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We consider theoretically the nonlinear quantized Thouless pumping of a Bose-Einstein condensate
loaded in two-dimensional dynamical optical lattices. We encountered three different scenarios of the
pumping: a quasilinear one occurring for gradually dispersing wave packets, transport carried by a single
two-dimensional soliton, and a multisoliton regime when the initial wave packet splits into several solitons.
The scenario to be realized depends on the number of atoms in the initial wave packet and on the strength
of the two-body interactions. The magnitude and direction of the displacement of a wave packet are
determined by Chern numbers of the populated energy bands and by the interband transitions induced by
two-body interactions. As a case example we explore a separable potential created by optical lattices whose
constitutive sublattices undergo relative motion in the orthogonal directions. For such potentials, obeying
parity-time symmetry, fractional Chern numbers, computed over half period of the evolution, acquire
relevance. We focus mainly on solitonic scenarios, showing that one-soliton pumping occurs at relatively
small as well as at sufficiently large amplitudes of the initial wave packet, while at intermediate amplitudes
the transport is multisolitonic. We also describe peculiarities of the pumping characterized by two different
commensurate periods of the modulations of the lattices in the orthogonal directions.
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Since its discovery by Thouless [1], quantized transport
has been the focus of extensive studies for electrons in
condensed matter [2–4], in spinor systems [5], fermionic
[6–8] and bosonic [9,10] atomic gasses, in photonic
[11–13] and acoustic [14] systems, and in plasmonic
waveguides [15]. Originally quantized transport (alias
Thouless pumping) was studied in one-dimensional (1D)
linear systems. Experimental observations of this phenome-
non in optical and atomic systems have triggered inves-
tigations of the impact of the space dimension and of the
nonlinearity on transport.
One can distinguish two 2D implementations of quan-

tized transport. The first one, that has received the most
attention so far, is motivated by the intimate relation
between quantized transport and different Hall effects.
Such transport occurs along boundaries of finite 2D
structures and is carried by the boundary modes [12].
Being strongly confined to the boundaries, this mechanism
is quasi-one-dimensional in real space, although it may
require the use of effective multidimensional spaces for its
analytical description. The second implementation is the
transport carried by bulk modes (in a formally unlimited
potential). In addition to a quantized one-cycle displace-
ment such transport is characterized by a quantized angle
determining the direction of motion. The latter setting was
implemented experimentally with a Bose-Einstein conden-
sate (BEC) in an optical superlattice [9] and in tilted moiré

lattices [16]. Two-dimensional Thouless pumping of ultra-
cold fermions was studied in [17].
It was established theoretically [18–21] and confirmed

experimentally [22], that in 1D systems nonlinearity
(originated by two-body interactions in atomic gasses
and by the Kerr effect in optical waveguides) can lead to
breakup of the pumping. On the other hand, the non-
linearity sustains robust transport against disorder [23],
allows one to achieve inversion of the pumping direction
[19], and enables fractional pumping [8,24]. Quantized
transport can also be induced by interactions [25].
One-dimensional Thouless pumping of large-amplitude

wave packets in BECs with a negative scattering length
occurs in a form of solitons, whose one-cycle displacement
is determined by populations of several lowest bands
varying due to interband tunneling and characterized by
the first Chern numbers of the populated linear bands [19].
Thus, nonlinear quantized transport inherits the topological
properties of the underlying linear system, while the
nonlinearity controls the displacement through the coupling
of populated bands.
In this Letter, we aim at considering quantized transport

