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Starting from the kinetic theory description of massive spin-% particles in the presence of a magnetic field,
equations for relativistic dissipative nonresistive magnetohydrodynamics are obtained in the small
polarization limit. We use a relaxation-time approximation for the collision kernel in the relativistic
Boltzmann equation and calculate nonequilibrium corrections to the phase-space distribution function of spin-
polarizable particles. We demonstrate that our framework naturally leads to emergence of the well-known
Einstein—de Haas and Barnett effects. We obtain multiple transport coefficients and show, for the first time, that
the coupling between spin and magnetic field appear at gradient order in the hydrodynamic equation.
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Introduction.—In noncentral heavy-ion collisions, a fire-
ball with large global angular momentum [1] is created that
experiences a very strong magnetic field [2] at early times
due to fast-moving charged spectators. While the angular
momentum in the fireball survives for a longer time due to
the conservation of total angular momentum, the magnetic
field tends to decay rapidly due to fast receding spectators.
However, the medium can sustain it for a longer time
provided it has large electrical conductivity. Nevertheless,
these extreme physical conditions may generate a spin
polarization and magnetization of the hot and dense matter,
very similar to magnetomechanical effects of Einstein—de
Haas [3] and Barnett [4]. Consequently, it was predicted
that signatures of such phenomena in relativistic heavy-ion
collision may be found in spin polarization of observed
particles [5-9]. Recently, much effort has been devoted
to studies of spin polarization of particles produced in
high-energy nuclear collisions, both from the experimental
[10-15] and theoretical perspective [16-35].

It has been well established that the fireball formed in
high-energy heavy-ion collisions behaves like a fluid [36].
In order to develop a hydrodynamic framework, which
allows for space-time evolution of polarization effects,
one needs to consider the conservation of total angular
momentum [37-39], along with the usual energy-
momentum and net particle current conservation. This
has led to the formulation of relativistic spin hydrody-
namics [34,40-63]. Similarly, in order to study the evolu-
tion of the strong magnetic field produced in high-energy
heavy-ion collisions, the theory of relativistic magnetohy-
drodynamics was also formulated [64—76]. However, these
two effects on polarization observables are not entirely
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separable and therefore a unified framework of “spin
magnetohydrodynamics™ needs to be developed [77].

Considering the phenomena of Einstein—de Haas and
Barnett effects, it is expected that coupling between spin
polarization and magnetization occurs in the presence of
rotation and/or electromagnetic field. Therefore, one needs
a formulation of spin magnetohydrodynamics to incorpo-
rate the effect of this coupling. In our previous work on the
formulation of dissipative spin-hydrodynamics [41,42], we
showed that the spin tensor acquires contributions from
various thermodynamic gradients or forces. Thus, as a
consequence, the spin polarization too receives contribu-
tion due to these forces [78,79]. It is therefore imperative
that we generalize our formulation to also include the
strong magnetic field produced in the initial stages of
relativistic heavy-ion collisions.

In the present Letter, we develop such a framework for a
single species of massive spin—% particles that is electrically
charged with finite chemical potential. We obtain the
hydrodynamic equations of motion for this system, which
can exhibit spin polarization and magnetization, and
demonstrate that these equations are consistent with macro-
scopic conservation laws within kinetic theory framework.
We consider the relativistic Boltzmann equation for such a
system in the presence of magnetic field and obtain
equations for relativistic dissipative nonresistive magneto-
hydrodynamics in the limit of small polarization. We obtain
multiple transport coefficients and show that dissipative
currents contain coupling between spin and magnetic field
at first order in gradients.

We use the convention g, = diag(+1,-1,-1,-1) and
€12 = —¢p1p3 =1 for the metric tensor and totally
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antisymmetric Levi-Civita symbol, respectively. Throughout
the text, we use natural units where c = h = kp = 1.

