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The scalable production of multipartite entangled states in ensembles of qubits is a crucial function of
quantum devices, as such states are an essential resource both for fundamental studies on entanglement, as
well as for applied tasks. Here we focus on the U(l) symmetric Hamiltonians for qubits with dipolar
interactions—a model realized in several state-of-the-art quantum simulation platforms for lattice spin
models, including Rydberg-atom arrays with resonant interactions. Making use of exact and variational
simulations, we theoretically show that the nonequilibrium dynamics generated by this Hamiltonian shares
fundamental features with that of the one-axis-twisting model, namely, the simplest interacting collective-
spin model with U(1) symmetry. The evolution governed by the dipolar Hamiltonian generates a cascade
of multipartite entangled states—spin-squeezed states, Schrodinger’s cat states, and multicomponent
superpositions of coherent spin states. Investigating systems with up to N = 144 qubits, we observe full
scalability of the entanglement features of these states directly related to metrology, namely, scalable spin
squeezing at an evolution time O(N'/?) and Heisenberg scaling of sensitivity of the spin parity to global
rotations for cat states reached at times O(N ). Our results suggest that the native Hamiltonian dynamics of
state-of-the-art quantum simulation platforms, such as Rydberg-atom arrays, can act as a robust source of

multipartite entanglement.
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Introduction.—Quantum entanglement [1] is the distinc-
tive feature of many-body quantum mechanics, at the root
of its fundamental complexity and its potential as a
technological resource [2—4]. Generic pure states in the
Hilbert space have a large bipartite entanglement, captured
by entanglement entropies of a subsystem that scale like
the subsystem volume [5]; a similar scaling is observed in
states that are obtained, e.g., by evolving initially non-
entangled states with a generic interacting many-body
Hamiltonian for a macroscopic time, leading to quantum
thermalization [6]. Nonetheless, a more specialized form of
entanglement is widely recognized as a resource, namely,
“certifiable multipartite” entanglement, in which (1) the
number of inseparable degrees of freedom (also known as
entanglement depth [7]) is as big as a macroscopic fraction
of the system, and (2) such a depth can be efficiently
estimated with criteria based on the measurement of a few
observables. States of this kind allow for an efficient (i.e.,
scalable) entanglement certification [8], and they represent
the basis of quantum technology tasks, such as entangle-
ment-assisted metrology [3.,4]. Therefore, identifying
robust protocols that lead to an efficient and scalable
production of certifiable multipartite states—namely, of
states with an entanglement depth scaling polynomially
with the number N of degrees of freedom and in a time
scaling polynomially with N—is a central task of modern
quantum science and technology. In this Letter, we show
that scalable production of multipartite entangled states can
be achieved in qubit ensembles with U(l) symmetric
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dipolar interactions, which are most prominently realized
by Rydberg atoms with resonant interactions [9], among
other platforms [10-12]. Making use of state-of-the-art
time-dependent variational approaches, pushed to macro-
scopic evolution times, we show that two-dimensional
lattices of qubits interacting with dipolar couplings for
two spin components, initialized in a coherent spin state
along an interaction axis, evade generic thermalization;
and they develop paradigmatic examples of multipartite
entangled states, namely, spin-squeezed states [13,14] and
Schrodinger’s cat states [15,16]. The dynamics of dipolar
systems is found to exhibit a deep similarity to that of the
paradigmatic model of collective-spin interactions, namely,
the one-axis-twisting (OAT) Hamiltonian [13]. In particu-
lar, we observe catlike states in dipolar lattices for up to
N = 144 qubits—a remarkable observation in a system
with non-mean-field interactions. Our Letter paves the way
for the scalable production of multipartite entanglement in
dipolar quantum simulators.

Certifiable multipartite entanglement.—We specialize
our attention to the case of qubit ensembles, whose most
basic description is achieved in terms of the collective-spin
operator J = YV | §,, where S;’s represent spin-1/2 oper-
ators for each of the N qubits. A primary example of
certifiable multipartite entanglement in qubit ensembles is
offered by spin-squeezed states [13,14], namely, entangled
states that are characterized by a finite net spin orientation
(J); and by relative fluctuations of one collective-spin
component transverse to the average orientation that are
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FIG. 1.

