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We put forth a new class of quantum master equations that correctly reproduce the asymptotic state of an
open quantum system beyond the infinitesimally weak system-bath coupling limit. Our method is based on
incorporating the knowledge of the reduced steady state into its dynamics. The correction not only steers the
reduced system toward a correct steady state but also improves the accuracy of the dynamics, thereby
refining the archetypal Born-Markov weak-coupling second-order master equations. In case of equilibrium,
we use the exact mean-force Gibbs state to correct the Redfield quantum master equation. By benchmarking
it with the exact solution of the damped harmonic oscillator, we show that our method also helps correct the
long-standing issue of positivity violation, albeit without complete positivity. Our method of a canonically
consistent quantum master equation opens a new perspective in the theory of open quantum systems leading
to a reduced density matrix accurate beyond the commonly used Redfield and Lindblad equations, while
retaining the same conceptual and numerical complexity.
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Introduction.—The central problem of the theory of
open quantum systems is to describe the dynamics of a
quantum system in contact with a reservoir [1-3]. Most
applications describe the dynamics using a weak-coupling
quantum master equation (QME) such as Lindblad [1,4,5]
or Redfield [1,3,6] that are valid under a stringent set of
assumptions. Going beyond this standard weak-coupling
approach is tedious and despite formal equations available
for the past 45 years [7-10], there exist only a handful of
model-independent practical methods that go beyond weak
coupling [11-28]. However, these approaches are gener-
ally complex and not easily implementable especially
when dealing with many-body quantum systems.

Hence, most studies are restricted to equations that are
second order in the system-bath coupling. While being
simple, such second-order equations are not devoid of
issues. For example, the least approximative Redfield
equation can lead to unphysical negative populations
[26,29-33]. The quantum optical master equation (also
known as the Lindblad equation) gives an equilibrium
reduced density matrix that for a wide class of models is
independent of the system-bath coupling strength [34]
contrary to the notion of the Hamiltonian of mean force
[35,36]. Moreover, any second-order master equation has
issues with its accuracy such that the inaccuracies develop
over time leading to a wrong steady state [37,38].

In this Letter, we use the asymptotic state of the system to
develop a QME that goes beyond these common weak
coupling approximations. A similar approach was highly
successful to improve on the conventional classical Fokker-
Planck equation [39], but its quantum counterpart is still
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missing. We address this gap and develop a fully quantum
formulation that uses the asymptotic state to correctly steer
the transient dynamics. In case of a quantum system
connected to a single reservoir, we use the generalized
canonical distribution also known as the mean-force Gibbs
state [40] [see Eq. (5)] to correct for the transient dynamics
and corroborate our findings with the exactly solvable
quantum dissipative harmonic oscillator. The generalized
canonical distribution incorporates effects of finite system-
reservoir coupling giving a solution that also correctly
captures finite-coupling effects. This canonically consistent
quantum master equation (CCQME) is as universal and
versatile as standard weak-coupling QMEs, making it
applicable to a wide range of scenarios ranging from
quantum optics, chemical physics, statistical physics, and
more recently quantum information and -thermodynamics.

A key feature of our approach is its simplicity. Even
though we obtain solutions that are accurate beyond weak
coupling we do not require any additional information than
what is needed in a weak-coupling Redfield equation. In
other words, we do not require cumbersome fourth-order
tensors involving multidimensional integrals [16] or elabo-
rate numerical methods [11,13,17,18,41] that restrict treat-
able Hilbert space dimensions. We even find accurate
agreement with the numerically exact hierarchy equation
of motion approach and demonstrate our methods appli-
cability for an interacting many-body open quantum system
[42]. Moreover, using recent advances in evaluating the
asymptotic state of nonequilibrium quantum systems driven
by multiple reservoirs [43] or an external drive [44,45], our
approach is easily extendable to study the dynamics of
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FIG. 1. Comparison between the Redfield (dotted red), Lind-

