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Existing methods for the creation of subwavelength resonators use either structures with negative
permittivity, by exploiting subwavelength plasmonic resonances, or dielectric structures with a high
refractive index, which reduce the wavelength. Here, we provide an alternative to these two methods based
on a modification of the modes of dielectric resonators by means of an active medium. On the example of
the dielectric active layer of size substantially smaller than a half-wavelength of light, we demonstrate that
there is a gain at exceeding of which the change in phase due to the reflection at the layer boundaries
compensates the change in phase due to propagation over the layer. Above this value of the gain, an
unconventional mode forms, in which the phase shift after a round-trip of the light is zero. We show that this
mode can be exploited to create a laser, the size of which is much smaller than the wavelength of the
generated light and scales inversely with the square of absolute value of the refractive index in the active
medium. Our results pave the way to creation of dielectric lasers of subwavelength size.
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Introduction.—Creation of subwavelength resonators and
light localization are of great importance from the points of
view of both the possible applications and fundamental
physics. Among the practical applications are high-
sensitivity sensors [1–4], biochemical microscopy and
sensing [5–11], photonics, and optoelectronics [12–20].
The common theme in these applications is focusing light
within a small volume, either for high-precision measure-
ments or fast response times. There is also interest in the
theoretical investigation and experimental creation of strong
[21–33] and ultrastrong light-matter interactions [34–36].
The use of dielectric structures for subwavelength

localization has been deemed impossible, since the
Helmholtz equation restricts the minimal possible size of
a cavity based on a dielectric structure placed in a vacuum.
For example, the cavity based on a dielectric slab without
gain and loss needs to be at least as large as l0 ¼ λ=2

ffiffiffi
ε

p
[37], where ε is the layer permittivity. In this case, the phase
acquired by the light after a full round-trip over the cavity is
equal to 2π. Similar restrictions apply to other types of
dielectric resonator—for example, dielectric Mie particles
[38]. Using materials with high values of permittivity
enables the cavity size to be reduced [38–43]. Despite
practical significance [38–40,44–48], this approach pro-
vides a quantitative rather than a qualitative solution to the
problems arising due to the diffraction limit. In optics, the
additional limitation of this method is that the refractive
indexes of known materials are limited to small numbers
(n ∼ 4) [38].
The subwavelength localization of electromagnetic

fields can be achieved via surface plasmon resonances

[1,2,8–12,19,20,49–54]. This type of resonance only arises
in structures containing materials with both positive and
negative permittivity. This enables eigenmodes in which
the amplitude of the electric field reaches a maximum near
the interface between two materials with permittivities of
opposite signs and decreases with the distance from this
interface [53]. At appropriate values of the permittivity, this
decay causes subwavelength localization of light. However,
plasmonic nanostructures typically have large ohmic losses
[55,56], which gives rise to the necessity of using gain
materials for nanoscale light localization.
Until recently the gain media used in such structures have

been considered asmaterials that only reduce the losses in the
electromagnetic (EM) modes formed by the dielectric or
plasmonic structure itself [56–58]. It has only recently been
understood that gain materials can substantially change the
eigenmodes of the optical system [59,60]. For example, the
use of amplifying and absorbing layers allows for the creation
of an optical parity-time symmetrical structure [61–75],
in which the change in the gain coefficient can lead to
a spontaneous symmetry breaking of the eigenstates
[62,63,65]. The use of these structures makes it possible to
create new types of lasers [26,33,60,76–80], sensors [81–84],
and waveguide systems [85–88].
Inspired by these achievements, the question arises

as to whether it is possible to create a dielectric resonator
of subwavelength size by using an active medium. In this
Letter, we give a positive answer to this question. We
show for the first time that an active medium promotes
the formation of a gain-assisted (GA) mode that is
characterized by a zero phase shift of the EM wave after
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a full round-trip over the cavity. This mode can exist in an
active dielectric layer of thickness much smaller than one
half-wavelength of light in the medium. We propose a
concept of a dielectric laser of subwavelength size based on
the GA mode.
Scattering matrix for a dielectric layer with active

medium.—We study the scattering of EM waves by a
dielectric layer of thickness l placed in free space (Fig. 1).
We consider that the layer is made of an isotropic material
described by a complex relative permittivity εðωÞ and a
relative permeability μ ¼ 1. Because of the isotropy of the
material, the scattering is the same for both light polar-
izations and we consider only one of them.
The scattering matrix for this system is [89]

