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Analytic Map of Three-Channel S Matrix:
Generalized Uniformization and Mittag-Leffler Expansion
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We explore the analytic structure of the three-channel S matrix by generalizing uniformization and
making a single-valued map for the three-channel S matrix. First, by means of the inverse Jacobi’s elliptic
function we construct a transformation from eight Riemann sheets of the center-of-mass energy complex
plane onto a torus, on which the three-channel S matrix is represented single-valued. Second, we show that
the Mittag-Leffler expansion, a pole expansion, of the three-channel scattering amplitude includes not only
topologically trivial but also nontrivial contributions and is given by the Weierstrass zeta function. Finally,
taking a simple nonrelativistic effective field theory with contact interaction for the S = -2, I =0,
JP =0T, AA—NE-XX coupled-channel scattering, we demonstrate that as a function of the
uniformization variable the scattering amplitude is, in fact, given by the Mittag-Leffler expansion and
is dominated by contributions from neighboring poles.
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The spectrum of excited states and their structure are the
central issues in the study of interacting quantum systems
such as nuclear, hadron, atomic, and molecular systems.
Those excited states show up as resonances embedded in
the continuum spectrum. Extraction of resonance informa-
tion from the continuum spectrum is one of the key
subjects.

In hadron physics, many candidates of exotic hadrons
have recently been found near the threshold of new
hadronic channels [1,2]. However, most of the existing
analyses of the spectra for these signals are unsatisfactory.
For instance some assume the Breit-Wigner formula near
the threshold, which cannot be justified, and/or an arbitrary
background, while some others depend on particular
models.

Very recently, a new method, the uniformized Mittag-
Leffler expansion, has been proposed in Ref. [3] for
extracting resonance information from the continuum
spectrum. The method is theoretically well-grounded,
model-independent, simple, and useful. The idea of the
method is to find a variable in terms of which the S matrix is
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single-valued (uniformization [4,5]) and to express the
S matrix as a sum of pole terms (Mittag-Leffler expansion
[6,7]). Therefore, it is crucial to find an appropriate
uniformization variable that matches the analytic structure
of the S matrix.

For the single-channel S matrix, the center-of-mass
momentum serves a role as the uniformization variable,
and the Mittag-Leffler expansion has already been studied
in Refs. [8,9].

For the two-channel S matrix, a uniformization variable
was introduced in Refs. [5,10] and the uniformized Mittag-
Leffler expansion has been examined in the past few
years [3,11,12].

Clearly, an extension of the method to three-channel
reactions is an important step for the analysis of multi-
channel scattering. Up to now, there have only existed some
works in which an approximated local uniformization has
been employed for the analysis of three-channel scattering
[13-15]. It has been pointed out that the three-channel
S matrix can be topologically mapped on a torus [5,16].
However, as far as we know, an explicit formula of the
uniformization variable for the three-channel S matrix is yet
to be known.

The purpose of this Letter is threefold. The first is to
generalize uniformization. For the first time, we explicitly
construct a uniformization variable for the three-channel
S matrix. The second is to obtain an explicit expression of the
Mittag-Leffler expansion for the three-channel scattering

Published by the American Physical Society
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amplitude taking account of both topologically trivial
and nontrivial contributions. The third is to demonstrate
the validity of the obtained results in a simple three-
channel model.

Throughout this Letter, we assume that the singularities
of the three-channel S matrix are poles and the three right-
hand cuts starting from each threshold. We do not consider
left-hand cuts or other singularities that cannot be removed
by the present uniformization.

First, we generalize uniformization to the three-channel
S matrix. As a function of /s, the Riemann surface for
a three-channel S matrix is an eight-sheeted complex
plane with three branch points at /s = ¢, &, and &;
(€ < & < &), where ¢ =M;+ M, is the threshold
energy, M; and M/ are the masses of particles in the ith

channel. We also define “momentum,” ¢; = /s — ¢7 and

Aj; by A= ,/e; —¢ for later use. The center-of-
M7 + ki+

M? +k?. g; coincides with k; up to a factor of 2,
q; = 2k;, only when M; = M.