Equations of motion.—In the absence of external source
of particles, the net particle four-current remains conserved.
The particle four-current is given by

Nt = nut + n#, (1)

where 7 is the equilibrium net particle number density, u* is
the fluid four-velocity defined in the Landau frame, and n*
is the dissipative particle number diffusion. The conserva-
tion of particle current implies

9,N* = 0. (2)

The stress-energy tensor of the system of the fluid and
electromagnetic field can be expressed as [67]

T = T + Thy + T 3)

nt

Here T?” denotes contribution from fluid, 7% denotes

contribution from field, and 7% denotes interaction
between fluid and field.
These three components of the stress-energy tensors can

be further expressed as [67,80]

TV = eu'n? — (P + I)A™ + 7, (4)
Tl = —TVu* — F¥ M¥, (5)

1
Tlérlil = _F'uaFya + ZgﬂuFaﬁF(l/)” (6)

where in Eq. (4) € and P are the equilibrium energy density
and pressure, II and ##* are the bulk and shear viscous
pressures, and A* = g — y#u” is the projection operator
orthogonal to u*. The form of stress-energy tensor in
Eq. (4) is written in the Landau frame: T%"u, = eu".
The additional quantities appearing in Eqgs. (5) and (6),
ie., [T#, F*, and M are an auxiliary four-vector, Maxwell
field strength tensor, and electromagnetic magnetization
tensor, respectively. The auxiliary four-vector I1¥, required
for the overall consistency, has the form IT* = 2u, F ([ﬁ‘ MY
and satisfies [T¥y" = —FB,JM"]“ [80], where X! = (xm —
X"*)/2 denotes antisymmetrization. Note that, because of
the latter condition, 7% is symmetric in x4 and v.

In the current Letter, we are interested in the formulation
of nonresistive magnetohydrodynamics with spin. The first
term on the right-hand side of Eq. (5) can be shown to
vanish in the limit of infinite conductivity [67]. In this case,
we have

TH = —F*,M", (7)

int —

where the antisymmetric part of the right-hand side
vanishes in the nonresistive case [67]. In this case, the
field strength tensor is given by F#* = et u,Bg, where B*
is the magnetic field four-vector. In our metric convention,

the field strength tensor and magnetization tensors are
related to each other as [81] H* = F* + M" [82,83],
where H" is the induction tensor. Taking the divergence of
Eq. (6), one can easily show that

0,Tem = F*,J%, (8)

where we used Maxwell’s equation, which in the case of
magnetizable medium is given by

0,H" = J¥. (9)

Here J# is the charge four-current that generates the
electromagnetic field.

It is important to note that J# can have two origins—the
charged currents within the fluid system and a current
acting as the generator of a background external electro-
magnetic field, i.e., J¢ = J’; + J4, [68,69]. Note that, for
charged fluid, we have J; = qN*#, where q is the electric
charge of the particles. Consequently, the field strength
tensor F*¥ is composed of a field due to the charged
currents within the fluid and a background external field,
F* = F}" + F¢y. In the case with nonzero Ffy, the T
expressed in Eq. (3) is not conserved because the energy-
momentum contribution of the current J%,,, which produces
the external field, is not considered. In this case, the
divergence of the energy-momentum tensor is equal to a
force that we will be calling the “external force,”

aule = _fng (10)

where fh,, = FiJ%,. Using Egs. (3), (6), (7), and (10), the
expression for divergence of 7% is found to be

v ’ 1 va
0,T = FrJ%+ 5 (P )M . (11)

Later, we will prove this relation can be obtained exactly
using the relativistic Boltzmann equation.

Next, we consider angular momentum conservation. The
total angular momentum is the sum of the orbital and spin
angular momentum. We write this as

Jl./u/ — L/L/m + Sﬁ./u/’ (12)

where L*#" is the orbital part and S*** is the spin part of the
total angular momentum, respectively. In the presence of
external torque, the total angular momentum is not con-
served and its divergence leads to

M = —1g5. (13)

Here we consider the field to be devoid of pure torque and
iy, in the above equation is due to the moment of the
external force, i.e.,

Tg)l(/t = xﬂfgxt - nygm. (14)
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The orbital part of the total angular momentum is defined as
LA = xFTW — xVTH, (15)

The divergence of the above equation leads to

ext = ~Text- (16)

Therefore, from Egs. (12), (13), and (16), we conclude that
the spin part of the total angular momentum is conserved, i.e.,

Apy
aﬂL = _x”fext

9,8 = 0. (17)

This seems reasonable because, in the present Letter, we do
not consider the field to carry pure torque that could have
affected the conservation of the spin part of the total angular
momentum. Subsequently, our hydrodynamic evolution
equations comprise Egs. (2), (11), and (17). Next, we show
that these equations can also be obtained from kinetic theory.

