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We extend the notions of multipole and subsystem symmetries to more general spatially modulated
symmetries. We uncover two instances with exponential and (quasi)periodic modulations and provide
simple microscopic models in one, two, and three dimensions. Seeking to understand their effect on the
long-time dynamics, we numerically study a stochastic cellular automaton evolution that obeys such
symmetries. We prove that, in one dimension, the periodically modulated symmetries lead to a diffusive
scaling of correlations modulated by a finite microscopic momentum. In higher dimensions, these
symmetries take the form of lines and surfaces of conserved momenta. These give rise to exotic forms of
subdiffusive behavior with a rich spatial structure influenced by lattice-scale features. Exponential
modulation, on the other hand, can lead to correlations that are infinitely long-lived at the boundary while

decaying exponentially in the bulk.
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Introduction.—Unconventional symmetries can give rise
to interesting phenomena, such as new equilibrium phases
of matter with novel low-energy features [1-8] and unusual
nonequilibrium properties such as subdiffusive transport
[9-15] and Hilbert space fragmentation [16—18]. Two cases
that have been investigated extensively in recent years are
multipole moment and subsystem symmetries. The latter
often exhibit “UV-IR” mixing [7,19-21]: Their long-
wavelength properties are sensitive to lattice-scale features,
leading to distinct field-theoretic and hydrodynamic
descriptions. The corresponding conserved quantities are
spatially modulated, Q,\ = > o gy, Where g, is some
local charge at location r. As such, they fail to commute
with spatial translations. For multipole conservation a,. is
a polynomial of the coordinates r; = x, y, z, while for
subsystem symmetries «, takes nonzero values only on a
spatial submanifold.

In the present Letter, we extend this notion to more
general cases of .. We show that such symmetries appear
in some simple, locally interacting systems and give
various examples in one (1D), two (2D), and three (3D)
dimensions. The symmetries we identify come in two
flavors. One type is (exponentially) localized at the
boundaries of the system, leading to infinitely long-lived
boundary correlations, resembling the physics of strong
zero modes [22]. The other type corresponds to the
conservation of certain momentum components of a local
observable. Interestingly, in 2D and 3D we find various
models where long-lived modes exist along some closed
hypersurfaces in momentum space, resembling systems
with Bose surfaces [7,23-26] and the UV-IR-mixing
phenomenon [19-21]. We will discuss the effect of these
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symmetries on the system’s dynamics and show that they
lead to unusual features in correlation functions, such as
long-lived spatial oscillations on microscopic scales.

Modulated symmetries.—We first consider a family of
1D models to introduce the notion of modulated sym-
metries. We consider stochastic cellular automaton dynam-
ics, which allow for large-scale numerical simulations,
although all of our models can be mapped to quantum
models that realize the same set of symmetries. We consider
a chain of classical discrete spins that take values s, €
{-S,...,8} oneachsite x =0, ..., L — 1. The dynamics is
generated by local gates G,, acting in a finite neighborhood
of site x. The effect of a gate of range # + 1 is described
by a set of integers n; such that, when applying G, = {n;},
the spins are updated as s,,; — s,,;,£n; with i€
{0, ..., —1}. The updates are applied probabilistically
among those for which |s,,; £ n;| < S, with symmetric
transition rates: At each application, either (i) s, ; —
Sey; +n; is applied or (ii) its inverse, s, ; = S,,; — 1,
or (iii) no update is made. The full evolution is given by a
random sequence of these gates [27].

We consider a family of models labeled by integers
g >1, p >0, defined by the gates

G,(rp’q) — {l’lo,n1,”2} = {6], P, q}’ (1)

acting on a three-site block centered around x. We notice
that, for 2g # p, these models do not conserve the
total charge Q@ =) ;s; or any of its higher moments.
Nevertheless, there still exist some global conserved
quantities, which we now construct.