blad (dashed green), CCQME (solid blue), and the nonperturba-
tive exact solution (open circles) for a harmonic oscillator system
with frequency Q coupled to a thermal bath with strength y. The
ground-state population dynamics are shown in (a), while
(b) depicts the steady-state populations. The gray regions in
(a) and (b) indicate unphysical regimes where the ground-state
populations exceed 1. Deviation of the density matrix to the exact
result characterized by the trace distance dist(g, 0. ) is shown for
the dynamics in (c) and steady state in (d). The system is initiated
in ¢(0) = exp[-Hs/Q]/Zs, and we truncate to the N = 60
lowest levels. The bath temperature is 7/Q = 0.3 and has an
Ohmic Lorentz-Drude spectral density, J (o) = ya/(1 + @*/@d)
with cutoff wp/Q =5 and strength y/Q = 0.2 [(a) and (c)]
marked by a gray vertical line in (b) and (d).

externally or boundary driven quantum systems which we
show in the Supplemental Material [42] for the damped
harmonic oscillator driven by two baths.

Preliminaries.—We consider an autonomous system of
interest Hg coupled to a thermal bath Hg such that the
composite Hamiltonian reads as H,, = Hy + H;,, with
H, = Hs + Hg. The system couples to the reservoir via
a general interaction H;,, = S ® B with § (B) being any
Hermitian operator acting in the system (bath) Hilbert space.
This is assumed to keep notation light; the generalization of
our results to interactions that are a sum of such direct
products is straightforward. Throughout this Letter we work
in units where 2 = kg = 1. The composite system evolves
unitarily, and we are interested in the dynamics of the
reduced density matrix () = trg(Q (7)) = A[e(0)].
Under weak-coupling and Born approximations using
decoupled initial conditions the dynamical map is given
by [1] (see also the Supplemental Material [42])

af=afl+ [fao Rl )

Above, AY[:] = exp[—iHgt] - exp[iHt] is the noninteracting
evolution superoperator, I[X] = X the identity superopera-
tor, and R, the time-dependent Redfield superoperator
[6] given by R,[] = [¢dz([S(~7)-, S]C(z) + H.c.), where
C(t) = Trg(exp[iHgt]B exp[—iHgt]Bpg) is the two-point
bath correlator with pg = exp[—fHg|/Zg being the initial
density matrix of the bath and S() = A%,[S]. To obtain
Eq. (1) one uses the Dyson expansion for the unitary time-
evolution operator of the composite system to obtain a
perturbative series in H;,.. Any truncation of this series leads
to divergences with respect to time such that at second order
the map A, diverges linearly in time [15,38] (see also the
Supplemental Material [42]).

Alternatively, in the standard open quantum systems
framework one avoids the map and its divergence by taking
the time derivative of Eq. (1) to obtain a first-order
differential equation,

9,0(1) = —i[Hs. o(1)] + R,[A?[e(0)]], (2)

which precedes the Redfield equation since the dissipator
R, acts on the initial state ¢(0). To second order (Born
approximation) in Hj,, one often replaces

Ae(0)] % o(1). (3)

As we see from Eq. (1), the above substitution results in
errors at a higher order in system-bath coupling leaving the
differential equation correct up to second order, as desired.
The resulting QME is known as the time-dependent
Redfield equation [6] that violates complete positivity
(CP) and hence is less preferred over the (secular) Lindblad
equation [1,4,5,42]. Despite the lack of CP, a stringent
restriction for physical maps [31,46], the Redfield equation
is able to capture finite system-bath coupling effects for
which the Lindblad equation is insensitive [26,47]. Thus, it
is only recently that the Redfield equation has gained
popularity as a tool to incorporate finite system-bath
coupling effects [34,43,44,48-50]. In Fig. 1 we demon-
strate this for a dissipative harmonic oscillator, described
in detail later in the Letter. The Redfield equation violates
positivity in Figs. 1(a) and 1(b), and errors build up over
time such that the steady state shows finite errors in second
order in H;, [see Fig. 1(d)]. To resolve these issues, we
propose below a scheme that uses the mean-force Gibbs
state from equilibrium statistical mechanics [35,36,40] to
correct the Redfield equation, specifically improving on
the approximation in Eq. (3). Our approach, despite not
being CP, avoids unphysical negative populations for finite
coupling strengths (see Fig. 1) and ensures that the
equilibrium state is mean-force Gibbs [35,36,40] up to
second order in system-bath coupling.
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Canonically consistent quantum master equation
(CCOME).—To start with, we assume Q, to be the super-
operator that generates the second-order contributions for
the time evolution

o(r) = (T+ Q) [A?[e(0)]]- 4)