SðωÞ ¼
�
rLðωÞ tðωÞ
tðωÞ rRðωÞ

�
; ð1Þ

where tðωÞ is the transmission coefficient, and rLðωÞ and
rRðωÞ are the reflection coefficients from the left and right
sides of the layer, respectively. Because of the mirror
symmetry of the system, these coefficients are equal to
each other, rLðωÞ ¼ rRðωÞ ¼ rðωÞ. The transmission coef-
ficients in the two opposite directions are equal to each
other as well, in accordance with the Lorentz reciprocity
theorem [90].
The transmission and reflection coefficients, and,

accordingly, the scattering matrix of active layer have
poles at certain frequencies ωk determined by the following
well-known condition [91,92]:

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε0k þ iε00k

p
− 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε0k þ iε00k
p þ 1

�2

exp
�
2i
ωk

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε0k þ iε00k

q
l
�

¼ 1: ð2Þ

Here, εðωkÞ ¼ ε0k þ iε00k is the layer permittivity and ε0k and
ε00k are the real and imaginary parts of the permittivity at the
pole frequency ωk.
For an absorbing layer, the frequencies of all poles are in

the lower half of the complex frequency plane. An increase
in the gain in the active medium causes the poles to move
upward in the complex frequency plane. When at least one

of the poles lies in the upper half of the complex frequency
plane, lasing takes place in the system [76,89,91,92].
The Eq. (2) condition is reduced to amplitude and phase

conditions [91,93,94]. The amplitude condition is obtained
by taking the modulus of both sides of Eq. (2) [91] and
corresponds to compensation radiation loss by amplifica-
tion [91,93,94]. The phase condition requires that the phase
shift of the EM field per one round-trip over the layer is a
multiple of 2π [91,93,94], i.e.,

ωk

c
Re

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε0k þ iε00k

q
lþ arg

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε0k þ iε00k

p
− 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε0k þ iε00k
p þ 1

�
¼ πm; ð3Þ

where m is an integer.
The existence of a Fabry-Perot mode in the layer is

associated with fulfillment of the Eq. (3) phase condition,
which determines the frequencies of the modes. It is usually
assumed that the minimal thickness of a layer that supports
a Fabry-Perot mode is l0 ¼ λ=ð2Re ffiffiffi

ε
p Þ. Therefore, the

minimal size of the dielectric resonator appears to be
limited by the diffraction. However, the resonant Eq. (3)
phase condition is formally satisfied form ¼ 0. In this case,
the phase shift of the EM field for each round-trip over the
layer is zero. For a passive layer, this situation corresponds
to zero layer thickness l ¼ 0 and therefore the resonance for
m ¼ 0 is usually disregarded.
Below we show for the first time that in the presence of

the negative imaginary part of permittivity, resonance for
m ¼ 0 becomes possible for a layer of finite thickness.
Condition for the existence of a gain-assisted mode in

the subwavelength layer.—The Eq. (3) phase condition for
m ¼ 0means that the total phase acquired after one round-trip
inside the cavity is equal to zero. This total phase shift Δϕ is
equal to the sum of the phase shifts arising from propagation
Δϕpr ¼ 2lRe½ ffiffiffiffiffiffiffiffiffiffi

εðωÞp �ω=c ¼ 4πlRe½ ffiffiffiffiffiffiffiffiffiffi
εðωÞp �=λ and from

reflection, ΔϕrefðωÞ ¼ 2 arg ð ffiffiffiffiffiffiffiffiffiffi
εðωÞp

− 1=
ffiffiffiffiffiffiffiffiffiffi
εðωÞp þ 1Þ.

