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The localization and distance inference of gravitational waves are two crucial factors for dark sirens as
precise probes of cosmology, astrophysics, and fundamental physics. In this Letter, for the first time we
investigate the parameter estimation of gravitational waves emitted by the eccentric compact binaries in the
midfrequency (0.1–10 Hz) band. Based on the configuration of one cluster of DECIGO (B-DECIGO), we
simulate five types of typical compact binaries in GWTC-3 with component mass ranging from
Oð1 ∼ 100Þ M⊙. For each type of binaries, we assign discrete eccentricities from 0 to 0.4 at 0.1 Hz in
103 random orientations. The multiple harmonics induced by eccentricity can break the degeneracy
between parameters. We find that with eccentricity e0 ¼ 0.4, these typical binaries can achieveOð102–104Þ
improvement for the distance inference in the near face-on orientations, compared to the circular case.
More importantly, a nonvanishing eccentricity (0.01–0.4) can significantly improve the source localization
of the typical binary black holes, most by 1.5–3.5 orders of magnitude. Our result shows the remarkable
significance of eccentricity for dark sirens in the midband as precise probes of the Universe.
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Introduction.—The discovery of gravitational waves
(GWs) provides us with a novel probe to the Universe
[1]. In particular, the discovery of binary neutron star
(BNS) GW170817 [2] and the kilonova emission from its
remnant [3–5] provided the first GW standard siren
measurement of the Hubble constant [6]. However, for
GWs without confirmed electromagnetic (EM) counter-
parts, the host galaxies and their redshifts cannot be
determined directly. We call this type of GWs the “dark
sirens” as opposed to “bright sirens” which have
EM counterparts. Up to now, only one bright siren
(GW170817) has been confirmed. Dark sirens detected
so far have also been used to measure the Hubble constant
by determining the source redshifts in a statistical way [7–
10]. Until now, the accuracy gain in Hubble constant with
dark sirens is very limited due to the uncertainty of the host
galaxies (and hence its redshift) within the localized region.
GW standard siren, though currently not precise enough,

is one of the most promising probes to arbitrate the current
tension between local and high-z measurements of the
Hubble constant [11–14], as well as study the feature of
dark energy and test general relativity [15–20]. To fully
utilize the potential of standard sirens on cosmology,
astrophysics, and fundamental physics, the unbiased and
precise inferences of luminosity distance and redshift of the
source are very essential. The determination of the redshift

has recourse to either the EM counterpart (for bright sirens)
or statistical method by counting all the potential host
galaxies within the localized region (for dark sirens). The
latter heavily depends on the precise source localization.
Considering the fact that bright sirens are much rarer than
dark sirens in current detections and even in the forecasted
catalogs based on future detector networks [18,20], the
techniques to improve the estimation of distance and sky
localization parameters for dark sirens are very crucial. In
this Letter, we demonstrate that the eccentricity of the
compact binaries plays an important role in the distance
inference and localization for dark sirens.
Many investigations suggest compact binaries that emit

GWs can have non-negligible eccentricities and may
contribute observational features in the sensitivity band
of ground and space-based detectors [21–24]. Some studies
indicate that a fraction of the binaries possess eccentricities
larger than 0.1 at 10 Hz [25–28]. Recent works [29–31]
showed that, for the case of 100 M⊙ binary black hole
(BBH), eccentricity can improve the source localization by
a factor of 2 in general with the ground-based detector
networks. However, such an improvement is not sufficient
to considerably reduce the uncertainty of the host galaxy
identification for LIGO-Virgo’s BBH since there are
typically thousands of potential host galaxies within their
sky locations.
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In this Letter, we make the investigation for eccentric
binaries in the midfrequency band, i.e., 0.1–10 Hz, where
the space-based detector like DECIGO is most sensitive
[32]. The reasons for carrying out such an analysis in the
midband are as follows. Most analyses for current GW
detections do not find strong evidence of the eccentricity in
the LIGO-Virgo band [33–37], except for a very recent
report of highly eccentric merger GW190521 with e ¼
0.69þ0.17