Kinetic theory.—The phase-space distribution function
of particles with intrinsic angular momentum is given by
f(x, p,s), where x =x* is the space-time four vector,
p = p* is the four-momentum of the particles, and s = s#
is the classical analog of particle spin, which we define as
the internal angular momentum of the particles [37]. The
Boltzmann equation governing the evolution of the dis-
tribution function can be written as [84—87]

<P %—l—m}" %+m$“ﬂ aaﬂ)f:C[f], (18)
and similarly for antiparticles with f — f. In the above
equation, the particle four-momentum has the components
p* = (E,.p) with E, = \/m* + p* and m denoting par-
ticle energy and mass, respectively, and C[f] is the collision
kernel. Here, 7* = dp®/dz (r being proper time along the
world line) is the force experienced by a particle moving
under the influence of an electromagnetic field, which can
lead to change in the four-momentum of the particles, and
S% = ds* /dr is a pure torque term, which can lead to
change in the internal angular momentum of the particles.

Using the Frenkel condition, one can derive the force and
torque term in the Boltzmann equation as [84—88]

Fa :iFaﬂp ¥z (aaFﬂr)mﬂy, (19)

S = 2F"lep) - <)(—;>F¢ys¢[ pPpr. (20)

The first term on the right-hand side of Eq. (19) represents the
Lorentz force and the second term is known as the Mathisson
force. Here the magnetic dipole moment of particles m® is
proportional to the internal angular momentum, i.e.,
m® = ys®, with y resembling the gyromagnetic ratio
[84,89]. The expression in Eq. (20) is for the pure torque
term arising from interaction of the particle magnetic
moment and the electromagnetic field. It is important to

note that this torque term, obtained for composite particles,
affects only the internal angular momentum of the particles.
However, its origin from Wigner-function formalism is not
understood, as opposed to the force term [89]. Therefore, in
the present Letter, we do not consider the pure torque term
and leave its analysis for future work.

Next, we ascertain that appropriate moments of the
Boltzmann equation (18) leads to the hydrodynamic equa-
tions, i.e., Egs. (2), (11), and (17). In terms of the distribution
function, the particle current, energy-momentum tensor, and
spin current of the fluid can be written as [42]

we = [ apds (s - . 1)
= [ apds pri (7). 22)
st = / dPds p's" (f + F), (23)

where dP = gd®p/|E,(27)*|and dS = m/(x8)d*s5(s - s +
82)5(p - s) with the length of the spin vector defined by the
cigenvalue of the Casimir operator 8% =3(1+1) =
(3/4). In terms of the distribution function, one can also
define the magnetization tensor as [84,85]

M"Y =m / dPdS m*(f — f), (24)

whose equilibrium expression is obtained in Ref. [87].

Assuming that the microscopic interactions do not violate
fundamental conservation laws, we have vanishing zeroth
and first moment of the collision kernel, i.e., [ dPdS C[f] =
| dPdS p* C[f] = 0. We also impose a matching condition
for the spin current such that the “spin moment” of the
collision kernel vanishes, i.e., [ dPdS s**C[f] = 0[42]. This
condition ensures that the collisions preserve internal angular
momentum of the particles. Using the definitions of the fluid
currents in terms of the distribution function, Egs. (21)—(23),
and properties of the collision kernel as described above, we
find that the zeroth, first, and spin moment of the Boltzmann
equation (18), in absence of the torque term, leads to Egs. (2),
(11), and (17), respectively. This is an important result of the
present Letter, which sets up the basis for the formulation of
spin magnetohydrodynamics from kinetic theory.

Dissipative hydrodynamics.—In order to derive constit-
utive relations for dissipative quantities, we consider the
Boltzmann equation, without the pure torque term, in
relaxation-time approximation [90],

R e Y

Teq
where u-p=u,p”, f. is the equilibrium distribution
function, and 7 is the relaxation time, which in the present
Letteris assumed to be independent of particle momentum and
energy. Note that the collision kernel in the relaxation-time
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approximation, i.e., right-hand side of the above equation, has
vanishing zeroth and first moment with the Landau frame
definition of the fluid velocity. Vanishing of the spin moment
is guaranteed if we impose the matching condition [42]
UM =y, (S — SI™) = 0, (26)

where 65** is the nonequilibrium correction to the spin
current. With the above condition, along with the Landau
frame and matching conditions, the zeroth, first, and spin
moment of Eq. (25) lead to the hydrodynamic equations (2),
(11), and (17), respectively.