(a) Cascade of entangled states observed in the OAT model and in this Letter—here we only indicate even-headed cat states,

but g-headed states with odd ¢ exist as well, at times ¢ = 2z1/g. (b) Dynamics of the average spin (J*)(7) for the dipolar XX model on
the square lattice. (c) Fourier transform (J*) (@), for coherence with the y-axis label in the figure. (d) Effective moment of inertia for the
square (Squ) and triangular (Tri) dipolar lattices as extracted from the TVMC dynamics (squares and triangles) and estimated from the
low-energy spectrum (dashed lines). The specific combination ﬂlf\fff)j represents the time of the ¢ = 2 cat state.

reduced with respect to all fully separable states. The
relative fluctuations are captured by the spin-squeezing
parameter [14]

_ Nmin, Var(J*)
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where the minimization is made over the plane
perpendicular to (J), and spin squeezing amounts to the
condition £ < 1. Spin squeezing is an entanglement wit-
ness [17] and it is an entanglement-depth estimator: £ <
1/k with k > 1 guarantees that a state is not k-producible,
namely, the smallest block of entangled qubits is composed
of k+ 1 elements [18-20]. Moreover, when subject to
rotations ¢~ around the antisqueezed direction J',
(perpendicular to both (J) and to the squeezed component),
spin-squeezed states allow for an estimate of the angle of
rotation with an uncertainty 80 = £z/+/N below the so-
called standard quantum limit (60)gq = 1/ V/N. A second
example of certifiable multipartite entanglement is offered
by Schrodinger’s cat [or Greenberger-Horne-Zeilinger
(GHZ) [21]] states. Introducing the coherent spin state
(CSS) with all spins polarized along the n direction,
|CSS,,) = |n)®"—with | +nr) a generic qubit state with
Bloch vector +n—the most general form for a cat state (up
to local unitaries) is |GHZ,) = (|CSS,,) + ¢|CSS_,))/
/2. This state has an entanglement depth of N and, when
rotated around the n direction with the unitary e~/ it
allows for an estimate of the rotation angle with uncertainty
660 = 1/N, representing the ultimate (Heisenberg) limit for
phase estimation. A generalization of the cat state is offered
by so-called g-headed cat states [15], which are super-
positions of g CSSs along directions n, (p =0,...,q — 1)
in, e.g., the xy plane, forming an angle of 2zp/q with the x
axis: |gcat) = A1 970 ¢ |CSS,,,) with complex c¢

p=0"~p P

coefficients of unit modulus and A as a normalization
factor.

Long-range interacting XX Hamiltonians and OAT
model.—In this Letter, we show how spin-squeezed states
and catlike states are generated along the unitary dynamics
initialized in the coherent spin state |CSS,) with n =e,;
and governed by the long-range XX ferromagnetic
Hamiltonian

_J

Ha—XX = /\7

1 '
Sssess). Q)

where J > 0 is the coupling constant, r;; is the distance
between the ith and jth spins, and N\, is a normalization
factor ensuring an extensive energy. Throughout this Letter,
we shall consider spins arranged on a planar lattice with
N =L x L sites and periodic boundary conditions; we
shall present results for both the square and the triangular
lattice. All of our results are for dipolar (¢ = 3) interactions
(for which we can take N3 = 1), so as to realize with
Eq. (2) the Hamiltonian of resonantly interacting Rydberg
atoms [9]. Recent experiments [9,22-24] use pairs of
Rydberg states of Rb atoms with principal quantum number
n Z 60 to encode qubits. For these states, the coupling
constant 7 can be either positive or negative depending on
the chosen states—the sign being irrelevant for the dynam-
ics initialized in the CSS, state [25], so that we shall choose
J > 01in what follows. For the typical interatomic spacings
used in the experiment, one has that 7 ~ 2z x 1 — 10 MHz
(taking 2 =1).