−0.22 [38] (see also Ref. [39]). At lower frequencies, we
have a much higher possibility to detect the orbital
eccentricity of the binaries. In addition, the compact
binaries observed by the midband detectors have long
inspiral phase (days to years). For the midfrequency, the
detectors need to be deployed in space in order to avoid
seismic and Newtonian noise in the ground. The space-
borne detector changes position significantly during the
longtime observation, causing the antenna response func-
tion to change with time. The movement of the detector can
provide a much more precise angular resolution of GW
sources. The longtime observation increases the signal-to-
noise ratio (SNR) which can further improve the parameter
estimation. These factors pose the following question that
has not yet been addressed in the literature: can eccentricity
improve the measurement of distance and localization of
the compact binaries observed by a spaceborne detector in
the midfrequency band? In this Letter, we attempt to answer
this question by mocking up some types of typical compact
binaries.
Methodology.—To construct the eccentric waveform, we

adopt the nonspinning, inspiral-only EccentricFD waveform
approximant available in LALSuite [40]. We use PyCBC [41] to
generate the waveform. EccentricFD corresponds to the
enhanced postcircular (EPC) model [42]. To the zeroth order
in the eccentricity, the model recovers the TaylorF2 post-
Newtonian (PN) waveform at 3.5 PN order [43]. To the
zeroth PN order, the model recovers the PC expansion
of [44], including eccentricity corrections up to order
Oðe8Þ. In the eccentric waveform, we have 11 parameters,
P ¼ fMc; η; dL; ι; θ;ϕ;ψ ; tc;ϕc; e0; βg, with two addi-
tional parameters fe0; βg to the circular TaylorF2 model.
Here, e0 is the initial eccentricity at frequency f0 and β is
the azimuthal component of inclination angles (longitude of
ascending nodes axis). The EPCmodel can bewritten as [42]

h̃ðfÞ ¼ −
ffiffiffiffiffiffiffiffi
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When e0 ¼ 0 it recovers the circular TaylorF2 model (l ¼ 2).
ξl are functions of e0 and angular parameters Pang ¼
fι; θ;ϕ;ψ ; βg [44]. The eccentricity adds more harmonics
to the waveform. Multiple harmonics make the distance and
angular parameters nontrivially coupled, enablingus to break
the degeneracy among these parameters.
In this Letter, we consider only one cluster of DECIGO.

This configuration is similar to B-DECIGO which is a

scientific pathfinder of DECIGO and will be launched
much earlier. Our results can serve as a forecast for one
cluster of DECIGO as well as for the early lunched
B-DECIGO. We follow Rubbo et al. [45] for the modeling
of the spaceborne detectors, with the arm length L ¼
1000 km [32]. For the sensitivity curve, we use the fitting
formula in [46] but rescale it according to the latest white
paper of DECIGO [32].
To estimate the uncertainty and covariance of the wave-

form parameters, we adopt the Fisher matrix technique
Γij ¼ ðð∂h=∂PiÞ; ð∂h=∂PjÞÞ, with Pi one of the 11 wave-
form parameters. The inner product is defined as ða; bÞ ¼
4
R fmax
fmin

ðã�ðfÞb̃ðfÞ þ b̃�ðfÞãðfÞÞ=ð2SnðfÞÞdf. Then the co-
variance matrix of the parameters is Cij ¼ ðΓ−1Þij, from
which the uncertainty of each parameter ΔPi ¼

ffiffiffiffiffiffi

Cii
p

.
The error of the sky localization is ΔΩ ¼ 2πj sinðθÞj×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

CθθCϕϕ − C2
θϕ

q

[47]. We calculate the partial derivatives

∂h̃=∂Pi numerically by ½h̃ðf; Pi þ dPiÞ − h̃ðf; PiÞ�=dPi,
with dPi ¼ 10−n. For each parameter, we need to optimize
n to make the derivative converged so that the Fisher matrix
calculation is reliable. To check the robustness of our
methodology, we first adopt EccentricFD waveform with
e0 ¼ 0 and check its consistency with the analytical
TaylorF2 waveform. We find that after optimizing n in the
partial derivatives, the Fisher matrix calculation from the
waveform given by PyCBC and the analytical TaylorF2 are
very consistent with each other. This consistency check
paves the way for adopting the EccentricFD waveform in the
nonvanishing e0 cases.
To quantify the influence of eccentricity on dark sirens