In a finite layer (l > 0) without both amplifying and
absorbing medium (Imε ¼ 0), the zero phase shift con-
dition is not satisfied. Indeed, for a dielectric layer with
ε > 1 placed in a vacuum with εv ¼ 1, we have Δϕpr ¼
2l

ffiffiffiffiffiffiffiffiffiffi
εðωÞp

ω=c ¼ 4πl
ffiffiffiffiffiffiffiffiffiffi
εðωÞp

=λ > 0, whereas Δϕref ¼ 0.

FIG. 1. Scheme of the system under consideration: a single
layer with gain placed in free space. The relative permittivity in
the gain layer is εðωÞ ¼ ε0ðωÞ þ iε00ðωÞ where ε00ðωÞ < 0. The
relative permittivity of free space εv ¼ 1.

FIG. 2. Dependence of the phase shifts Δϕpr (solid blue line),
Δϕref (dashed red line), Δϕtot ¼ Δϕpr þ Δϕref (dotted black line)
on (a) α at the transition frequency,ω ¼ ω0; (b) on the frequencyω
in the case of an amplifying medium, α ¼ 0.02ω0. The parameters
are γ ¼ 0.01ω0; ε0 ¼ 1.2; l ¼ 0.1λ0, where λ0 ¼ 2πc=ω0.
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Hence, to satisfy the resonance condition, Δϕpr must be at
least as large as 2π. In other words, the size of the dielectric
layer needs to be at least half of the wavelength of light in
the medium.
This situation changes significantly if the permittivity has

a negative imaginary part. To be specific, we consider the
activemedium of two-level atoms, which is described by the
following permittivity with Lorentzian dispersion [91,95]:

εðωÞ ¼ ε0 þ
α

ω − ω0 þ iγ
: ð4Þ

The Eq. (4) permittivity can be derived from the Maxwell-
Bloch equations [91] for the electromagnetic field and the
medium of two-level atoms (see Supplemental Material
[96]), and obeys the Kramers-Kronig relations [91,97].
Here, ε0 is the permittivity of the medium where two-level
atoms are embedded (ε0 > 0); ω0 and γ are the transition
frequency and the linewidth of the two-level atoms,

respectively. α > 0 (Imεðω0Þ < 0) in the case of an
amplifying medium and α < 0 in the case of an absorbing
medium.
Using the Eq. (4) expression, we calculate the depend-

encies of the phase shifts arising from reflection, Δϕref , and
the propagation, Δϕpr, on α [Fig. 2(a)]. It can be seen that
the phase shift Δϕref [red dashed line in Fig. 2(a)] is
negative for α > 0, i.e., for an amplifying medium. The
phase shift arising during propagation, Δϕpr, remains
positive for all α [blue solid line in Fig. 2(a)] because
it depends only on the real part of the wave vector,
kðωÞ ¼ ω

ffiffiffiffiffiffiffiffiffiffi
εðωÞp

=c. As a result, using an active medium
with a suitable value of α makes it possible to compensate
for the phase shift arising from propagation by the phase
shift on reflection. In this case, the total phase shift [black
dotted line in Fig. 2(a)] arising after one round-trip inside
the cavity can be equal to zero. This enables resonance in a
subwavelength dielectric layer of nonzero thickness. We
call this resonance a gain-assisted (GA) mode. Note that
Fabry-Perot resonance with the zero phase shift also can be
obtained in the dielectric layer adjacent to a metal surface
(ε0 < 0) [98]. The reflection from metal-dielectric boundary
shifts phase by−π. This can be used to compensate the phase
shift arising from propagation over the dielectric layer.
However, to compensate for the phase shift the thickness
of the dielectric layer alone should be about λ=4

ffiffiffiffi
ε0

p
.