In the present Letter, we consider equilibrium distribu-
tion to be described by Fermi-Dirac statistics,

1
[+ exp [B(u-p)

where # = 1/T is the inverse temperature, £ = u/T is the
ratio of chemical potential and temperature, and
s = w,,s". Here, w,, is a Lagrange multiplier corre-
sponding to angular momentum conservation [40] and is
related to the spin polarization observable via the Pauli-
Lubanski four-vector [37,91]. For antiparticles, one can
obtain the equilibrium distribution J_‘eq from the above
equation with the replacement & — —&. In the current
formulation, we work in the small polarization limit.
Hence, keeping terms up to linear order in @**, one can
write the equilibrium distribution function as

feq:

—¢é—Jwis)’ (27)

fea = fot 5 @:)foo 28)
where fo={1+exp[f(u-p)—¢&}~" and fy=1— f,.

Using f = feq and f = fq in Eq. (24), we find that the
equilibrium expression for the magnetization tensor is linear
in @ and takes the form M4 = a, 0" + azu[/‘uya)”]y [87].
In order to make connection with the Barnett effect, we note
that, in global equilibrium, @** corresponds to rotation of the
fluid [9,22,37,40,51,54,91-93]. Therefore, from the expres-
sion of M%q, we conclude that rotation of the fluid produces
magnetization, which is precisely the physics of the Barnett
effect [4,66]. This expression also implies the converse, i.e.,
the Einstein—de Haas effect.

The expressions for dissipative quantities that we need to
obtain are n* defined in Eq. (1), IT and #*¥ defined in
Eq. (4), and 88 defined in Eq. (26). In terms of the
nonequilibrium corrections to the distribution function,
of = f — feqand 5f =f— ]_”eq, these dissipative quantities
can be expressed as

n = Al / dPdS p*(6f — 5f), (29)

W =

M=——_Ay / dPdS p*pP(sf + &f), (30)

= oy [ apasprpor +op). 6D

SSHH = / dpPds p*s* (Sf + 6f), (32)

where Al =5 (AGAYG + AJAY) — 5 AMA,, is a traceless

symmetric projection operator that is orthogonal to both u/

and A*. To obtain the relativistic Navier-Stokes expres-

sions for the above dissipative quantities, we need to

evaluate 6f and 6f up to first order in hydrodynamic

gradients. To that end, we employ the Boltzmann equation
in the relaxation-time approximation (25).

Using the matching condition, Eq. (26), we obtain the
evolution equation for the spin polarization tensor,

i = Do + DIV, + DI (V&) + DY (V,B,)
+ D0+ DR Qe+ DY (V). (33)

whereX u"0,X, V¥ = A9, o = Al (0"u”), and Q,,
(0,u, — 0yu,) / 2 is the fluid vorticity tensor In the above
equation, dependence on hydrodynamic gradients is made
explicit and the tensor coefficients D contain equilibrium
quantities. The explicit forms of these coefficients are
provided in Ref. [87]. We see that the above equation
contains information about the connection between evolution
of the spin polarization tensor @** and fluid vorticity Q,, via
the term having coefficient Dy, It is important to note that
the coefficient D" vanishes in the absence of an electro-
magnetic field, which leads us to conclude that the conversion
of spin polarization to thermal vorticity proceeds via coupling
with the electromagnetic field. While vorticity terms have
previously been obtained in the constitutive equations in the
absence of electromagnetic field [94-96], we obtain here, for
the first time, such coupling terms. Another important feature
of Eq. (33) is that the coupling between magnetic field and
spin polarization occur at gradient order.

The nonequilibrium correction to the phase-space dis-
tribution function, up to first order in space-time gradients,
is obtained from Eq. (25) as

R
5y = — “0, FFPr) sy 0
fl (Mp) |: + 2 ( )sﬁy :|feq
R Faby, . oP)
+——qF%pyos [ { p’o,
(u )P )
2 (apF¢K)S¢K 14 }feq:| (34)
where o) = (0/ap®) is the partial derivative with respect

to particle momenta. To obtain first-order nonequilibrium
correction for antiparticles §f,, one has to replace f — f,
& — =&, and ¢ — —q in the above equation. Substituting
the first-order nonequilibrium corrections §f, and &f; in
Egs. (29)-(32), we obtain the constitutive relations for the
dissipative quantities as
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1 = T [P0 + P ity + B (VoE) + BU (V,By)
+ B 00+ B0 Qg+ BE (Vawp)l. (35)