© 2022 American Physical Society
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Consider the general ansatz Q{a_,-} =) ja;s;. Then
Q{aj} is a conserved quantity for the evolution generated

by G'¢) if and only if {a;} fulfills the recurrence relation
p
Ajip = ;%‘H —aj. (2)

As a linear recurrence, Eq. (2) admits a general solution in
terms of the roots r; and r, of the associated characteristic
equation

2-Pri1-0 3
. (3)

The solutions can be parametrized by the initial conditions
ag and «; [32], which implies that the model Eq. (1) has at
most two linearly independent conserved quantities of this
kind. Note that if ¢ divides p, then Q{aj} has an integer

spectrum and, thus, generates a representation of U(1);
otherwise, the symmetry is a unitary representation of the
additive group R [33]. As the second-order polynomial in
Eq. (3) is palindromic [34], its two roots r; and r, are
inverses of each other: r, = 1/r|. Thus, three different
scenarios can occur, depending on the ratio p/gq.

(i) Dipole conservation. 1f 2q = p, then r, =r; =1,
which leads to a general solution of the form
a; = ay + a, j; this reproduces the conservation of charge
and dipole moment. Although conserving higher m
moments of the charge requires longer-range gates [12],
one would find that r =1 is an (m + 1)-fold degenerate
root, so that @; includes the contribution ) " @, j". In fact,
r =1 will be the only root for the shortest-range gates
conserving the first m moments of the charge.

(ii) (Quasi)periodic modulation. 1f 2g > p, then
Eq. (3) has two complex solutions e** with k* =
arccos(p/(2g)) [35]. A general solution of Eq. (2) then
takes the form a; = ae™®/ + be™*J = Acos(k*j + ¢)
with constants a and b (equivalently, A and ¢) fixed by
ag and ;. Thus, although the total charge is not conserved,
some finite momentum component of it is. However, while
the recursion relation can always be solved in a system
with open boundary conditions (OBCs), the corres-
ponding momentum mode might not exist in a finite
system with periodic boundaries (PBCs). Indeed, we could
search directly for a conserved quantity of the form 4,=
> €Ms;, by plugging the ansatz a; = ¢’¥/ into Eq. (2),
which then becomes y (k) = cos(k) — (p/2q) = 0. We can
distinguish two possibilities, depending on whether the
solution k = k* is a rational multiple of 7 or not. According
to Niven’s theorem [37], the former is the case if and only if
p/(2q) € {0,+3,£1}; in this case, the modulation k* is
commensurate, having a finite periodicity on the lattice,
and the symmetry is exact for some finite system sizes
that are integer multiples of its period. In the more general
case, however, k* is incommensurate, the modulation is

quasiperiodic, and the conserved quantity does not exist for
any finite system with PBCs. Nevertheless, for sufficiently
large systems, there will be momentum modes that are
almost conserved, and the symmetry reemerges in the
thermodynamic limit.

(iii) Exponentially localized. For 2q < p, the solutions
ri, are real, positive, and nondegenerate. This implies
rp>1 and r,=1/ry <1, leading to two conserved
quantities exponentially localized at the two boundaries
of the system. Thus, it is more appropriate to instead label
solutions by the two end points & and a; _; [27] rather than
ag and ;. Note that, in this case, it is not possible to satisfy
the recursion relation with PBCs.

These models can be combined to construct longer-range
gates with the same conserved quantities [27]. Moreover,
allowing for p < O translates into ry, r, <0 for dipole
moment and exponentially localized symmetries, leading to
an additional staggering of the associated densities. See
Ref. [38] for an extended discussion.

Hydrodynamic description.—Continuous symmetries
provide long-lived modes that dominate the dynamics
at long times; this idea is at the base of hydrodynamics
[39-41]. Recent works investigated how hydrodynamics
changes in the presence of multipole and subsystem
symmetries [9-14], leading to subdiffusive transport.
However, not all models we have introduced conserved
the total charge, and, thus, the spin density is not the
relevant long-wavelength degree of freedom for which a
hydrodynamic theory should be written. Nevertheless,
these modes can be probed via the physically relevant
and accessible “infinite-temperature” spin-spin correlations

C(r,t) = s:(1)s9(0), where (- - -) denotes averaging over all
randomly chosen initial spin configurations and circuit
realizations. This approach captures the behavior of the
three types of models we introduced and has the advantage
of being easily generalized to higher dimensions.