We can calculate the value of α at whichΔϕtot ¼ Δϕpr þ
Δϕref is zero for the given thicknesses of the active layer,
i.e., we can find the threshold for the GA mode formation,
αth m. As can be seen from Fig. 3(a) (solid blue line), this
mode can form even when the layer thickness is much
smaller than one half-wavelength. The frequency
dispersion in the permittivity of the active medium [see
Eq. (4)] ensures that at α > αth m the Eq. (3) phase
condition is always fulfilled at some frequency near the
transition frequency [see dotted black lines in Fig. 2(b)].
Notably, when the layer thickness exceeds one half-

wavelength in the dielectric, the first Fabry-Perot mode

FIG. 3. (a) Dependence of the threshold of GA mode formation
(αth m) in a dielectric layer of thickness l. The solid blue line
shows the threshold value of αth m, and the dashed red line is the
mode frequency at α ¼ αth m. The vertical dashed black line
shows the layer thickness above which the Fabry-Perot mode
with m ¼ 1 exists in the passive layer (α ¼ 0.0). (b) Dependence
of the total phase shift arising after one round-trip inside a layer of
thickness l on the frequency. The solid blue line shows the
dependence for l ¼ 0.45λ0; α ¼ 0.013ω0. The dashed red line
shows the dependence for l ¼ 0.2λ0; α ¼ 0.00326ω0. γ ¼
0.01ω0 and ε0 ¼ 1.2. The horizontal dashed lines show the
phase conditions for the GA mode (Δϕtot ¼ 0) and the Fabry-
Perot mode (Δϕtot ¼ 2π).

FIG. 4. (a)–(c) Dependencies of the decimal logarithm of the transmission jtj2 [91] on ω and α. The layer thicknesses are (a) l ¼ 0.1λ0;
(b) l ¼ 0.3λ0; and (c) l ¼ 0.45λ0. The letters GA and FP are used to mark the poles of the transmission coefficient corresponding to the
gain-assisted mode and the Fabry-Perot mode, respectively. (d) Dependence of the intensity of electromagnetic field at the center of the
layer of thickness l ¼ 0.1λ0 in the absence of an incident wave on α. The vertical dashed line shows the lasing threshold determined by
the poles of the transmission coefficient [Fig. 4(a)]. ε0 ¼ 1.2.
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(Δϕtot ¼ 2π) appears in the layer [solid blue line inFig. 3(b)].
This mode exists for both negative and positive α. That is, in
contrast to the GA mode, the gain is not necessary for the
existence of the Fabry-Perot mode. For α > αth m and when
the layer thickness exceeds one half-wavelength in the
dielectric, both the GA mode and the conventional Fabry-
Perot mode exist in the layer. The frequency of the GAmode
[dashed red line in Fig. 3(a)] barely depends on the layer
thickness, and is primarily determined by the transition
frequency of the amplifying medium, while the frequencies
of the conventional Fabry-Perot modes strongly depend on
the layer thickness.
Lasing in the GA mode.—Above, we showed that the

use of the active medium enables the GA mode in the
subwavelength dielectric layer as long as the Eq. (3) phase
condition is fulfilled for m ¼ 0. However, the fulfillment of
the Eq. (3) phase condition is not sufficient for lasing,
which occurs when the frequency of at least one of the
poles of the scattering matrix lies in the upper half of the
complex frequency plane [76,89,91,92].
Using Eq. (2), we find the poles of the scattering matrix

(Fig. 4) and the lasing threshold for different layer thick-
nesses [Fig. 5(a)]. The lasing threshold αth las is determined
as the minimal value of the imaginary part of the permit-
tivity at which the frequency of one of the scattering matrix
poles becomes real [76,89,91]. Our calculations show that
depending on the layer thickness, lasing occurs either in the
GA mode or in the conventional Fabry-Perot modes
(Fig. 4). The GA mode threshold precedes the Fabry-
Perot mode threshold when the layer thickness is less than
one half-wavelength in the dielectric [Figs. 4(a) and 4(b)].
In this case, lasing occurs in the GA mode.
Lasing in the GA mode is possible even when the