in a 2D BEC with a negative scattering length in the
physical realization that goes far beyond the finite tight-
binding model explored previously [20] and has features
having no analogs in the continuous 1D systems [19].
Properties of pumping that cannot be observed in the
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previous settings are as follows. First, a wave packet
described by the 2D Gross-Pitaevskii equation (GPE) with
attractive interactions may collapse if the number of atoms
exceeds a specific value [26,27]. Second, while an optical
lattice (OL) can in principle stabilize 2D solitons [28,29],
it is not obvious a priori that such stabilization persists
for high-amplitude wave packets evolving in dynamical
OLs. Third, there is a threshold number of atoms required for
soliton formation, i.e., for a solitonic transport. Consequently,
the continuous model considered here reveals novel scenarios
of nonlinear quantized transport carried either by a quasi-
linear wave packet, by a dynamically stable single soliton, or
by several solitons emerging during the decay of the initial
wave packet due to instability induced by interband tunnel-
ing. The nonlinearity determines which of these scenarios is
realized, as well as the absolute value and direction of the
one-cycle displacement. Furthermore, we report on peculi-
arities of pumping by lattices with different temporal periods
in the orthogonal directions.
Consider a quasi-2D condensate described by the

dimensionless GPE

i
∂Ψ
∂t

¼ −
1

2
∇2Ψþ ½Vxðx; tÞ þ Vyðy; tÞ�Ψ − jΨj2Ψ: ð1Þ

Here ∇ ¼ ð∂x; ∂yÞ, r ¼ ðx; yÞ is measured in units of d=π
where d is the smallest of the lattice constants, time t is
measured in units of md2=ðπ2ℏÞ, the amplitudes of the OL
Vξðξ; tÞ ¼ Vξðξþ π; tÞ ¼ Vξðξ; tþ TξÞ (hereafter ξ ¼ x, y)
are given in units of md2=ðπℏÞ2, Tx;y are temporal periods
which can be different but commensurate. The Ψ is
normalized as N ≔

R jΨj2dr ¼ N ðπ=2Þ1=2jasj=a⊥, where
N is the total number of atoms, and a⊥ is the condensate
extension along the z direction (e.g., for a 7Li BEC with
as ≈ −1.43 nm in a trap with a⊥ ≈ 1 μm the norm N ¼ 1

corresponds toN ¼ 558 atoms). We assume that Tx ¼ nTy

where n is an integer, i.e., T ¼ Tx is the period of the 2D
lattice.
Because of separability of the potential in Eq. (1) one can

introduce 1D Hamiltonians Hξ ¼ −ð1=2Þ∂2ξ þ Vξðξ; tÞ and
consider the eigenvalue problems Hξφξ

αξkξ
¼ εξαξkξðtÞφ

ξ
αξkξ

for the Bloch functions φξ
αξkξ

¼ eikξξuξαξkξðξ; tÞ, where

uξαξkξðξ; tÞ ¼ uξαξkξðξþ π; tÞ, kξ ∈ ½−1; 1Þ, and αξ are the

indices of the 1D bands. The spectrum of the full
Hamiltonian H ¼ Hx þHy is given by ενkðtÞ ¼
εxαxkxðtÞ þ εyαykyðtÞ, where k ¼ ðkx; kyÞ and ν is the index

of 2D bands at k ¼ 0 and t ¼ 0. We restrict the consid-
eration to potentials for which εν10ð0Þ < εν20ð0Þ if ν1 < ν2.
Such a choice implies one-to-one correspondence ν ↔
ðαx; αyÞ, with ν ¼ 1 corresponding to ðαx; αyÞ ¼ ð1; 1Þ. If
no crossing of the 1D bands occurs at t > 0, the labeling of
ενkðtÞ by ν remains well defined at any t and k. Now one
can define Chern numbers of the 1D potentials:

Cξ
αξðTξÞ ¼

i
2π

Z
Tξ

0

dt
Z

1

−1
dkðh∂tuξαξkj∂ku

ξ
αξk

i

− h∂kuξαξkj∂tu
ξ
αξk

iÞ ð2Þ

(here hfjgi ≔ R
π
0 f̄ðξÞgðξÞdξ and an overbar denotes com-

plex conjugation).
We characterize pumping by the displacement of the

center of mass (c.m.) of the wave packet RðtÞ ¼
ð1=NÞ RR2 rjΨj2d2r. Defining 2D Wannier functions,
Wn