In order to understand the dynamics of the dipolar
system, a fundamental reference is offered by the limit
a=0. In this limit, taking N, =N, one obtains
ooy = [(F52/20) + ¢, with ¢ =—(T/2N)J + 7 /4
as a constant factor, since the Hamiltonian commutes with
J?. The latter Hamiltonian is the OAT model [13] of a
planar rotor with moment of inertia I = N/J, whose
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dynamics is exactly solvable. When the dynamics is
initialized in the |CSS,) state, this model is known to
generate a cascade of entangled states [4,13,15,16] [see
Fig. 1(a) for a sketch], namely, (1) at a time 7, ~N'/3, a
spin-squeezed state for & ~ N~2/3, and (2) (with N even)
at times ¢, = 2nl/q a g-cat state—in particular, a GHZ
state of the kind |GHZ,) = (|CSS,) + i|CSS_,))/v/2 for
tguz = 7l. The OAT Hamiltonian can be realized with
spinor Bose condensates in a single spatial mode, and spin
squeezing has been observed in seminal experiments
[26-28] (see also Ref. [29] for a trapped-ion realization);
more recently, its implementation with superconducting
circuits has allowed for the generation of (g-headed) cat
states with up to N =20 qubits [30]. The full OAT
dynamics is also realized with large single-atom spins in
Dy gases [31]. Several theoretical works have explored the
effective realization of OAT dynamics in similar models
[32—-37], as well as the entanglement and Bell nonlocality
content of the generated states [38—41]. The main result of
this Letter is that the same sequence of entangled states
generated by the OAT dynamics can be realized with the
dipolar Hamiltonian (2) with @ = 3 for Rydberg atoms,
with metrological qualities of the produced states that have
the same scaling behavior as in the ideal case of the OAT
dynamics. This result is far from trivial, as the OAT model
is integrable (with nonthermalizing dynamics), while the
dipolar Hamiltonian is expected to be chaotic (see dis-
cussion below).

Time-dependent variational dynamics.—To investigate
the scalable production of entangled states along the
dynamics generated by the dipolar XX model, we compute
the exact dynamics up to N =20 qubits [42,43], and
for larger N we employ a time-dependent variational
Monte Carlo (TVMC) scheme [44,45], based on the
pair-product (or spin-Jastrow) wave function [46]
[W(1)) =2 > 6 [k cjk(0), oi 1)|6), Where o; is the state
of the ith spin on the computational basis (eigenbasis of S7).
The evolution of the pair coefficients ¢ is dictated by the
time-dependent variational principle. This wave function
captures exactly the dynamics of the OAT model [36];
as shown in the Supplemental Material [47], it remains
extremely accurate in the case of @ = 3 on planar lattices
when compared with exact calculations for small sizes;
and it allows us to push the calculation of the dynamics to
sizes N ~ 100 and to reach macroscopic evolution times
tJ ~O(N) thanks to its small number of variational
parameters [O(N) with translational symmetry].

OAT-like dynamics of a planar dipolar array.—To
establish a first link between the OAT dynamics and the
dynamics of the dipolar XX model, we investigate the time
evolution of the average collective spin, whose only
component that is not identically zero is (J*)(¢).
Figure 1(b) shows the time evolution of (J*), exhibiting
the characteristic pattern of the OAT dynamics, with an
inversion of the collective-spin orientation at time f;,,
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FIG. 2. (a) Evolution of the spin-squeezing parameter for the

dipolar XX model on a square lattice, where the circles mark the
optimum. (b) Scaling of the optimal squeezing value and optimal
squeezing time (with Kac normalization K 5{,” [47]), showing
exponents v = 0.72 and u = 0.36 (to be compared with v = 2/3
and u = 1/3 for the OAT model).

followed by a revival of the original orientation at time
tey- These two events occur at times 27/ and 4zl in the

OAT dynamics, and therefore they allow us to define an

effective size-dependent moment of inertia I;f;’ff) for the

dipolar system such that ¢, = 27:15\?&) and t,, = 4711;5“).