in the midfrequency band, we carry out this research
by a specific strategy. We mock up five types of typical
events from GWTC-3, i.e., a GW170817-like BNS with
ðm1; m2Þ ¼ ð1.46; 1.27Þ M⊙, a GW200105-like neutron
star–black hole binary (NSBH) with ð9.0; 1.91Þ M⊙, a
GW191129-like light-mass BBH with ð10.7; 6.7Þ M⊙, a
GW150914-like medium-mass BBHwith ð35.6; 30.6Þ M⊙,
and a GW190426-like heavy-mass BBH with
ð106.9; 76.6Þ M⊙. Note that the light, medium, and heavy
mass are in terms of the stellar-mass binaries in GWTC-3.
The redshifts (distances) are also consistent with the real
events. To count the influence of the source orientation, we
sample 1000 random sets of the angular parameters Pang

from the uniform and isotropic distribution. Since EPC
waveform is tested validwith initial frequency up to 0.4 [42],
for each event in every orientation, we assign six discrete
eccentricities from 0 to 0.4 at f0 ¼ 0.1 Hz, i.e, e0 ¼ 0, 0.01,
0.05, 0.1, 0.2, and 0.4. We would like to assess the effect
of eccentricity on parameter estimation in different
source orientations. Without loss of generality, we fix the
coalescence time and phase to be tc ¼ ϕc ¼ 0. We then
totally have 5 × 6 × 1000 ¼ 3 × 104 cases and for each case
we calculate its SNR and Fisher matrix. We set the initial
observational time to be around 1 year. Thus, we truncate the
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contribution of alll harmonics that appear earlier than 1 year
before the upper frequency (10 Hz). The strain is multiplied
by the unit step function, h̃1 yrðfÞ ¼ h̃ðfÞHð2f − lfstartÞ,
withHðxÞ ¼ 1 for x ≥ 0 and 0 otherwise [44]. The starting
frequency of quadrupole mode fstart is set to be 0.2, 0.1,
0.059, 0.026, and 0.0105 Hz for the typical BNS, NSBH,
light BBH,mediumBBH, and heavyBBH, respectively.We
use the frequency-rescaled detector response functions for
different l harmonics. The higher harmonics enter the
detector band earlier. To derive the time-dependent detector
response functions, we numerically solve the orbital phase
evolution in [44] to obtain the time to coalescence tðfÞ for
the nonvanishing e0. The time to coalescence at a specific
frequency is smaller for a larger eccentricity.
We collect the results of the Fisher matrix for all of the

3 × 104 cases. For each typical event with a specific orient-
ation, we define the ratiosRΔdL¼ðΔdLje0¼nonzero=ΔdLje0¼0Þ
and RΔΩ ¼ ðΔΩje0¼nonzero=ΔΩje0¼0Þ, to show the improve-
ment induced by eccentricity in that orientation. If R < 1,
there is an improvement in the relevant parameter. A smaller
R indicates a tighter constraint, and hence a larger improve-
ment. We show the scatter plots of ΔdL=dL, RΔdL , ΔΩ, and
RΔΩ againstPang. We use ι to representPang since the results
are more sensitive to ι than other parameters. To give the
statistical results, we define the minimum, mean, and
maximum value of x in the 1000 orientations as minðxÞ,
EðxÞ, and maxðxÞ, respectively.
Distance inference and source localization.—We select

the distance inference of GW170817-like BNS and locali-
zation of GW150914-like medium BBH to represent the
main features in our results, as shown in Fig. 1. In the near
face-on orientations (ι ∼ 0) with e0 ¼ 0, luminosity dis-
tance largely degenerates with the inclination angle, hence

ΔdL=dL is uncontrollably large. A nonvanishing eccen-
tricity can break this degeneracy and significantly reduce
the errors. As shown in the left panel of Fig. 1, the
maxðΔdL=dLÞ of GW170817-like BNS is reduced from
2.84 (e0 ¼ 0) to 4.72 × 10−2 (e0 ¼ 0.1) and 1.77 × 10−2