To find the Markovian master equation generated by this
dynamical map we take the formal inverse (I+ Q,)7!~
(- Q,) and use this relation to replace the freely
evolving state on the right hand side of Eq. (2). We obtain
the QME 9,0(1) =—i[Hs.o(1)] + R,[(L- 0,)[o(r)]]. which
involves a fourth-order correction to the Redfield equation.

Instead of following pathological perturbative expan-
sions for the dynamical map that involve divergences in
each order separately, we make a proposal that can be
viewed to combine notions of quantum mechanics and
statistical mechanics in a holistic way. While quantum
mechanics is a dynamical theory for the microscopic
degrees of freedom, statistical mechanics describes systems
in equilibrium by very few parameters only. Profound
mechanisms have been developed to connect both fields,
such as eigenstate thermalization hypothesis [51], canoni-
cal- [52], and dynamical [53] typicality. For finite coupling,
we assume that once the system is coupled to the reservoir
the system eventually relaxes to the mean force Gibbs
distribution

limo(t) = ——— =~ I+ 0)[og]. (5)

t—co Ziot

with o = exp|—pHs]/Zs being the canonical Gibbs state
obtained in the infinitesimally weak-coupling long-time
limit of ¢(). In particular, for finite coupling, the reduced
state of the system deviates from the canonical Gibbs
distribution, and the lowest-order correction Qlgg] is
second order in system-bath coupling.

Based on the similarities between the dynamical map,
Eq. (4), and the equilibrium state, Eq. (5), it becomes
evident that Q, can be replaced with Q. Note here that
the superoperators Q. and Q are not strictly equivalent.
The difference between them stems from the order in
which the long-time and weak-coupling limits are per-
formed. In equilibrium statistical mechanics, which leads
to the mean-force Gibbs state, we take the infinite-time
limit first, followed by the weak-coupling limit to obtain a
nondivergent 0, whereas within the quantum framework
we take the weak-coupling limit first and the infinite-time
limit later to obtain Q. that is divergent.

In problems such as those tackled in this Letter, a
sensible (convergent) answer is given when the order of
the limits is dictated by statistical mechanics rather than
quantum dynamics. Therefore, we replace Q, with its long-
time version given by statistical mechanics, Q. This gives
our main result, the CCQME

90(t) = —i[Hs, o(t)] + R,[(T = Q)[e()]].  (6)

It goes beyond standard second-order treatments and is
consistent with statistical mechanics. Note the following
subtlety: Since Eq. (5) only fixes the action of the super-
operator O on the Gibbs state, the action of O on all other
states is in principle undetermined. Different CCQMEs are,
thus, possible that are expected to perform equally well for
the steady state; however the transient dynamics depends
on the particular choice.

By construction it is straightforward to prove [using
Eq. (5) in Eq. (6)] that the steady-state solution of the
CCQME is given by the mean-force Gibbs state,

0 =—iA[Qlog]] + Reo [T - O)[T+ O)esll|. (7)

N—— ———
~]

with A[-] = [Hs,-], and terms in the underbrace are
approximated to the identity superoperator by ignoring
sixth-order system-bath coupling strength contributions.
The above equation yields the necessary condition
iA[Q[]] = Re|:], which we later show to be valid. The
CCQME does not need to be completely positive but
relaxes toward the positive mean-force Gibbs state.
Furthermore, we observe for the dissipative harmonic
oscillator (see below) that the CCQME violates the
positivity of the density matrix when the strength y is
greater than the frequency Q of the central oscillator,
improving the validity regime as compared to weak-
coupling approaches [26,54] (see the Supplemental
Material for more details [42]).