The uniformization of the three-channel S matrix is
carried out in two steps. We uniformize channels 1 and 2 in
the first step and channel 3 in the second step.

The first step is the same as the uniformization of the
two-channel S matrix for channels 1 and 2 [5,10]. We
define z;, by

mass momentum, k;, is given by /s =

_q1+QZ (1)

Inversely, ¢, and g, are given as single-valued functions
of z;, by

Ay 1 Ay < 1 )
=— | z2pn+—/|, =QF5 (%n2—-——/ 2
q1 3 ( 12 le) q> 3 12 2 ( )

g5 is given by

Pay (1-5) (1-73)
q3 > 12\/ Z%z }’22%2 ()

where y = [(Aj3 + Ax)/Ap]. g3 is a double-valued
function of z;, with four branch points,
(A3 £ Ay)/Ap] = £y, £(1/7).

Thus, in the first step, the eight Riemann sheets of the
complex /s plane are mapped onto two Riemann sheets of
the complex z;, plane with four branch points as shown
in Fig. 1.

The second step is to uniformize channel 3. It is known
that two Riemann sheets with four branch points are
homeomorphic to a torus [4,17]. The map from the former
with the coordinate v to the latter with the coordinate u is
given by an elliptic integral. In particular, when v = 41

{12 =

Im Z12 Im 212

[tt] - [tt] 4 [#tb] [#tb] 4

[bbt] ¢ bbt] [bbb] ; [bbb]

FIG. 1. Two-sheeted complex z;, plane for the three-channel
S matrix. Eight Riemann sheets of the complex /s plane are
specified by a set of complex channel momenta, e.g., [1b]
means Img, > 0, Img, > 0, Img; < 0, and Imy/s > 0. T},
T;", and T{" are physical thresholds of channels 1, 2, and 3,
respectively. T4 together with its unphysical counterparts, 75
T;*, and T3~ form the set of branch points.

and +1/k (k#0, +1) are the four branch points, the
transformation is given by

u=-sn""(v,k), (4)

where sn~!(v, k) is the inverse Jacobi’s elliptic function
[17,18]

_ e ds
sn l(v,k)—A (1—s2)12(1 = k2s2)1/2° (5)

where also the Riemann sheet on which v is located has
to be specified. Inversely, » is given as a single-valued
function of u by

v =sn(u,k). (6)
Jacobi’s elliptic function is doubly periodic:
sn(u + 2w, k) = sn(u + 2w, k) = sn(u, k), (7)

where

1 ds
200, = 4K (k) :4A SRR
i —ai [ d
2w, = 2iK'(k) =2 /0 N TRk (8)

Therefore, the image of the map, Eq. (4), is a torus with two
periods: 2w, = 4K (k) and 2w, = 2iK’' (k).

Combining the first and second steps by taking
k=1/y* v=y/z1», and u = 4K(1/y?)z, we define the
three-channel uniformization variable z as
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= msn-lwzlz, /7). 9)

where z, is given by Eq. (1). Inversely, z;, is given as a
single-valued function of z by

. Y
2T @K (/A /)

(10)

q1, 42, and g5 are given as single-valued functions of z by

_Ap [ y sn(4K (1/7%)z. 1/72)]
M= @K (1772 1/77) y ’
_Ap [ v _sn(4K(1/7)z, 1/72)]
2= @K (17772 1/77) y ’

_ Apysn’(4K(1/7%)z 1/77)
B k(1) 1/

(11)

where sn’(u, k) = (d/du)sn(u, k). By combining the first
and second steps, the eight Riemann sheets of the complex
\/s plane are mapped onto a torus with periods 1 and iz,
where 7 = [4K’(1/y?)/2K(1/y?*)], as shown in Fig. 2 [19].

Next, we investigate the Mittag-Leffler expansion of the
three-channel scattering amplitude, A, which is related to
the S matrix, S, as A;; = [(S;; — 6;;)/2i\/kik;].