The effective moment of inertia / 55“) for the dipolar square
and triangular lattices is shown in Fig. 1(d), and it is found
to scale linearly with N; in particular, the triangular lattice
has a smaller 15\7“) due to its higher connectivity, guaran-
teeing a faster dynamics. In fact, as further discussed in the

Supplemental Material [47], 1 Ef;ff) can be predicted ab initio
by inspecting the low-energy excitation spectrum for a
small system (N = 16) and recognizing in it the character-
istic planar rotor spectrum (known as the Anderson tower

of states [36,50,51]). This allows us to extract the moment

of inertia Ig\ff:f)m, which can then be appropriately rescaled

to an arbitrary size N by using Kac renormalization factors,
in very good agreement with the moment of inertia
extracted directly from the time dependence of system of
size N [see Fig. 1(d)]. The Fourier transform of (J*)(¢)
further reveals the nature of the low-lying energy spectrum
of the system as that of a planar rotor: indeed, as J*
connects states with J° = M differing by one unit, one
expects [47] to see characteristic frequencies with energies
ol = [(M +1)> = M?]/2 = M + 1/2, which is pre-
cisely what is observed in Fig. 1(c).

Squeezed states and OAT scaling.—The first class of
multipartite entangled states produced by the Hamiltonian
dynamics is represented by spin-squeezed states. Figure 2
shows the time evolution for the squeezing parameter for
various system sizes: scalable squeezing is exhibited, with a
scaling of the optimal squeezing time and value that is
compatible with the behavior of the OAT model. Our
results are consistent with those of Ref. [33], based on an
independent semiclassical calculation.

Multi- and double-headed cat states.—The squeezing
dynamics is followed by the generation of oversqueezed
states: their entanglement pattern is best recognizable at
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FIG. 3. (a) Sketch of the g-cat states studied here—the balls

indicate the coherent states involved in the ¢-cat state.
(b) Distributions P(J*) obtained at the times of formation of
the cat states with ¢ = 6, 4, and 2, obtained via exact calculations
on a 5 x 4 square lattice—only the P values for even J* are
indicated, as the probability for the odd J* values vanish
identically, since the Hamiltonian is parity conserving.
(c) Log-lin plot of the tail of the peaks for the ¢ = 2 cat state;
the dashed line is the fit to an exponential.

times 271™) /¢, at which these states are expected to take
the form of g-cat states [see Fig. 3(a) for a sketch]. In order
to detect the appearance of a g-cat state, we inspect the
probability distribution P(J*) for the J* spin component
[52], reconstructed via exact calculations in Fig. 3(b) (while
in the Supplemental Material [47] we show a TVMC study
of the overlap with the |g-cat) states). At times 2717 /4,
the P(J*) distribution exhibits a multipeaked structure,
reflecting the appearance of a g-cat state as superposition of
several CSSs with discrete projections along the J* axis. In
particular, we observe a characteristic four-peak structure
for the ¢ = 6 cat state, a three-peak structure for the ¢ = 4
cat state, and a two-peak structure for the ¢ = 2 cat/GHZ
state. In the latter case, the distribution associated with the
ideal cat state would be P(J*) = 1/2 for J* = £N/2 and
zero otherwise, while the dipolar cat state exhibits instead
two peaks with a tail. Nonetheless, as shown in Fig. 3(c),
the tail in question decays exponentially when moving
away from the maxima; this localized structure of the
distribution around its maxima has important consequences
that we shall further explore below.

In spite of their different multipeak structures, the
distributions for the g > 2 cat states have nearly the same
variance, as shown in Fig. 4(a); therefore, their specific
nature is only seen via higher moments. On the other
hand, the ¢ = 2 cat/GHZ state stands out for its variance
Var(J*), which attains the maximum possible value of
N?/4 for N qubits in the case of the ideal cat state; while it
attains a value that approaches this maximum in the case of
the state generated by the dipolar dynamics. As shown in
Fig. 4(b), for the system sizes of interest the maximum of
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FIG. 4. (a) Time evolution of 4Var(J*)/N? compared to that of

the inverse uncertainty on phase estimation from the evolution of
the parity—the results are for a square lattice with N = 100.
(b) Size dependence of the maximal variance of J* during time
evolution, for both square and triangular lattices.

the variance Var(J*) reached for dipolar cat states scales
indeed with N2, attaining a value which is > 90% of its
maximum. Even though we do not have access to the P(J*)
distribution within the TVMC approach, this result is fully
coherent with the distribution remaining exponentially
localized around +£N/2 values up to the largest systems
we considered.