Using canonical perturbation theory [34], we show
that one choice for the superoperator Q can be expressed
as (see the Supplemental Material [42])

Ole] = P {Rucle]}

7| S et + 1P a2 ||

nl

Above P =} ., Py, is the projector into the coherent
subspace with P,,, = |n)(n| - |m)(m|. Moreover, |n) (E,)
are the eigenstates (nondegenerate eigenenergies) of Hg so
that the superoperator A is invertible in this subspace, and
P¢=>",Pn is the projector into the complimentary
subspace of P. Acting with the superoperator iA on
Eq. (8), the second term vanishes due to the commutator
in the superoperator A, and the first term yields
iA[Q[]] = Rel|-], which satisfies the necessary condition
for the steady-state equation above. In the complementary
subspace for which P¢ projects to the populations we

find a Lindblad contribution £(L) =L-L"—1{L'L, }
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with jump operators L,; = 1/|S,,[>V",|n){l|, with V”,
being the imaginary part of V(E,—E;) =V, +iV".
Here V(E) = 0W(E)/oE is defined using the Fourier-
Laplace transform of the bath correlator W(E) =
J&° dt C(t) exp[—iEt] used in the Redfield equation. The
function W(E, —E;) =W/, +iW/, contains real and
imaginary parts typically referred to as rates and lamb
shifts, respectively. On the other hand the last term in Eq. (8)
can be obtained as [42]

aQ _ Zl;én|Snl|2[V;1Pl + V;npn]
aEn Zl;én|Sln|2W;n

) (n

. )

where p, = (n|e|n) are the populations. For the canonical
Gibbs state this term simplifies to dgs/0E, = —fP,,.[0c]-

Benchmark with exact dynamics.—We corroborate our
method with the exactly solvable dynamics for the damped
harmonic oscillator whose total system-bath Hamiltonian
[55] reads as Hiq = Hs + 3¢ [pi/ (2my) + mar (qi—
cemi'wi?q)?/2]. In units where the particle mass is set
to 1 we have Hg = p*/2 + Q?¢?/2. For a bath in thermal
equilibrium that is factorized initially from the state of the
oscillator one obtains the exact (nonperturbative in y) QME
[56-60],

2 1P 7404 0 (0] = Dy ()0 9.0 (0]}

—%yp(t) [9:{P: 0ex(1) }] + Dy ()14 [P 0ex (1)]}-

athx(t> -

Here the damping coefficient y,(¢) is derived from the
system correlation, and the diffusive coefficients D ,(f) and
D, (t) depend on the bath correlation. A detailed discussion
of the parameters can be found in Refs. [42,56-58].

In Fig. 1 we benchmark the dynamics [(a) and (c)] and the
steady state [(b) and (d)] obtained via the Redfield equation,
the Lindblad equation, and the CCQME with the exact
solution. For all simulations we assume that the bath
correlations decay faster than the timescale of the dynamics
leading to an autonomous generator (see Ref. [42] for the
spin-boson model solved with the full time-dependent
generator). For strong coupling y/Q ~0.2 and low bath
temperature 7/Q = 0.3 we observe a breakdown of
the Redfield theory as the ground-state population exceeds
1 in Fig. 1(a). We quantify the deviation from the exact
result, i.e., error, with the trace distance dist(g, 0w) =

(1/2)Tr{\/[0(t) — 0ex(t)]*}, @ metric bounded by 1. At

small temperatures the trace distance is nearly equivalent to
the percentage error in the ground-state population, i.e., the
maximum trace distance of 0.08 (for y = 0.2 Q) for the
Redfield case in Fig. 1(c) represents a maximum error of
~8%. The Lindblad equation shows large oscillations in the

dist(o, 0ex)

() COQME

002
/82 v/ /82

04 0 02 04 0 02 04

FIG. 2. Time-averaged trace distance [dist(g, 0oy) =
75" [oF dt dist(g, e, )] over relaxation time 7z = 2/y as a function
of temperature and coupling strength for the Lindblad equation (a),
Redfield equation (b), and CCQME (c). The Redfield steady-state
solution violates positivity in the parameter regime below the solid
teal line. Other parameters are the same as Fig. 1.

trace distance (~5%) but does not suffer from unphysical
solutions. The CCQME reproduces the ground-state pop-
ulation for all times in Fig. 1(a) and shows small deviations
(< 1% V¥ 1) from the exact solution in Fig. 1(c) improving
upon the Redfield and Lindblad solutions in the strong-
coupling and low-temperature regime.