(e0 ¼ 0.4). The largest improvement corresponds to around
61 and 189 times stricter. The huge improvement in the
near face-on orientations holds true for all the typical
events. We also find that the binary with a larger component
mass and greater eccentricity can achieve more improve-
ment. For GW190642-like heavy-mass BBH with e0 ¼
0.4, it can most achieve 6 × 103 times improvement. For
the typical BNS, NSBH, and light BBH cases, the distance
inference of circular and eccentric cases converges
[EðRΔdLÞ ∼ 1] in the large inclination angle, where the
degeneracy between dL and ι is relatively smaller and hence
of the error. However, due to the significant improvement in
the near face-on orientations, the EðΔdL=dLÞ, which is of
orderOð10−2Þ, is reduced by a factor of 2–4 with e0 ¼ 0.1.
For the medium and heavy BBH cases, we find an overall
improvement of distance inference even for the large ι. The
EðΔdL=dLÞ of heavy BBH is from 0.842 (e0 ¼ 0) to
0.123 (e0 ¼ 0.1) and 0.0565 (e0 ¼ 0.4), corresponding
to 7–15 times improvement. For the improvement in a
single orientation, we find EðRΔdLÞ ∼ 0.564ðe0 ¼ 0.1Þ
and 0.290ðe0 ¼ 0.4Þ.
For the source localization of these typical events, we

find eccentricity can lead to significant improvement only
for the BBH cases which have larger component masses
than BNS and NSBH cases. As shown in the right panel of
Fig. 1, the source localization of GW150914-like medium
BBH is significantly improved in almost all orientations.
Specifically, EðΔΩÞ and maxðΔΩÞ are reduced from 0.290

FIG. 1. Left: the inference of luminosity distance against inclination angle for the GW170817-like BNS case. Right: the source
localization against inclination angle for the GW150914-like medium-mass BBH case.
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and 7.97 deg2 with e0 ¼ 0 to 0.0241 and 0.335 deg2 with
e0 ¼ 0.1, and to 0.006 08 and 0.114 deg2 with e0 ¼ 0.4.
The average localization is improved by a factor of 12
(e0 ¼ 0.1) and 48 (e0 ¼ 0.4). In a single orientation with
e0¼0.1ð0.4Þ, minðRΔΩÞ∼1.02×10−2ð2.10×10−3Þ corres-
ponds to 100 (478) times for the largest improvement. Like
the distance inference, a larger-mass compact binary with
larger eccentricities can achieve more improvements for the
source localization. For the heavy BBH case with e0 ¼
0.1ð0.4Þ, EðΔΩÞ is shrunk from 157 to 32.6 ð2.91Þ deg2.
The largest improvement is minðRΔΩÞ¼7.90 ×
10−4ð2.55×10−4Þ, corresponding to 1.27×103ð3.92×103Þ
times tighter.
To illustrate the improvement of distance inference and

localization for these typical binaries with variable eccen-
tricities, we show the largest improvement [minðRÞ in 1000
orientations] of each case in Fig. 2. For the distance
inference, we can clearly see the trend of the improvement
with the component mass and eccentricities of the binaries.
Generally, a heavier binary with higher eccentricity can
achieve more improvement of distance inference, except
for the BNS case which performs slightly better than the
NSBH case. With eccentricity e0 ¼ 0.4, these typical
binaries can achieveOð102–104Þ improvement (from light-
est BNS to heaviest BBH) for the distance inference,
compared to the circular case. For the source localization,
the situation is more complicated. The effect of eccentricity
is more distinct for a heavier binary. For BNS and NSBH
cases, eccentricity does not improve the source localization
obviously. Some eccentricities can even worsen the locali-
zation. While for the typical BBH cases, a nonvanishing
eccentricity (0.01–0.4) can significantly improve the
source localization, most by a factor of 1.5–3.5 orders of