Consider now periodically modulated symmetries cor-
responding to conserved momentum components of the
total spin. These can be identified by the vanishing of some
characteristic function, y(k) =0. To understand the
dynamical consequences, we will assume a description
in the spirit of linear hydrodynamics, which provides a
closed linear equation of motion for the relevant slow
degrees of freedom. In momentum space, this can be
written as 9,4y (1) = —w(k)dy (¢). The key difference from
more usual hydrodynamic descriptions is that we cannot
simply expand the “imaginary frequency” (k) near
k ~ 0. Instead, we have to take into account the slow
modes at finite momenta originating from the modulated
symmetries.

To obtain w(k), we require that (i) w(k) > 0, leading to
physically meaningful solutions, (i) w(k) = 0 < y(k) =0
to exactly capture the conserved momenta modes corre-
sponding to the relevant slow degrees of freedom, and
(iii) w(k) is analytic around these points. This latter

170601-2



PHYSICAL REVIEW LETTERS 129, 170601 (2022)

condition rules out w(k) being an odd power of |y(k)|. A
natural approximation that satisfies all these requirements
and should correctly capture the leading-order behavior in
the regimes where w(k)~0 is [42] w(k) ~ [y(k)[>. We
emphasize that this relation holds only for momenta k close
to the conserved modes at which y(k) = 0. One can check
that this approximation correctly captures the known
behavior in a variety of models, including those with
dipole conservation and subsystem symmetries [27].

Within linear response, the spin-spin correlator behaves
as the Green’s function of this equation of motion [39],
C(r, 1) = [dke™ &) We can rewrite this as

C(r=0,7) = Am dwp(w)e™™". (4)

The long-time decay is, therefore, determined by the
density of states (DOS) p(w) near w ~ 0 [43].

Consider G749 with 2g > p. Near the conserved
momentum k*, we have w(k* + k) ~ 6k*. This gives rise
to a DOS p(w) ~ w~!/?; inserting this into Eq. (4) yields a
diffusive scaling: C(0, f) ~ t~'/2. This is consistent with our
numerical results for (p,q) = (3,2), shown in Fig. 1(a),
and for longer-range gates [27]. Nevertheless, as this is not
an exact symmetry for PBCs, C(0, ) is expected to decay
exponentially at sufficiently late times [see data for L = 30
in Fig. 1(a)]. The situation changes for dipole conservation
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FIG. 1. Dynamics in 1D. Evolution of the spin-spin correlator

C(x, t) for the 1D models in Eq. (1). (a) C(0, ) for quasiperiodic
symmetries with S =5 and (p,q) = (3,2). (b) Exponentially
localized symmetries with S = 10 and (p, ¢) = (3, 1). The inset
shows the boundary correlation which is lower bounded by
Mazur’s bound (black dashed line). (c) and (d) Spatial correla-
tions for the model in (a): “dressed” scaling collapse of C(x, f) (c)
and its spatial Fourier transform C(k, 7), which becomes increas-
ingly peaked at k = +k* (d).

(2g = p). In this case, k* = 0, so the leading contribution
vanishes, and we instead have (k) ~ k*, recovering the
known subdiffusive scaling C(0, 1) ~ r~1/4 [9-12,44].

The role of finite-momenta modes becomes much more
apparent when we consider the spatial structure of the
correlations. Taking into account the slow modes around
k ~ 4k*, we obtain C(x,t) ~ t~'/2N (x/+/1) cos(k*x) with
N denoting a Gaussian function, i.e., diffusive behavior
modulated by a factor that oscillates at the microscopic
scale 1/k*. This behavior is numerically verified in
Figs. 1(c) and 1(d). Additional details on the numerical
implementation can be found in Ref. [27]. The influence
of finite (lattice-scale) momentum components in the
Brillouin zone (BZ) on long-time and large-distance
correlations can be seen as an infinite-temperature mani-
festation of UV-IR mixing in these models [19-21].

We can also apply our approximation to models
with exponentially localized symmetries. In this case,
w(k) ~ |y(k)|?> is finite everywhere, which indicates an
exponential decay of correlations. Nevertheless, there can
be a correction coming from the large density of states near
the minimum of (k). To see this, consider again the model
Eq. (1), but this time with 2g < p. The dispersion has a
minimum at k =0, and expanding around it we find
w(k) ~ (3k* — k3)?, with k§ = (2 — p)/(2q). Integrating
over k, we find the long-time asymptotic form C(0, 7)~
¢~%/./t. The numerical results shown in Fig. 1(b) are
consistent with this scaling for bulk correlations. However,
the exponentially localized symmetries have a strong effect
on the dynamics near the boundary, leading to infinitely
long-lived correlations, as one can prove using Mazur’s
inequality [27,45,46] [dashed line in the inset in Fig. 1(b)].