= Teq V}HHH + ﬂ%ui‘a + ﬁ%n(vaé) + ﬁlq[/;(vaBﬂ)
+ﬂﬁ€,aaﬂ+ﬂ?{’ op + B (Ve )], (36)

T = 1o [BU0 + L 1, + LN (V,E) + YO (V,By)
+ P 4 B "ﬂsza/f + BB (V)] (37)

SS)».//!D — Teq [Bﬁ[ﬂl/]g + Bﬁvz-[ﬂl/]a’;ta + Bfl’[,ul/]a(vag)
+ B/]lr,bw]aﬁ(vaBﬂ) + Bf[,[/w]aﬁ + B/1 [}w]aﬂgaﬂ
A pv)ay
+ BZ[# ] ﬁy(vaa)ﬂy)]a (38)

where X = ALX® represents projection of a vector
orthogonal to fluid four-velocity and X = AL XY
denotes traceless symmetric projection of a two-rank
tensor. The above equations represent the first result of
relativistic formulation of spin magnetohydrodynamics. We
find that all dissipative quantities are affected by several
hydrodynamic gradients and contain coupling between spin
and magnetic field. The detailed expressions for the tensor
transport coefficients, appearing in the above equation, are
provided in Ref. [87]. Very interestingly, we observe that,
apart from usual hydrodynamic gradients, Eqs. (35)—(38)
also contain gradients of magnetic field.

In order to identify which first-order gradient terms
appearing in Eqgs. (35)—(38) are dissipative, it is important
to compute entropy production in the system. We consider
the entropy four-current from the Boltzmann H theorem,

2 — _/dpdspu[(flnf+j‘1n]‘) +(FInf+ finf).
(39)

Demanding that the divergence of the above entropy
current is positive definite, i.e., 9,H* > 0, we obtain [87]

= 1(VeE), = o, (40)
SSHab — Z‘/HI/MJ//’(V w, ) (41)

I = -0,

From the above analysis, we conclude that only those first-
order gradient terms that appear in Eqgs. (40) and (41) are
dissipative in nature. Comparing Egs. (35)—(38) and
Egs. (40) and (41), we obtain ¢ :_Teq/}l'ﬂ'[’ K"“:reqﬂﬁ,’ﬁa,
" = To Pt W) and shwabr = é’waﬂy. It is important
to note that these dissipative transport coefficients contain
coupling between magnetic field and the spin polarization/
magnetization tensor [87].

Summary and outlook.—We presented the first formu-
lation of relativistic spin magnetohydrodynamics within the
kinetic theory framework for spin-% particles. We derived

equations for relativistic dissipative nonresistive magneto-
hydrodynamics in the limit of small polarization. We used a
relaxation-time approximation for the collision kernel in the
relativistic Boltzmann equation and calculated nonequili-
brium corrections to the phase-space distribution function of
spin-polarizable particles. We demonstrated that multiple
transport coefficients, dissipative as well as nondissipative,
are present for such a system. We showed that our framework
naturally leads to the emergence of the well-known Einstein—
de Haas and Barnett effects. Further, our results also show
that the coupling between the magnetic field and spin
polarization appears at gradient order.

Looking forward, it will be interesting to consider a
generalization of the above framework to include resistive
effects to the flow of charge current. Given that several
gradients are present in all dissipative currents, the present
first-order theory may prove to be causal and stable, even
though it is formulated in the Landau frame. Therefore, it is
important to perform a stability analysis [97-99] of
Eqgs. (35)—-(38). Nonetheless, the present framework can
also be extended to include second-order gradients in order
to formulate second-order spin magnetohydrodynamics.
We leave these problems for future work.

Finally, we would like to outline another important
implication of our formulation in the context of relativistic
heavy-ion collisions. Global polarization of A-hyperon is
generally attributed to large angular momentum generated
in noncentral collisions. On the other hand, it has been
observed that, at low-energy collisions, there is a noticeable
difference of A and anti-A polarization [10], which cannot
be explained by global angular momentum alone. It was
conjectured that the coupling between magnetic field and
intrinsic magnetic moment of emitted particles may induce
a larger polarization for anti-A compared to A
[10,100]. Therefore, a simulation based on our unified
framework of spin magnetohydrodynamics has the poten-
tial to explain this difference of A and anti-A polarization,
which we leave for future work.
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