νðr; tÞ ¼ wx
αxnxðx; tÞwy

αynyðy; tÞ where n ¼ ðnx; nyÞ, nx;y
are integers, and wξ

αξnξðξ; tÞ ¼ ð1=2Þ R 1
−1 φ

ξ
αξk

ðξ; tÞe−iπnξkdk
are 1D Wannier functions [30,31]; for N < Ncr, where Ncr
is the critical number of atoms above which the initial
wave packet collapses, we expand Ψðr; tÞ ¼ ffiffiffiffi

N
p P∞

ν¼1 ×P
n a

n
νðtÞWn

νðr; tÞ. The coefficients anνðtÞ are normalizedP
ν;n janν j2 ¼ 1. Using this expansion one can show that

RðtÞ¼RðtÞþηðtÞþζðtÞ [32]. Here RðtÞ ¼ ðXðtÞ; YðtÞÞ ¼P
ν ρνðXαx ; YαyÞ describes dynamics of the c.m. due to

adiabatic change of the potential, ρνðtÞ ¼
P

n janνðtÞj2 is
the relative population of the νth band (

P
ν ρν ¼ 1),

while XαxðtÞ ¼
R jwx

αx0
j2xdx and YαyðtÞ ¼

R jwy
αy0

j2ydy
are independent displacements (also known as polariza-
tions [34]) along the x and y directions. The ηðtÞ ¼
π
P

n η
nn, where ηn ¼ P

ν janν j2, describes change of the
c.m. position due to the tunneling between potential wells
while ζðtÞ encompasses simultaneous spatial tunneling
between minima of the potential accompanied by the
interband transitions. Equations for anνðtÞ, as well as the
explicit form of ζ are given in [32]. While dispersive
spreading of a small-amplitude wave packet can be a
nonadiabatic process occurring faster than the motion
of a c.m., the pumping still can be observed in this
case. For a separable potential such a limit becomes a
superposition of independent pumping along x and y
directions determined by Xαx and Yαy . In weakly nonlinear
1D systems the dispersive pumping was discussed in [19]
(see also [32]).
Meantime, unlike in the cases of nonlinear pumping in a

1D GPE [19] and in a 2D finite discrete lattice [20], the
domain of a quasilinear pumping cannot be reduced to zero,
because solitons of the 2D GPE do not bifurcate from the
linear modes. For a soliton of (1) to be created, the norm N
must exceed some threshold value Nth. Both Nth and Ncr
depend on the specific parameters of the OL and in our case
adiabatically vary in time. Therefore, these quantities are
understood below as the maxima: Nth;cr ¼ maxtfNth;crðtÞg,
where Nth;crðtÞ are the respective instantaneous values.
At N < Nth the pumping is quasilinear. At Nth < N < Ncr
the attractive nonlinearity can sustain stable 2D solitons
[35,36]. It turns out that in the solitonic regime two
different scenarios occur: a single-soliton pumping and a
multisoliton pumping. In the former case, when only one
soliton is created, the tunneling between neighboring lattice
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minima is suppressed by the attractive interatomic inter-
actions. If also ηð0Þ ¼ ζð0Þ ¼ 0, these quantities remain
small at t ¼ T and tend to zero at T → ∞ [32]. Below we
consider wave packets initially centered at Rð0Þ ¼ 0, for
which RðTÞ ≈RðTÞ. Then, since XαxðTxÞ ≈ πCx

αxðTxÞ
and YαyðTyÞ ≈ πCy

αyðTyÞ, for quasilinear and single-soliton
scenarios one can estimate [RT ≔ RðTÞ]

RT ≈ π
X

ν

ρνðTÞCν; Cν ¼ ðCx
αx ; nC

y
αyÞ: ð3Þ

Four comments are in order. First, at n > 1 Eq. (3) does
not allow for an equally accurate adiabatic description
(formally valid for T → ∞) of the displacements along x
and y directions, since the latter undergoes n cycles.
Second, RT includes the dependence on the band pop-
ulations ρνðTÞ, that makes the nonlinear dynamics non-
separable. Third, as we show below, in some cases the
formula (3) remains valid even at half-period t ¼ T=2.