Generalization to higher dimensions.—We now general-
ize our discussion to 2D systems. We begin by constructing a
model which features the quasiperiodically modulated sym-
metries discussed above. However, in this case, the con-
served momentum components will not only lie at isolated
points in the BZ, but extend along continuous lines.

In our microscopic model, local gates G, , actona 4 x 4
block of a 2D square lattice in the vicinity of the site with
coordinates x, y. The gate is again specified by a set of
integers, such that G, :s,,; 1 = Sypiyp; = 15, with

G = {ngp, o3, n30,N33,711 1,112,131, nyo}

={1.1,1,1,-1,=1,=1,-1}, (5)

whose action is illustrated in Fig. 2(a).

This model has many U(1) symmetries: It 2conserveszthe
total charge, its dipole moment, and the Qiy> and Qiz_yz
components of the quadratic moment (however, it does not
conserve Q)(;)ﬂz). Moreover, it conserves the staggered

magnetization along all rows and columns: S, =
D=5y, and Sy =3 (=1)*s,, . However, these
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FIG. 2. Dynamics in 2D. (a) Schematics of a local gate
corresponding to Eq. (5). (b) Correlation function C(k, ¢) within
the Brillouin zone at ¢t = 10*. The solution of Eq. (7) is shown in
a green (dashed) line. (c) The autocorrelation decays as
C(0,1) ~log(t)/+/t. (d) Correlations C(x,t) are concentrated
along the two axes and show oscillations on lattice scales that
survive for long times.

do not exhaust the set of modulated symmetries of the
model. To detect additional modulated conserved quantities
Qa,y = > v apSp, wWe can look for nontrivial solutions of
the associated two-dimensional recurrence relation

Zni.jax+i.y+j =0. (6)
ij

Although a complete analytical solution of two-
dimensional recurrences might be feasible (e.g., via gen-
erating functions or rewriting it as a matrix equation), the
procedure can be quite involved and not leading to a closed-
form expression. Instead, we use the ansatz a, = ¢’*™ and
focus on periodically modulated symmetries. Equation (6)
then reduces to

7(k)= Zna_bei(“"xJ’bk)") xcos (k,/2)cos (k,/2)
a,b
x [cos(k,) +cos(k,) —2cos(k,)cos(k,)] =0. (7)

The solutions of y(k) = 0 are highlighted in green in
Fig. 2(b). The conservation of total charge corresponds to
the mode 34 at k = (0,0), while the staggered subsystem
symmetries S, and S, show up as the lines k, = = and
k. = =, respectively. Moreover, we find a set of contour
lines (forming a closed loop in the Brillouin zone) along
which the second line in Eq. (7) vanishes. As in 1D, each of
these corresponds to an exact symmetry for OBCs, whose

total number scales with the linear system size O(L) [27].
However, most points along these lines are not realized
exactly in a finite system with PBCs but become exact
symmetries only in the thermodynamic limit, leading to an
(infinite-dimensional) emergent symmetry group. While
straight lines in the BZ correspond, upon inverse Fourier
transformation, to symmetry operators that act along
columns or rows on the lattice, linear combinations of
symmetries lying along these contours do not lead to
subsystem symmetries and, instead, are delocalized on
the whole system [27].

As we saw, the asymptotic decay of C(0, 7) is governed
by the DOS near @ = 0. For the 2D model in Eq. (5), p(®)
picks up contributions from various parts of the BZ [see
Fig. 2(b)] [27]. We find that the leading contributions arise
from the five points where multiple lines of conserved
momenta meet. Around all of these points, p(w) ~
™12 log(w) and, consequently, C(0,¢) ~ t~'/?1log(t): sub-
diffusion with a logarithmic correction, similarly to the case
of U(1) subsystem symmetries [13] [the remaining parts of
the BZ provide a subleading p(w) ~ w~'/? contribution].
We confirm this numerically in Fig. 2(c). The finite
momentum contributions also lead to spatial oscillations
of C(x,t) at short scales [see Fig. 2(d)], which can be
clearly identified in its Fourier transform C(k, 7) shown in
Fig. 2(b), concentrated along the solutions of y(k) = 0.
Another consequence is that C(r, ) does not have full
rotational invariance but instead concentrates around the
two coordinate axes.