magnitude. In addition, we note that for the light BBH case,
enlarging eccentricity from 0.2 to 0.4 does not improve but
worsens the localization. But for the medium and heavy
BBH, they always benefit more from larger eccentricities.
The reasons for the nontrivial features in the distance
inference and source localizations are as follows. On the
one hand, eccentricity adds more harmonics to the wave-
form hence improving the SNR and breaking the parameter
degeneracy, which can improve the parameter estimation.
The higher harmonics which enter the detector band earlier
could also provide more angular information. On the other
hand, eccentricity reduces the observational time in the
specific frequency band, which, however, lower the SNR
and worsen the parameter inference and source localiza-
tion. Because of the different starting frequency fstart, the
frequency ranges of the multiple harmonics of these typical
binaries covered in the detector band (0.1–10 Hz) are also
different. Moreover, two additional free parameters in
eccentric waveform may also degrade the parameter infer-
ence. These factors compete with each other and make the
parameter inference differ from case to case.
Conclusion and discussion.—To make dark sirens be the

accurate and precise probes of the Universe, the distance
inference and source localization are two crucial
factors. GWs of the long inspiraling compact binaries
observed by the spaceborne detector in the midfrequency
band can provide much tighter constraints in these two
aspects, compared to the LIGO-Virgo band. Without EM
counterparts, dark sirens in the midband still face the issues
like large degeneracy between luminosity distance and
inclination angle in the near face-on orientations, as well as
the uncertain localization for the larger-mass BBH. In this
Letter, we demonstrate that the eccentricity, which is more
likely to be nonvanishing in the midband than in the
LIGO-Virgo band, can greatly alleviate these issues. The
eccentricity itself can also be constrained very tightly
[Δe0 ∼Oð10−6Þ when e0 ¼ 0.01] in the midband. For
low-mass binaries like BNS and NSBH, eccentricity does
not help for the localization. But we find that the source can
be localized very precisely even in the circular case, with
EðΔΩÞ ∼Oð10−6–10−5Þ deg2. For larger binaries like
the typical medium BBH, with eccentricity e0 ¼ 0.1 the
localization can be improved from 10−1 to 10−3 deg2. This
means, in the midband, for either small or large-mass
binaries with eccentricity, such precise localization makes it
possible to identify the unique host galaxy of the dark
sirens. Besides, the precise localization can provide an
early warning for the follow-up observation of GWs in the
high-frequency band, as well for the search of EM counter-
parts. As shown in Fig. 1, the localization is more precise in
the near face-on orientations where the eccentricity hap-
pens to significantly improve the distance inference. In
addition, one of the main targets for the midband detector is
the intermediate mass black hole binaries, while in this
Letter, we showed that among the typical events the

FIG. 2. The largest improvement of distance inference (upper
panel) and source localization (lower panel) for the typical
compact binaries in 1000 orientations with variable eccentricities.
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GW190426-like heavy BBH can benefit most from the
eccentricity. Our results indicate that the eccentricity of the
long inspiraling compact binaries in the midband is a
perfect ingredient for dark sirens as precise probes of the
Universe.
To preliminarily assess the potential of eccentric dark

sirens on cosmology, we also simulate the population of
eccentric BNS, NSBH, and BBH based on current knowl-
edge. We follow [18,20,48] and set the local rate of BNS,
NSBH, and BBH to be consistent with GWTC-3 [49]. We
find that the population of eccentric GWs detected by
DECIGO accumulates quickly in the redshift range
z ∼ ½0; 5�, with distribution peaking around z ∼ 1.5–2 and
total number ∼Oð104–105Þ for 1-year observation. It can
even observe sparse events at z > 10. We also find that the
distance of the five typical eccentric events can be mea-
sured at 0.1%–10% level. If we go to further distance,
DECIGO can even measure the distance for medium and
heavy BBH at 1% precision level up to redshift z ∼ 3.
Our results imply the great potential of eccentric dark

sirens on cosmic expansion history (Hubble constant),
dynamics of dark energy, and gravity theory (by comparing
GW luminosity distance to EM luminosity distance [18–
20,50]) up to very high redshift. Note our important
findings in this Letter do not rely on a specific detector
like DECIGO or BBO, they are the general physical
implications of GWs emitted by the long inspiraling
eccentric compact binaries. Our study has great signifi-
cance for GWs on detection, data analysis, and physics
including cosmology, astrophysics, and fundamental
physics.
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