Finally, transport may be accompanied by a nonadiabatic
process of splitting of the initial wave packet into several
solitons. Although then ηðtÞ and ζðtÞ cannot be neglected,
the approximation (3) remains meaningful for the inter-
pretation of the physical results.
For the illustration of the general picture described

above, we explore the potentials of the form (ξ ¼ x, y)

Vξðξ; tÞ ¼ −Vξ½cos2ξþ vξcos2ð2ξ − vξtÞ�; ð4Þ

where Vξ and vξ are positive amplitudes, and vξ ¼ π=Tξ

are the velocities of the relative motion of the constitutive
lattices. Starting with the case of equal periods Tx;y ¼ T
(and, hence, vx;y ¼ v ¼ π=T), in Fig. 1(a) we show an
example of the three lowest 2D bands of the above lattice
and their Chern numbers. All the results shown below are
obtained for the Gaussian wave packet Ψin ¼
A expð−r2=0.72Þ populating mainly the lowest band with
C1 ¼ ð0; 0Þ [Fig. 1(a)]. Respectively, in the quasilinear
regime, corresponding to the parameter domain I in
Figs. 1(b), no transport is observed, as predicted by (3).
Interestingly, this is a quantum effect since in the classical
limit a corresponding particle in the potential Vx þ Vy

would display a half-period shift in each direction (see [32]).
The boundary between I and II domains at Ath ≈ 0.87

corresponds to N ¼ Nth ≈ 0.57. Above this threshold a
stable 2D soliton is created. For moderate nonlinearities
0.87≲ A≲ 2 in the entire domain II, one still does not
observe appreciable c.m. shifts at t ¼ T. This can be
understood by considering the populations of the higher
bands during one-cycle evolution plotted in Fig. 2(a).
While weak nonlinearity couples the lowest (red line) band
with the second (green line) and third (blue line) bands
and tunneling does occur for t < T, the final distribution at
t ¼ T is characterized by the dominant population of only
the lowest band [ρ1ðTÞ ≈ 0.879 in Fig. 2(a)]. Respectively,
as predicted byRT ≈ 0 in (3), at t ¼ T the soliton is found

FIG. 1. (a) Evolution of 2D bands (grey domains with boun-
daries shown by color lines) over one cycle T of variation of the
potential (4) with Vx ¼ 5, Vy ¼ 4, vx ¼ 1.2 and vy ¼ 2. Here
ν ¼ 1, 2, 3 correspond to the pairs (1,1),(1,2),(2,1). The Chern
numbers are indicated in the panel. (b) The ðXc; YcÞ obtained
by the numerical simulations of Eq. (1) with Ψðr; 0Þ ¼
A expð−r2=0.72Þ vs A2, for T ¼ 100π. Domains indicated by
the encircled numbers correspond to different pumping regimes.
The dots indicate amplitudes for which numerical data are
obtained.

FIG. 2. Evolution of the population of the lowest bands for A2 ¼ 3 (a), 5.5 (b), 6.5 (c), and 7 (d). (e)–(j) Distributions jΨj2 for the
respective amplitudes at t ¼ T=2 and t ¼ T. The crossings of dashed lines indicate initial positions of the wave-packet centers. In (k) the
trajectory of the c.m. for different initial amplitudes ended up in the locations shown by the stars at t ¼ T=2 (dashed lines) and at t ¼ T
(solid lines).
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near the origin [Fig. 2(e)]. Meantime the trajectory at 0 <
t < T appears very irregular [red line in Fig. 2(k)]. The
observed long-time evolution is a numerical proof of the
dynamical stability of a soliton.
Further increase of the input wave packet amplitude,

corresponding to the domain III in Fig. 1(b), enhances the
interband tunneling, especially around t ≈ T=2 [Figs. 2(b)
and 2(c)]. At that instant the 1D lattices in (4) are π-shifted
and the amplitudes of the potentials Vξ acquire their
minimal values Vξ. Inspecting band populations one
observes that during the first half period most of the atoms
are in the lowest linear band, while right after the instant
T=2most of the atoms tunnel to the second and third bands
and new solitons are born. Now, the formula (3) is not
applicable anymore at t ¼ T, but it remains meaningful
at t ¼ T=2 (i.e., before the birth of new solitons) because
the Chern numbers Cξ