Equation (6) has additional solutions of the form
a, = ek ek eky [47] for open boundary conditions.
We expect them to have no effect on bulk correlations at
infinite temperature analogous to the 1D models we studied
above. Their effect on boundary dynamics will be explored
in an upcoming work.

Many other models which exhibit conserved momenta
along various shapes in the BZ exist, including ones that do
not conserve the total charge Q = > 5. An example is
shown in Fig. 3(a) [27]. The construction can also be easily
extended to higher dimensions. For example, in 3D, one
can find exact conserved quantities lying in intersecting
2D manifolds in momentum space [27] as we show in
Fig. 3(b). These symmetries lead to different scalings for
the correlations, depending on the details of |y(k)|. The
decay is at least as slow as C(0, ¢) ~ t~'/2, coming from the
fact that expanding the dispersion along a codimension 1
hypersurface (a line in 2D or a surface in 3D) is formally
similar to an expansion in one dimension. However, the
actual behavior can be much slower than this. For example,
in 2D, points where many conserved lines intersect [see
Fig. 3(a)] or ones where lines touch (rather than cross) can
lead to strongly subdiffusive dynamics [27].

A natural question is how to construct a complete
hydrodynamic description, which could be used to predict
the long-time behavior of the spin-spin correlations.
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FIG. 3. Generalizations with (quasi)periodic symmetries.
(a) Example of a 2D system which does not conserve total
charge and for which C(0,¢) ~log(t)/+/t. The figure shows
e P (b) 3D generalization of the 2D model in Eq. (5). The
figure shows the solutions of y(k) = 0.

One could decompose the spin density as s(r)~
> {kly(k)=0} e®T5.(r) and construct a hydrodynamic
theory for the relevant long-wavelength degrees of freedom
31 (r)’s, which could be further constrained by the con-
servation of higher moments of the charge. Although
addressing a different question, this approach is similar
to the expansion of the UV boson (fermion) in terms of
low-energy degrees of freedom lying close to the Bose
(Fermi) surface (see, e.g., Ref. [26]). Moreover, the
situation becomes rather complicated in two and higher
spatial dimensions, where infinitely many momenta lie
along different intricate shapes in the BZ. The derivation of
an appropriate hydrodynamic description is an interesting
challenge that we leave for future work.

Conclusions and outlook.—We introduced the notion of
spatially modulated symmetries that generalize both multi-
pole and subsystem symmetries. We provided two new
classes of such symmetries: quasiperiodically modulated
and exponentially localized ones. The latter are relevant for
the dynamics near the boundary, playing a role similar to
strong zero modes. The former lead to unusual behavior in
bulk correlations: subdiffusive decay and long-lived short-
wavelength oscillations, providing a hydrodynamic analog
of the phenomenon of UV-IR mixing, making long-time
dynamics sensitive to lattice-scale features. While here we
discussed thermal correlations, these models also appear to
host interesting examples of fragmentation which we plan
to explore in a future publication.

Although we focused on classical cellular automata, each
of our models can be easily related to a corresponding
quantum Hamiltonian, by mapping a gate G,, characteri-
zed by integers {n,}, to a local Hamiltonian term

@(S;‘f é""))m | + h.c. These quantum Hamiltonians possess
a

the same set of symmetries as their classical counterparts.
These also include additional Z, symmetries, which anti-
commute with the modulated ones, leading to strong zero
modes [22] for systems with exponentially localized
symmetries. Understanding their low-energy physics and

the relationship to previous studies of UV-IR mixing is an
exciting challenge. Moreover, 1D systems with such
quasiperiodic symmetries might be realized as effective
descriptions in the strong detuning limit of experimental
realizations of the Aubry-André model [48,49]. Finally,
generalizing our analysis of long-time dynamics to 3D is
another interesting open question.
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Note added.—Recently, we were informed of an indepen-
dent study of two-dimensional systems with dipole and
quadrupole conservation [50].

“These authors contributed equally to this work.