The Mittag-Leftler expansion of a meromorphic function
on a complex plane, F(z), is given by (see, e.g., [6,7])

F(z) :Z i

Z—Z;

+ subtraction terms

n—1
r; Fh(0)
=7y —— ) koo(12
“Z = rc (12)

where {z;} and {r;} are positions and residues of the poles
of F(z). When the sum, ) ;[r;/(z — z;)], is divergent, we
have to subtract terms of order zX (k =0, ...,n — 1) until
the n times subtracted sum, z" > ,[r;/(z — z;)z}], is con-
vergent. This is exactly the same as in the dispersion

theory [7].

o ewb] | bl [btb]

(6] [obble | [ebB)-  [tb],

- o T

1
T2 0 2

PO 17 I 7 P A Y

[ ) P I 7 R 1)

- I -
L 2 T

FIG. 2. Torus representation of the three-channel S matrix.

As a function of the uniformization variable, z, the
three-channel scattering amplitude, A(z), is defined on a
torus and hence is an elliptic function, a doubly perio-
dic meromorphic function. Therefore, the Mittag-Leffler
expansion becomes

A=Y (Z e D ﬁ)

i m,n

-+ subtraction terms. (13)

>, is a sum in the fundamental period rectangle, {z;} and
{r;} are the positions and residues of the poles of .A(z) in
the fundamental period rectangle, Z/m.n denotes a sum
over all integers m and n, excluding m=n=0.
Q,., =2mo| +2ne,. Qo) =1 and 20, = ir for our
definition of z, but what follows holds for arbitrary periods,
o) and ®).) The residues, {r;}, satisfy the condition
> ;ri =0 [4,17,18]. In the parenthesis of Eq. (13), the
first and second terms are called topologically trivial and
nontrivial contributions, respectively.

tonlri/ (2 —zi = Q)] is linearly divergent and A(z)
is given in the form of Eq. (12) with n = 2, unless the sum
in the fundamental period rectangle causes further diver-
gences. We can rewrite it as

Alz) = Zhé“(z —-z;)+Co+ Ciz, (14)

i

where ((z) is the Weierstrass zeta function [17,18]
defined by

1 1 z
+ ' + +
Zm,n (Z - Qm,n Qm,n Q%ln)

2
’ Z
E _— 15
* m.n (Z - Qm,n)Q%l,n ( )

¢(z) =

1
z
1
Tz
The Weierstrass zeta function is odd, {(—z) = —{(z), and is
quasiperiodic, {(z 4 2w,) = {(z) 4 2n; and {(z + 2w,) =
{(z) + 21, for constants #; and #,. Cy is determined
from the asymptotic condition that the scattering ampli-
tude should vanish as s — oo, ie., A(0)=0, as
Co=—>_ri¢(=z)) = > ril(z;), where {(-z) = {(z) is
used. C, is determined from the periodicity of A(z), i.e.,
A(z+2w;) = Az +2w,) = A(z) as C, =0, where
>oiri=0, {(z42w) =(z) +2n, and {(z+2w,) =
{(z) + 21, are used. Therefore, we finally obtain

Alz) = Zri[g(z = z;) + (@), (16)

1

where r;[{(z—z;) +{(z;)] is identified as the contri-
bution of the ith pole to the three-channel scattering
amplitude, A(z).
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Generalized uniformization, Eq. (9), together with
Eq. (1), its inverse, Eq. (11), and the Mittag-Leffler
expansion, Eq. (16), are the main results of the formal
part of this Letter.

If z; is a pole of \A(z) with a residue r;, so is —z; with a
residue —r; because of the unitarity of the S matrix,
S(=41.=45.—~q3) = §"(491.92.q3) or S(-z") = 5 (2).
Therefore, poles appear either as pairs symmetrically with
respect to the imaginary z axis with complex residues
related to each other, or independently on the axis, Rez = 0
or 0.5, with purely imaginary residues.