αξðTξÞ, considered as functions of
Tξ, remain topological quantities upon the replacement
Tξ → Tξ=2. Indeed, the HamiltoniansHξ with the potential
(4) are parity-time symmetric, ½PξT ; H� ¼ 0 where the
parity operators Pξ change ξ → −ξ and T is the time
reversal changing t → −t and performing complex con-
jugation. Bloch states of such Hamiltonians can also be
chosen parity-time symmetric. Then, using the Tξ perio-
dicity of the potential Vξðξ; tÞ, one can show [32] that
Cξ
αξðTξ=2Þ ¼ Cξ

αξðTξÞ=2, i.e., it is a (fractional) topological
index and one can consider transport for 0 ≤ t ≤ T=2. In
Figs. 2(f) and 2(h) we show density distributions at t ¼ T=2
for the cases that at t ¼ T have different numbers of
newborn solitons. In both cases the initial wave packets
have not undergone decay and have c.m. coordinates
RT=2 ¼ ð0.20; 0.22Þπ. Moreover, the soliton trajectories
in both cases are nearly the same: the blue and cyan dashed
lines in Fig. 2(k) are indistinguishable. On the other
hand, the half-period displacements predicted by Eq. (3)
for band populations ðρ1; ρ2; ρ3Þ ≈ ð0.38; 0.35; 0.27Þ and
(0.38,0.30,0.32) corresponding to the panels (f) and (h), are
RT=2 ≈ ð0.14; 0.18Þπ and RT=2 ≈ ð0.16; 0.15Þπ.
Thus, while the approximation (3) qualitatively explains

the observed quantized transport, it underestimates the
magnitude of the half-period displacement. This can be
explained by two factors. First, (3) uses the normalization
to N under the assumption that all atoms remain in the
soliton at t ¼ T=2, but in reality a small fraction of atoms
from the initial Gaussian wave packet Ψin is always
dispersed and does not contribute to the soliton. Thus, in
practice a soliton has smaller “mass” Ns than the total
norm,Ns ≲ N, and a correction factor f ¼ N=Ns should be
considered:R → fR. In our simulations f ≈ 1.1. Second,
the dynamics of band populations is characterized by initial
nonadiabatic evolution during the process of soliton for-
mation [small-scale oscillations at t ≪ T in Figs. 2(b) and
2(c)]. Thus, effectively the adiabatic evolution “starts” at
some t0 > 0. To check this we considered t0 ≈ 0.02T and

computed fR0.52T ≈ ð0.17; 0.22Þπ and fR0.52T ¼
ð0.21; 0.23Þπ for the above cases, which is in excellent
agreement with numerically obtained c.m. locations at
t ¼ 0.52T: ð0.21; 0.23Þπ and ð0.21; 0.22Þπ.
Thus, the domain III is characterized by two different

regimes: single-soliton transport until approximately T=2,
when the soliton loses its stability because of enhanced
interband tunneling [see Figs. 2(b) and 2(c)], followed by
multisoliton transport. The output density distributions at
t ¼ T are illustrated in Figs. 2(g) and 2(i). While the
displacement at T=2 weakly depends on the input ampli-
tude, at t > T=2 the dynamics crucially depends on A
determining the number of emerging solitons [cf. panels (g)
and (f)]. At t ¼ T all newborn solitons are centered in the
vicinity of the points ðm; nÞπ=2 where m, n ¼ 0, 1.
A counterintuitive result is obtained upon further

increase of the amplitude in the interval 6.6 ⪅ A2 ⪅ 8.7
[domain IV in Fig. 1(b)]. The initial wave packet evolves
into a single large-amplitude soliton composed of atoms
equally populating the topological second and third bands.
At t ¼ T this two-band 2D soliton is encountered at the
approximate position ðπ=2; π=2Þ [Fig. 2(j)] in agreement
with the formula (3). The right edge of the domain IV
corresponds to the critical norm Ncr ≈ 6.69 [A2