[1] Claudio Chamon, Quantum Glassiness in Strongly
Correlated Clean Systems: An Example of Topological
Overprotection, Phys. Rev. Lett. 94, 040402 (2005).

[2] Beni Yoshida, Exotic topological order in fractal spin
liquids, Phys. Rev. B 88, 125122 (2013).

[3] Sagar Vijay, Jeongwan Haah, and Liang Fu, A new kind of
topological quantum order: A dimensional hierarchy of
quasiparticles built from stationary excitations, Phys. Rev. B
92, 235136 (2015).

[4] Sagar Vijay, Jeongwan Haah, and Liang Fu, Fracton
topological order, generalized lattice gauge theory, and
duality, Phys. Rev. B 94, 235157 (2016).

[5] Michael Pretko, Subdimensional particle structure of higher
rank (1) spin liquids, Phys. Rev. B 95, 115139 (2017).

[6] Yizhi You, Trithep Devakul, F. J. Burnell, and S. L. Sondhi,
Subsystem symmetry protected topological order, Phys.
Rev. B 98, 035112 (2018).

170601-5


https://doi.org/10.1103/PhysRevLett.94.040402
https://doi.org/10.1103/PhysRevB.88.125122
https://doi.org/10.1103/PhysRevB.92.235136
https://doi.org/10.1103/PhysRevB.92.235136
https://doi.org/10.1103/PhysRevB.94.235157
https://doi.org/10.1103/PhysRevB.95.115139
https://doi.org/10.1103/PhysRevB.98.035112
https://doi.org/10.1103/PhysRevB.98.035112

PHYSICAL REVIEW LETTERS 129, 170601 (2022)

[7] Yizhi You, Julian Bibo, Frank Pollmann, and Taylor L.
Hughes, Fracton critical point in higher-order topological
phase transition, arXiv:2008.01746.

[8] Trithep Devakul, Yizhi You, F.J. Burnell, and S. L. Sondhi,
Fractal symmetric phases of matter, SciPost Phys. 6, 7
(2019).

[9] Pengfei Zhang, Subdiffusion in strongly tilted lattice sys-
tems, Phys. Rev. Res. 2, 033129 (2020).

[10] Andrey Gromov, Andrew Lucas, and Rahul M.
Nandkishore, Fracton hydrodynamics, Phys. Rev. Res. 2,
033124 (2020).

[11] Alan Morningstar, Vedika Khemani, and David A. Huse,
Kinetically constrained freezing transition in a dipole-
conserving system, Phys. Rev. B 101, 214205 (2020).

[12] Johannes Feldmeier, Pablo Sala, Giuseppe De Tomasi,
Frank Pollmann, and Michael Knap, Anomalous Diffusion
in Dipole- and Higher-Moment-Conserving Systems, Phys.
Rev. Lett. 125, 245303 (2020).

[13] Jason Iaconis, Sagar Vijay, and Rahul Nandkishore, Anoma-
lous subdiffusion from subsystem symmetries, Phys. Rev. B
100, 214301 (2019).

[14] Jason Iaconis, Andrew Lucas, and Rahul Nandkishore,
Multipole conservation laws and subdiffusion in any di-
mension, Phys. Rev. E 103, 022142 (2021).

[15] Paolo Glorioso, Jinkang Guo, Joaquin F. Rodriguez-Nieva,
and Andrew Lucas, Breakdown of hydrodynamics below
four dimensions in a fracton fluid, Nat. Phys. 18, 912
(2022).

[16] Pablo Sala, Tibor Rakovszky, Ruben Verresen, Michael
Knap, and Frank Pollmann, Ergodicity Breaking Arising
from Hilbert Space Fragmentation in Dipole-Conserving
Hamiltonians, Phys. Rev. X 10, 011047 (2020).

[17] Vedika Khemani, Michael Hermele, and Rahul
Nandkishore, Localization from hilbert space shattering:
From theory to physical realizations, Phys. Rev. B 101,
174204 (2020).

[18] Sanjay Moudgalya, Abhinav Prem, Rahul Nandkishore,
Nicolas Regnault, and B. Andrei Bernevig, Thermalization
and its absence within Krylov subspaces of a constrained
hamiltonian, arXiv:1910.14048.