Now, we examine the above results in a simple model
of the § = -2, 1=0, JF = 0%, AA — NE — X coupled-
channel scattering, in which possible existence of the H
particle [20] has extensively been studied both theoretically
and experimentally. Hereafter, channels AA, NE, and XX
are referred to as 1, 2, and 3, respectively. We generalize a
nonrelativistic effective field theory for nucleon scattering
[21] to the coupled three-channel scattering. The leading-
order effective Lagrangian in the flavor-singlet 'S, channel
is given by

. V2 1 A
L=B"id,+M+ A>B——BBTCBB, 17
(10,+ 81+ ) B3 mmreiBB) (17

where B= (NAXE)" and [BB] = (AANEZXX)T. The
interaction is assumed to be only in the flavor-singlet
channel as

AANE pHY AANE pHY
1001 (a) —— Directcale. | (b) : :
75 b === 14243+4
P 142
50

Re Ay [GQVAZ]

Re Ay [GeV‘z]

220 225 230 235 240 220 225 230 235 240

V5 [GeV] V5 [GeV]

FIG. 3.

NG
8
v3 |, (18)
3
8

Pl— Bl—
S

where C is a coupling of dimension (mass)~2.

The 3 x 3 scattering amplitude, A, is given by
(19)

which is rescaled from the previous definition as
(4n/\/M;M;)A;; = Aj;. G is the diagonal 3 x 3 Green
function, G;; =6,;G;, G; = [(—=iuk;)/2x], and p; =
MM/ (M; + M!)] is the reduced mass in the channel, i.
Because the model is nonrelativistic, /s = &; + (k?/2u;),
and k; = /(ui/€)q; + O(q3). The difference of k; and

(ui/€i)q; can be incorporated but is nonessential in the
following discussion, which is ignored just for simplicity.
Masses My, M 5, Ms, and Mz are taken to be average masses
of charged baryons in review of particle physics [22]. In this
model the number of poles is four, which is due to the
extremely simple structure of the interaction. This model is
used in order to demonstrate validity of our formalism but not
to describe realistic physics.

Real and imaginary parts of the AA — AA elastic
scattering amplitude, A;;, are shown in Fig. 3 for four
different cases, (a)—(d), with different coupling, C, where
we present the amplitudes of direct model calculation,
reconstructed via the uniformized Mittag-Leffler expansion
with all four poles, 1 + 2 + 3 4 4, the contributions from

AANE o
(@ —— Directcale. | (b)
P --- 1424344

1+2

AANE PO

'S
o
T

Im Aqq [GeV‘Z]
o 8

|
N
=)
T

@

'S
T

Im Ay [GeV‘z]
N

0= [ ; ; N R : R
220 225 230 235 240 220 225 230 235 240
Vs [GeV] Vs [GeV]

Real and imaginary parts of the AA — AA elastic scattering amplitude, A, for cases (a)—(d). Lines represent the amplitude of

direct model calculation (blue, solid), reconstructed uniformized Mittag-Leffler expansion with all four poles 1 +2 + 3 4 4 (red,
dashed), contributions from pole 1 (pink, dot-dot-dashed), pole 2 (green, dotted), and their sum 1 + 2 (orange, dot-dashed), respectively.
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TABLE L.

Pole positions and residues of the AA — AA elastic scattering amplitude, .4, for cases (a)—(d). The first and second rows

are the pole positions, z;, and residues, r;, respectively, on the torus. The third row is the complex center-of-mass energy of the pole, /s,
in units of [GeV] and the complex Riemann sheet. The threshold energies, €1, ¢,, and &3, are 2.231, 2.257, and 2.381 GeV, respectively.