cr ≈ 8.7]
above which the BEC collapses. The collapse occurs at
a time much smaller than T [32]. When this happens the
mean-field GPE does not describe all observed effects [37],
requiring consideration of such effects as quantum fluctu-
ations [38,39].
Nonlinear quantized transport in 2D allows one to

consider nonequal periods of modulations along x and y
directions. To explore this possibility we consider the
potential (4) with Tx ¼ 2Ty ¼ T (vy ¼ 2vx). Figure 3
summarizes the results. For the chosen parameters the
total second gap of the 2D lattice closes at certain instants
of time [Fig. 3(a)], e.g., around t ¼ T=2 the second 2D
band acquires larger energy than the third one. At certain
times we also observe shrinking of the first finite gap
resulting in the enhancement of the interband tunneling
[Figs. 3(c)–3(e)]. Meantime, the gaps of the constitutive 1D
lattices (not shown here) remain permanently open.
Therefore, the definition of the Chern numbers (2), indi-
cated in Fig. 3(a), remain valid. Likewise, the formula (3)
with n ¼ 2 remains valid in the quasilinear regime [domain
I in Fig. 3(b)] and in a single-soliton regime [domain II in
Fig. 3(b)] that are analogous to respective regimes for equal
periods. Upon increase of the amplitude of the initial wave
packet we enter the domain, where the quantized transport
is carried by several solitons. Now the first event of strong
interband tunneling occurs approximately around t ≈ T=4.
For such an instant of time one cannot identify topological
indices. Therefore the formula (3) can suggest only a
qualitative interpretation of the results shown in Figs. 3(f)
and 3(g). Since all atoms remain in the lowest two bands
during the one-cycle evolution, the emerging solitons are
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located along the y axis at nearly equidistant points yn ≈
nπ=2 (with n ¼ 0; 1;…).
Finally, in the domain ④ in Fig. 3(b) we again observe

quantized transport carried by a large-amplitude soliton
[Fig. 3(h)]. The one-cycle displacement of the soliton,
ðπ=2; πÞ in Fig. 3(h) can be understood using (3) if we
consider it as a one-cycle shift of the second band soliton
πC2ðTÞ over the one period of lattice in the y direction, i.e.,
at T=2 where only the second band is populated [green line
in Fig. 3(e)], and subsequent displacement of the third-band
soliton πC3ðT=2Þ [blue line in Fig. 3(e)] over a half-period
of the x lattice.
We have described 2D nonlinear Thouless pumping of

an attractive BEC in an adiabatically varying commensu-
rate OL. The transport can occur in quasilinear, single-
soliton, or multisoliton regimes. The scenario is determined
by the dynamical Chern numbers of the linear bands and by
the band populations affected by nonlinearity-induced
interband tunneling. Single-soliton transport occurs for
relatively small and high-amplitude wave packets. For
amplitudes between these limits, the transport is carried
by several solitons born upon the decay of the initial wave
packet. The concept of 2D quantized transport remains
meaningful also for nonequal commensurate temporal
periods of the mutually orthogonal OLs. Nonlinear quan-
tum transport in continuous lattices with incommensurate
periods remains an open question.
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[26] L. Bergé, Wave collapse in physics: Principles and appli-
cations to light and plasma waves, Phys. Rep. 303, 259
(1998).

[27] G. Fibich, The Nonlinear Schrödinger Equation: Singular
Solutions and Optical Collapse (Springer, Heidelberg,
2015).

[28] B. B. Baizakov, B. A. Malomed, and M. Salerno, Multidi-
mensional solitons in a low-dimensional periodic potential,
Phys. Rev. A 70, 053613 (2004).