In equilibrium, finite coupling leads to an effective
higher temperature such that the ground-state population
decreases as a function of the coupling strength. In
Fig. 1(b) the CCQME accurately reproduces this trend
and also perfectly matches with the exact curve in the
strong coupling regime. On the one hand, the Lindblad
solution remains independent of the system-bath coupling
7. On the other hand, the Redfield not only gives an
incorrect ground-state population but also erroneously
predicts that as the system-bath coupling strength
increases the system cools down. At moderate values of
the coupling, the ground-state population @y, > 1 imply-
ing that the excited states have unphysical negative
populations. Since both the exact steady-state solution
and the approximate ones from QMESs contain all powers
of y, we would like to quantify how much the QMEs
deviate from the exact solution at second order. This
deviation in the solution can be quantified by dividing the
trace distance by the coupling strength and numerically
approaching the limit of y/Q — 0 [see Fig. 1(d)]. If the
QME and the exact solutions match at second-order O(y),
this measure approaches zero as y/Q — 0 as seen for the
CCQME [solid blue line in Fig. 1(b)]. The other QMEs
give a finite deviation indicating discrepancies at O(y).

To get a complete overview of the deviations even in the
dynamics for the entire parameter space, in Fig. 2 we
calculate the time-averaged trace distance to the exact
result for the entire relaxation process as a function
temperature and coupling strength initiating the system
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in an out-of-equilibrium initial state. For strong coupling
the Lindblad and Redfield equations are only valid for
high bath temperatures, i.e., deep classical limit.
Contrastingly, the CCQME leads to a more accurate result
in the full parameter regime. Importantly, the CCQME
solution gives positive density matrices in the entire
parameter range in sharp contrast to the Redfield that
fails at low temperatures [below solid teal line in
Fig. 2(b)].

Quantum transport.—The CCQME can also be imple-
mented for transport setups [61-65] wherein the system is
driven by several independent baths Hg = ), Hy that
couple via the interaction Hamiltonian H;, = >, ' ® B'.
At second order of the interaction, the Redfield and
Lindblad equation is obtained by adding the dissipative
superoperators for the individual baths. However beyond
second order cross correlations build up [14,16], which
occur naturally in the boundary driven CCQME

D0t ==ilfs.ol0] + YR [(u—;@) el (10

by the products of superoperators for different baths. We
elucidate this idea further by studying a boundary driven
harmonic oscillator and corroborating the CCQME with
exact results in the Supplemental Material [42].

Summary.—In this Letter, we proposed a QME that
corrects the standard Born-Markov equations (Redfield
or Lindblad) incorporating effects of higher order system-
bath coupling. The CCQME draws inspiration from the
statistical mean-force Gibbs state and correctly steers the
dynamics of a quantum system coupled with finite strength
to a reservoir. By construction it yields the exact equilib-
rium state and significantly improves the dynamics as
compared to the Redfield or Lindblad equation. Here we
focus on a consistent second-order theory that should be
generalizable to higher order [42]. Despite not being
completely positive our approach does not suffer from
negative solutions. The CCQME is not only accurate but
also easy to implement since it requires no additional
information as compared to the Redfield equation.
Moreover it is model independent and could shed light
onto finding lowest order effects due to the presence of
system-bath coupling in the emerging field of strong-
coupling quantum thermodynamics [35,36,66—68] or in
dissipative quantum many-body systems as demonstrated
in the Supplemental Material using an Ising chain [42].
The CCQME could also be extended to study transport
through systems strongly connected to multiple reservoirs
aiding the field of strong-coupling quantum transport
[24,69-71].
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