[19] Nathan Seiberg and Shu-Heng Shao, Exotic u(l) sym-
metries, duality, and fractons in 3 + 1-dimensional quantum
field theory, SciPost Phys. 9, 046 (2020).

[20] Pranay Gorantla, Ho Tat Lam, Nathan Seiberg, and
Shu-Heng Shao, The low-energy limit of some exotic
lattice theories and uv/ir mixing, Phys. Rev. B 104,
235116 (2021).

[21] Yizhi You, Julian Bibo, Taylor L. Hughes, and Frank
Pollmann, Fractonic critical point proximate to a higher-
order topological insulator: How does uv blend with ir?,
arXiv:2101.01724.

[22] Paul Fendley, Parafermionic edge zero modes inZn-
invariant spin chains, J. Stat. Mech. (2012) P11020.

[23] Arun Paramekanti, Leon Balents, and Matthew P. A. Fisher,
Ring exchange, the exciton bose liquid, and bosonization in
two dimensions, Phys. Rev. B 66, 054526 (2002).

[24] Tiamhock Tay and Olexei I. Motrunich, Possible realization
of the exciton bose liquid phase in a hard-core boson model
with ring-only exchange interactions, Phys. Rev. B 83,
205107 (2011).

[25] Shouvik Sur and Kun Yang, Metallic state in bosonic
systems with continuously degenerate dispersion minima,
Phys. Rev. B 100, 024519 (2019).

[26] Ethan Lake, T. Senthil, and Ashvin Vishwanath, Bose-
luttinger liquids, Phys. Rev. B 104, 014517 (2021).

[27] See  Supplemental ~Material at  http://link.aps.org/
supplemental/10.1103/PhysRevLett.129.170601 for ana-
lytical derivations of the results stated in the main text
(decay of correlations in 2D, Mazur bounds, and real space
symmetries) as well as additional details regarding the
numerical implementation, which includes Refs. [28-31]
not appearing in the main text.

[28] James W. Miller, A matrix equation approach to solving
recurrence relations in two-dimensional random walks,
J. Appl. Probab. 31, 646 (1994).

[29] Sanjay Moudgalya and Olexei I. Motrunich, Hilbert Space
Fragmentation and Commutant Algebras, Phys. Rev. X 12,
011050 (2022).

[30] William Fulton, Algebraic Curves: An Introduction to
Algebraic Geometry (Addison-Wesley, Reading, MA,
1989).

[31] Tibor Rakovszky, Pablo Sala, Ruben Verresen, Michael
Knap, and Frank Pollmann, Statistical localization: From
strong fragmentation to strong edge modes, Phys. Rev. B
101, 125126 (2020).

[32] Equivalently, one can fix the boundary conditions a, and
ar_q.

[33] In general, one could enforce an integer spectrum via the
system-size-dependent normalization Qy,, — q* Qo)

[34] Steven Roman, Field Theory (Springer, New York, 2006).

[35] This can be generalized to longer-range gates using results
from Ref. [36].

[36] J. Konvalina and Valentin Matache, Palindrome-
polynomials with roots on the unit circle, Comptes Rendus
Mathématiques 26, 39 (2004).

[37] Ivan Niven, Irrational Numbers (Mathematical Association
of America, Oberlin, OH, 1956).

[38] Pablo Sala de Torres-Solanot, The role of unconventional
symmetries on the dynamics of quantum many-body sys-
tems (chapter 5), Dissertation, Technische Universitit
Miinchen, Miinchen, 2022.

[39] Dieter Forster, Hydrodynamic Fluctuations, Broken Sym-
metry, and Correlation Functions (CRC Press, Boca Raton,
2018).

[40] P. M. Chaikin and T. C. Lubensky, Principles of Condensed
Matter Physics (Cambridge University Press, Cambridge,
England, 1995).

[41] Benjamin Doyon, Lecture notes on Generalised Hydro-
dynamics, SciPost Phys. Lect. Notes 18 (2020), 10.21468/
SciPostPhysLectNotes.18.

[42] In principle, (k) could have an imaginary part. For the
systems we consider, this possibility is ruled out by
inversion symmetry. It would be interesting to understand
if such terms are allowed in other contexts.

[43] Sagar Vijay and Wenjie Ji (unpublished).