[29] D. Mihalache, D. Mazilu, F. Lederer, Y. V. Kartashov, L.-C.
Crasovan, and L. Torner, Stable three-dimensional spatio-
temporal solitons in a two-dimensional photonic lattice,
Phys. Rev. E 70, 055603(R) (2004).

[30] W. Kohn, Analytic properties of Bloch waves and Wannier
functions, Phys. Rev. 115, 809 (1959).

[31] N. Marzari, A. A. Mostof, J. R. Yates, I. Souza, and D.
Vanderbilt, Maximally localized Wannier functions: Theory
and applications, Rev. Mod. Phys. 84, 1419 (2012).

[32] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.129.183901, which in-
cludes Refs. [19,20,30,33], for derivation.

[33] G. L. Alfimov, P. G. Kevrekidis, V. V. Konotop, and M.
Salerno, Wannier functions analysis of the nonlinear
Schrödinger equation with a periodic potential, Phys.
Rev. E 66, 046608 (2002).

[34] R. D. King-Smith and D. Vanderbilt, Theory of polarization
of crystalline solids, Phys. Rev. B 47, 1651 (1993).

[35] B. B. Baizakov, B. A. Malomed, and M. Salerno, Multi-
dimensional solitons in periodic potentials, Europhys. Lett.
63, 642 (2003).

[36] B. B. Baizakov, B. A. Malomed, and M. Salerno, Multi-
dimensional solitons in a low-dimensional periodic poten-
tial, Phys. Rev. A 70, 053613 (2004).

[37] E. A. Donley, N. R. Claussen, S. L. Cornish, J. L. Roberts,
E. A. Cornell, and C. E. Wieman, Dynamics of collapsing
and exploding Bose-Einstein condensates, Nature (London)
412, 295 (2001).

[38] R. A. Duine and H. T. C. Stoof, Explosion of a Collapsing
Bose-Einstein Condensate, Phys. Rev. Lett. 86, 2204
(2001).

[39] V. A. Yurovsky, Quantum effects on dynamics of instabil-
ities in Bose-Einstein condensates, Phys. Rev. A 65, 033605
(2002).

PHYSICAL REVIEW LETTERS 129, 183901 (2022)

183901-6

https://doi.org/10.7566/JPSJ.89.114708
https://doi.org/10.7566/JPSJ.89.114708
https://doi.org/10.1103/PhysRevB.98.115147
https://doi.org/10.1103/PhysRevLett.128.154101
https://doi.org/10.1103/PhysRevLett.128.113901
https://arXiv.org/abs/2110.08696
https://doi.org/10.1038/s41586-021-03688-9
https://doi.org/10.1038/s41586-021-03688-9
https://doi.org/10.1103/PhysRevLett.117.213603
https://doi.org/10.1103/PhysRevLett.117.213603
https://doi.org/10.1038/s42005-019-0229-2
https://doi.org/10.1038/s42005-019-0229-2
https://doi.org/10.1103/PhysRevResearch.2.042024
https://doi.org/10.1016/S0370-1573(97)00092-6
https://doi.org/10.1016/S0370-1573(97)00092-6
https://doi.org/10.1103/PhysRevA.70.053613
https://doi.org/10.1103/PhysRevE.70.055603
https://doi.org/10.1103/PhysRev.115.809
https://doi.org/10.1103/RevModPhys.84.1419
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.183901
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.183901
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.183901
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.183901
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.183901
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.183901
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.183901
https://doi.org/10.1103/PhysRevE.66.046608
https://doi.org/10.1103/PhysRevE.66.046608
https://doi.org/10.1103/PhysRevB.47.1651
https://doi.org/10.1209/epl/i2003-00579-4
https://doi.org/10.1209/epl/i2003-00579-4
https://doi.org/10.1103/PhysRevA.70.053613
https://doi.org/10.1038/35085500
https://doi.org/10.1038/35085500
https://doi.org/10.1103/PhysRevLett.86.2204
https://doi.org/10.1103/PhysRevLett.86.2204
https://doi.org/10.1103/PhysRevA.65.033605
https://doi.org/10.1103/PhysRevA.65.033605

