ), and anomalous
(ZA0). In addition to these, we find two more contributions,
which we refer to as the double resonant (DR) (ZPR)) and
higher-order pole (Z!0P) contributions, explained below.
Both depend on the scattering time z. Remarkably, their
contributions to the current are always opposite in sign.
Below, we explicitly show that the DR and HOP contri-
butions are at least as large as the other contributions.
The functional forms of all the contributions in the SH
(photogalvanic) current are tabulated in Table I (Table S1 of
SM [82]).

The DR current is a Fermi surface phenomenon, which
shows resonant features for Aw = u and Aw = 2u in a
particle-hole symmetric system. The double resonance
stems from the product of the joint density of states
(gmpgmp reflecting the interplay of one-photon and
two-photon absorption processes. The gy, factor denotes
the single photon process contributing in the first order
correction to the density matrix and it gives a peak at
ho = 2u, in systems with particle-hole symmetry. The
factor of gz“’ is associated with two-photon absorption
where the photon frequencies are additive, and this leads to
apeak at 2w = 2u. The HOP current, on the other hand, is
a Fermi sea phenomenon, its name originating from the
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second-order poles in d,g;,,. In addition to the second-
order pole, the d,gj, term also gives rise to velocity
injection along the direction of the applied field, making the
HOP contribution similar in spirit to the injection current.
Among the three Fermi sea contributions, the injection
current depends on the velocity difference between the two
bands along the direction of current. The shift current is
determined by the shift vector representing the positional
shift of the carriers in real space, and the HOP current
depends on the velocity difference parallel to E.

Experimentally, the SH signal arising from the Fermi
surface and Fermi sea contributions can be distinguished by
tuning the Fermi level, particularly in 2D materials with
small band gap. In 7 -symmetric system, if the Fermi level
lies within the band gap then only the Fermi sea terms such
as the HOP and Sh contribute to the SH signal. These in
turn, can be distinguished by measuring the longitudinal
and Hall components, separately. The HOP term is present
only in the Hall component since it originates from the
band resolved Berry curvature, while the Sh term appears in
both the conductivities. In P7 -symmetric system the HOP,
Sh, and Inj terms can be segregated by exploiting their
scattering time dependence. In the scenario, when the
Fermi level lies inside the band, the total SH response
near the Fermi level is mainly dictated by the dominant
resonant peaks, which are dominated by the An and DR
contributions. Here, the DR contribution is associated with
two resonant peaks while the An contribution has a
single peak.

The quantum kinetic approach can be combined with the
electronic band structure obtained from ab initio calcu-
lation, tight-binding models, or effective low energy k - p
Hamiltonian. This includes confined systems [87], mag-
netic materials, as well as systems with spin-orbit coupling
[88]. As an example of a 7 -symmetric system, we consider
a two band model of monolayer WTe, [11,12],

Ho(k) = AK*1 + (BK* + 8)o, + vyk,0, + Ac,.  (6)

Here, A gives tilt to the dispersion, v, is the velocity
component which gives rise to an anisotropic dispersion,
and A controls the band gap. The H,, in Eq. (6) has a mirror
symmetry M,, which enforces Hy(k,. k,) = Ho(—k,. k,).
The energy dispersion for this model is given by
e(k) = Ak + \/ (BK +6)> + k202 + A2, The corre-
sponding band structure is shown in Fig. 1(a) with the
corresponding geometric quantities, the Berry curvature,
and the metric connection, displayed in Fig. 1(b). Owing to
the combination of mirror symmetry and 7 symmetry in
Eq. (6), we have Q) (k. k,) = Q1 (k.. —k,). This makes
the BZ integrand for the SH components, Iﬁny/ DR/HOP oy
odd function of k,, and consequently oﬁ?y‘,’y/ DR/HOP _

However, the SH conductivity components aﬁfx/ DR/HOP is

finite and these generate a Hall current j;z) = G_VXXE}%. The
real and imaginary parts of the different terms in the SH
conductivity o, are shown in Figs. 1(c) and 1(d). The

double resonant peak of (7]}:,))5( can be clearly seen in Fig. 1(c),

along with the significant ¢'10F contribution. The numerical

value for the conductivities in our calculations are compa-
rable to the values recently reported for MoS, [89].