C (GeV™?) Pole 1 Pole 2 Pole 3 Pole 4
—0.267i —0.496i 0.5 + 0.043; 0.5 —0.702i

() 40.00 0.172i —0.154i —0.015i —0.004i
2.221 [tt1] 2.200 [bt1] —1.802i [1th] 13.477i [tb1]
—0.371i —0.398i 0.5 4+ 0.048i 0.5 — 0.700i

(b) 45.60 1.750i —1.727i —0.018i —0.005i
2.231 [btt] 2.229 [btf] —1.252i [1th] 11.722i [1b1)
0.177 — 0.392; —0.177 — 0.392{ 0.5 + 0.060i 0.5-0.697i

(©) 60.00 —0.215 +0.018i 0.215 +0.018i —0.027i —0.009i
2.253 — 0.005i [btt] 2.253 4+ 0.005i [btr] 0.907 [tb] 8.657i [tht]
0.271 — 0.402i —0.271 — 0.402i 0.5 + 0.073i 0.5-0.691i

(d) 80.00 —0.249 + 0.028i 0.249 + 0.028i —0.038i —0.017i
2.259 + 0.002i [tb1] 2.259 — 0.002i [b1] 1.510 [71b] 6.124i [1b1]

pole 1, 2, and their sum, 1 4 2, respectively. Pole positions
and residues of A;, are given in Table L.

Sharp structures are observed below the AA threshold
(bound state) in case (a), at the AA threshold (virtual
state) in case (b), between the AA and NE threshold
(resonance) in case (c), and at the NE threshold (“threshold
cusp”’) in case (d). The amplitudes of direct model
calculation and Mittag-Leffler expansion with all four
poles, 1+ 2+ 3 44, perfectly coincide, which confirms
our result, Eq. (16). The contribution from pole 1, which is
nearest to the physical domain, gives the sharp structures
of the amplitudes of direct model calculation. The sum of
contributions from poles 1 and 2 reproduces the amplitudes
of direct model calculation in almost the entire physical
domain. This is due to the extremely simple nature of the
model, i.e., the number of poles is four and only two of
them are close to the physical domain, which will not be the
case in a more realistic situation.

Figure 4 is the contour plot of |A;,|? on the torus, a map
of the three-channel S matrix, for cases (a)—(d). It can be
observed that as the coupling, C, increases, pole 1 moves
along the imaginary axis transitioning from a bound-state
pole on the [7#7] sheet in case (a) to a virtual-state pole on
the [btf] sheet in case (b), then it becomes a resonance pole
on the [btt] sheet in case (c), and finally a pole on the [tbf]
sheet, which causes a “threshold cusp” in case (d). Pole 2
moves along the imaginary axis on the [btz] sheet until it
merges with pole 1. Then, it moves symmetrically to pole 1
with respect to the imaginary axis. Poles 3 and 4 hardly
move. From Fig. 4 together with Fig. 3, one can clearly
observe that the effects of the poles show up as sharp
structures on the scattering amplitude around the nearest
physical energy region. We would like to mention here that
the use of the uniformization variable makes it extremely
easy and transparent to locate the positions of poles. When

one traces poles on multisheeted complex /s plane one has
to move around different sheets.

The above demonstration shows that as a function of the
uniformization variable the three-channel scattering ampli-
tude is indeed given by the Mittag-Leftler expansion,
Eq. (16), and can intuitively be understood from the

.

&
|
>

05t . - e
0.51 ~
() (d) N—:
=
0.257
N t10~1
R T I | e s
—0.257 —«t — 1—
‘ 102
—0.5T ‘ | A
-05 —-025 00 025 05 —025 00 025 05
Re z Rez

FIG. 4. Contour plot of |A;;|> on the torus for cases (a)—(d).
The red line corresponds to the physical domain. Labels AA, NE,
and XX represent the corresponding thresholds, and oo corres-
ponds to infinity point on the physical sheet.
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behavior of the poles. Also seen from the above demon-
stration is that a resonance pole smoothly transitions to a
pole, which causes a “threshold cusp,” by the change of the
interaction strength. There is no essential difference
between these two poles [12].

Having shown that our proposed method is valid, we are
now planning to analyze actual experimental data, e.g.,
[23-25], by our method. We hope that we will report the
results of the analysis in the near future.
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