[44] Elmer Guardado-Sanchez, Alan Morningstar, Benjamin
M. Spar, Peter T. Brown, David A. Huse, and Waseem
S. Bakr, Subdiffusion and Heat Transport in a Tilted
Two-Dimensional Fermi-Hubbard System, Phys. Rev. X
10, 011042 (2020).

170601-6


https://arXiv.org/abs/2008.01746
https://doi.org/10.21468/SciPostPhys.6.1.007
https://doi.org/10.21468/SciPostPhys.6.1.007
https://doi.org/10.1103/PhysRevResearch.2.033129
https://doi.org/10.1103/PhysRevResearch.2.033124
https://doi.org/10.1103/PhysRevResearch.2.033124
https://doi.org/10.1103/PhysRevB.101.214205
https://doi.org/10.1103/PhysRevLett.125.245303
https://doi.org/10.1103/PhysRevLett.125.245303
https://doi.org/10.1103/PhysRevB.100.214301
https://doi.org/10.1103/PhysRevB.100.214301
https://doi.org/10.1103/PhysRevE.103.022142
https://doi.org/10.1038/s41567-022-01631-x
https://doi.org/10.1038/s41567-022-01631-x
https://doi.org/10.1103/PhysRevX.10.011047
https://doi.org/10.1103/PhysRevB.101.174204
https://doi.org/10.1103/PhysRevB.101.174204
https://arXiv.org/abs/1910.14048
https://doi.org/10.21468/SciPostPhys.9.4.046
https://doi.org/10.1103/PhysRevB.104.235116
https://doi.org/10.1103/PhysRevB.104.235116
https://arXiv.org/abs/2101.01724
https://doi.org/10.1088/1742-5468/2012/11/P11020
https://doi.org/10.1103/PhysRevB.66.054526
https://doi.org/10.1103/PhysRevB.83.205107
https://doi.org/10.1103/PhysRevB.83.205107
https://doi.org/10.1103/PhysRevB.100.024519
https://doi.org/10.1103/PhysRevB.104.014517
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.170601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.170601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.170601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.170601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.170601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.170601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.170601
https://doi.org/10.2307/3215145
https://doi.org/10.1103/PhysRevX.12.011050
https://doi.org/10.1103/PhysRevX.12.011050
https://doi.org/10.1103/PhysRevB.101.125126
https://doi.org/10.1103/PhysRevB.101.125126
https://doi.org/10.21468/SciPostPhysLectNotes.18
https://doi.org/10.21468/SciPostPhysLectNotes.18
https://doi.org/10.1103/PhysRevX.10.011042
https://doi.org/10.1103/PhysRevX.10.011042

PHYSICAL REVIEW LETTERS 129, 170601 (2022)

[45] P. Mazur, Non-ergodicity of phase functions in certain fermions in a quasirandom optical lattice, Science 349,
systems, Physica (Utrecht) 43, 533 (1969). 842 (2015).

[46] M. Suzuki, Ergodicity, constants of motion, and bounds for [49] Thomas Kohlert, Sebastian Scherg, Xiao Li, Henrik P.
susceptibilities, Physica (Utrecht) 51, 277 (1971). Liischen, Sankar Das Sarma, Immanuel Bloch, and

[47] We thank the anonymous referee for pointing out the Monika Aidelsburger, Observation of Many-Body Locali-
existence of these solutions in this model. zation in a One-Dimensional System with a Single-Particle

[48] Michael Schreiber, Sean S. Hodgman, Pranjal Bordia, Mobility Edge, Phys. Rev. Lett. 122, 170403 (2019).
Henrik P. Liischen, Mark H. Fischer, Ronen Vosk, [50] Oliver Hart, Andrew Lucas, and Rahul Nandkishore,
Ehud Altman, Ulrich Schneider, and Immanuel Bloch, Hidden quasi-conservation laws in fracton hydrodynamics,
Observation of many-body localization of interacting Phys. Rev. E 105, 044103 (2022).

170601-7


https://doi.org/10.1016/0031-8914(69)90185-2
https://doi.org/10.1016/0031-8914(71)90226-6
https://doi.org/10.1126/science.aaa7432
https://doi.org/10.1126/science.aaa7432
https://doi.org/10.1103/PhysRevLett.122.170403
https://doi.org/10.1103/PhysRevE.105.044103