In contrast to 7 -symmetric systems, in P7 -symmetric
systems the SH generation (i) can have a finite Drude and
injection contributions, (ii) have quantum geometry
induced contributions which are determined solely by G
and T', and (iii) the G induced contributions can have
diagonal components of the form o,,,. An example of a
‘PT -symmetric material is CuMnAs, where the P and 7
symmetries are individually not preserved [21]. These
systems generally show an antiferromagnetic ordering on
the two distinct sublattice sites along with a locally broken
inversion symmetry at the sublattice level (denoted below
by A and B). This also gives rise to a sublattice dependent
spin-orbit coupling. The corresponding Hamiltonian is
given by [21,90]

€ok) +hy(k) -6
Vap(k)

Here, we have defined ¢)(k) = —#(cosk, + cosk,) and
V4p(k) = =27 cos(k,/2) cos(k,/2). The hopping between
orbitals of the same sublattice is quantified by ¢, while 7
denotes hopping between orbitals on different sublattices.
The sublattice dependent spin-orbit coupling and the mag-
netization field is included in hg(k) = —h,(k), where
hy(k) = {h}; — agsink, + ap sin ky, by, + ag sin k,+
ap sink,, hi.}. The energy eigenvalues are e(k) =

€t \/ Vip + hi, +hi, + h3,. Finite ¢, breaks the par-

ticle-hole symmetry and since /4, (—k,., —k,) # ha,(ky, ky),
we have e(—k) # e(k).

The dispersion in the vicinity of one of the two band
edges is shown in Fig. 2(a), along with the quantum metric
(top) and the metric connection (bottom) in Fig. 2(b). We
find four components of the SH conductivity to be nonzero,
Orxys Oxyxs Oyxy @nd 6y, with finite contributions from all
the terms in Table I. The real and imaginary parts of o,,, are
shown in Figs. 2(c) and 2(d). We find a finite contribution
from the injection current (orange curve) which was absent
in Fig. 1. Finite contributions from the DR and the HOP
terms, comparable to the other contributions, can also be
clearly seen. The resonant DR peaks deviate from @ = u
and w = 2u, due to the absence of particle-hole symmetry
in P7 -symmetric systems.

The quantum kinetic formulation enables us to construct
a systematic quantum geometric classification of the SH
response, shown in Table I. Apart from the Drude current,
which depends only on the band velocity, all the other

VAB (k)

o)~ ( awime) 0
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components of the current in Table I depend on the
quantum geometric properties of the electron wave func-
tion. Except for the shift current, four of these originate
from the geometric quantity referred to as the quantum
geometric  tensor Qb = RS, RS, = G, — (i/2)Qb¢,
[13,91-93]. Here, the band resolved Berry curvature is
antisymmetric under the exchange of spatial coordinates,
Qbe, = —Qgr | while the quantum metric is symmetric,
Ghe, = Gov,. Note that in the injection current the Cartesian
indices of Q and G are determined by the electric field
direction. However, in the other SH components, one of
the indices of Q and G is determined by the direction of the
current. The anomalous part of the SH current is related to the
Berry curvature and quantum metric. It is easily checked that
the photogalvanic counterpart (20 — 0) of the anomalous
current can be expressed as a function of the Berry curvature
dipole [15]. For the shift current one can define a third
rank tensor, the quantum geometric connection Cﬁ,’;f =
R4, Db, R, with Db = 0, — (R}, — Rb,), which is
symmetric under the interchange of the last two spatial
indices. It is decomposed into real and imaginary parts
Cabe = 1abe — jfabc [35]. The symmetry properties of
the different contributions, in 7 -symmetric, and in
‘PT -symmetric systems are summarized in Table I and
discussed in detail in SM [82].

To conclude, we have generalized the theory SH gene-
ration to include Fermi surface effects in metallic systems
and the effect of disorder. We have shown that SH can act
as a probe of the Berry curvature, quantum metric, and
quantum geometric connection. Specifically, the SH can
probe the quantum metric in P7 -symmetric systems. Our
calculations have unveiled two new SH phenomena, double
resonant and higher-order pole. We have provided an
exhaustive quantum geometric classification of the SH
and photogalvanic currents, paving the way for a full
quantum geometric description of nonlinear optics.
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