Heisenberg-limited interferometry using parity.—The
dipolar cat state of maximum variance Var(J*) differs
from the ideal GHZ state in that it contains pairs of
macroscopically distinct states other than |CSS.,), as
evidenced by the P(J*) distribution [Fig. 3(b)]. As a
consequence, its overlap with the ideal GHZ state degrades
with system size, as shown in the Supplemental Material
[47]. Yet the state retains macroscopic quantum coherence,
which is at the root of its extreme metrological sensitivity,
representing the most significant consequence of its macro-
scopic entanglement depth. A fundamental figure of merit
for the entanglement content of catlike states is provided
by their sensitivity to rotations U(#) = e~", which is
best captured by the 6 dependence of the expectation value
of the parity operator P¢ = [[;(2S7), namely, (P%), =
(P(1)|U(-0)P*U(0)|¥(¢)). The quantum Cramér-Rao
bound [4] imposes that
d(P?),

7 < QFI(J*) < 4Var(J),

: 3)

where the left-hand side expresses the inverse squared
uncertainty (50)~2 on the angle estimation using the parity
measurement, and QFI(J*) is the quantum Fisher informa-
tion associated with the J* operator, which in the case of
pure states coincides with the upper bound given by
4Var(J*). Our TVMC calculations allow us to reconstruct
the left-hand side of the inequality (3) for 8* = 0 [47]. The
result is shown in Fig. 4(a) and compared to 4Var(J*):
there we see that, upon formation of the dipolar cat state,
the inequality chain of Eq. (3) collapses to an identity,

1
max
0= Var(P%),_g
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showing that the measurement of the parity around * = 0
is optimal, as expected for cat states. This optimality is
observed for all the system sizes we considered: therefore,
the fact that 4Var(J*) ~ aN?> with @ > 0.9 [as shown in
Fig. 4(b)] allows us to conclude that dipolar cat states can
attain the Heisenberg scaling for interferometric precision
and they can achieve > 90% of the Heisenberg limit.

Discussion and conclusions.—We have shown that
planar qubit arrays with dipolar interactions can reproduce
the entanglement dynamics of the one-axis-twisting
Hamiltonian, with the scalable production of spin-squeezed
states and catlike states. This result is rooted in the deep
correspondence between the low-energy spectra of the two
models, taking the form of a tower of states for a planar
rotor. Nonetheless, the cascade of entangled states and the
revivals of the initial state observed in this Letter are in clear
contradiction with the picture of quantum thermalization of
closed quantum systems [53], in which local observables
should exhibit small fluctuations around their thermody-
namic equilibrium value. This observation is at odds with
the fact that the dipolar spin model is expected to be a
nonintegrable one. The deviation of the observed dynamics
with respect to standard thermalization can be understood
within a picture in which the collective spin and the
fluctuations of the spins at finite momentum effectively
decouple, as we shall present in a forthcoming publication;
nonetheless, this decoupling is only approximate and
should break down at sufficiently long times. Yet our
observation is that dipolar systems comprising N ~ O(100)
qubits—currently accessible experimentally with Rydberg-
atom arrays [54,55]—do not show any significant
degradation of the decoupling picture up to macroscopic
evolution times ~O(N). This fundamental property of
dipolar Hamiltonians implies that atomic quantum simu-
lators realizing dipolar qubit ensembles with U(1)
symmetry—Rydberg atoms [9], as well as dipolar mole-
cules [10], trapped ions [29,56], magnetic atoms [12],
etc.—have the potential to reach unprecedented levels of
multipartite entanglement, including cat states with N >
100 and Heisenberg scaling of metrological properties. The
latter scaling requires the measurement of the parity, which
is perfectly accessible in state-of-the-art quantum simula-
tors granting single-qubit addressability. In the specific case
of Rydberg atoms with resonant interactions, the ~O(N)
evolution times required to reach large cat states may
appear out of reach due to the finite lifetime of the Rydberg
states; but the lifetime can be extended far beyond the
requirements of our observations when using, e.g., circular
Rydberg states [57].

We acknowledge useful discussions with A. Browaeys
and I. Frérot. This work is supported by the Agence
Nationale de la Recherche (EELS project, ANR-18-
CE47-0004) and by QuantERA (“MAQS” project). All

numerical simulations have been performed on the PSMN
cluster of the ENS of Lyon. Exact results have been
obtained through the QuSpin package [42,43]. Supporting
numerical data are available in Ref. [58].
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