thickness of the dielectric layer with the active medium is
much smaller than one half-wavelength of light in the
medium [Fig. 5(a)]. The lasing threshold in this case is
inversely proportional to the layer thickness [gray line in
Fig. 5(a)]. Above the lasing threshold, the light generation
occurs. The numerical simulation of the Maxwell-Bloch
equations (see Supplemental Material [96]) shows that the
laser at GA mode demonstrates the conventional lasing
curve despite the thickness of the dielectric layer used
as a cavity being much smaller than one half-wavelength
[Fig. 4(d)]. The threshold obtained in the Maxwell-Bloch
equations coincides with the threshold found from Eq. (2).
The GA mode has different dependence of the layer

thickness at which lasing starts on the absolute value of the
refractive index compared with the Fabry-Perot modes. In
the case of the conventional Fabry-Perot modes, the phase
condition at the transition frequency ω0 is fulfilled when
l ¼ mλ0=½2nðω0Þ�, where λ0 ¼ 2πc=ω0 is the wavelength
in free space at the transition frequency ω0, jnðω0Þj ¼
j ffiffiffiffiffiffiffiffiffiffiffi

εðω0Þ
p j is the absolute value of the refractive index, and
m is an integer. It is generally considered that the gain shifts
the resonance frequency only slightly. In this case, to create

a dielectric laser of thickness l < λ0=2, it is necessary to use
a material with jnðω0Þj ≈ λ0=ð2lÞ. That is, the thickness of
the dielectric laser scales as 1=jnðω0Þj. For the GA mode,
the dependence of the layer thickness on the absolute
value of the refractive index is sharper [dashed red line in
Fig. 5(b)] and at jnðω0Þj ≫ 1 it can be approximated by
l ¼ λ0=πjnðω0Þj2 [solid gray line in Fig. 5(b)]. Hence,
lasing in the GA mode can take place in a dielectric layer of
thickness l ≪ λ0=2jnðω0Þj.
We can therefore conclude that an active dielectric layer

of thickness much smaller than one half-wavelength of
light in the medium can serve as a laser resonator.
To determine the experimentally achievable dielectric

laser size, we calculate the gain corresponding to the lasing
threshold [Fig. 5(a)]. For this purpose, we use the expression
relating gain and permittivity G ¼ −2ωIm

ffiffiffiffiffiffiffiffiffiffi
εðωÞp

=c [99].
Currently, experimentally achievable gain is of the order
105 cm−1 [93,100–102]. At a wavelength of 1500 nm, ε0 ¼
1.2 and γ ¼ 0.1ω0, the gain of 105 cm−1 corresponds to
α ≈ 0.39ω0. At these parameters, the lasing can be achieved
in the layer with thickness of 0.09λ0. This layer thickness is
much smaller than one half-wavelength of light in the
medium, which indicates the possibility of overcoming the
diffraction limit using currently existing amplifying media.
Conclusion.—We have established a new type of modes

in dielectric structures with an amplifying medium that
makes it possible to overcome the diffraction limit on the
size of dielectric structures. We consider a dielectric active
layer with a thickness substantially smaller than the half-
wavelength of light in the dielectric medium, and demon-
strate that the use of an amplifying medium enables the
formation of a gain-assisted (GA) mode characterized by a
zero round-trip phase shift for the EM wave. This is
achieved because the phase change on reflection at the
boundaries of the active medium and the vacuum compen-
sates the change in phase due to propagation over the layer.
Therefore, the amplifying medium plays the key role in the
GA mode formation. Our calculations (see Supplemental
Material [96]) show that in the GA mode the energy is
transferred from the electric field energy to the energy of

FIG. 5. (a) Dependence of the lasing threshold αth las of GA
mode on the layer thickness l (dashed red line). The gray line
shows fitting of the lasing threshold dependence by l−1.
(b) Dependence of the layer thickness l on the absolute value
of the refractive index jnðω0Þj ¼ j ffiffiffiffiffiffiffiffiffiffiffi

εðω0Þ
p j at which lasing at GA

mode starts (dashed red line). The solid gray line is l ¼ λ0=πjnj2.
Here, ε0 ¼ 1.2; γ ¼ 0.01ω0.
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active atoms and comes back. This behavior is similar to the
formation of the plasmonic resonances in the subwave-
length dielectric-metal structures that is due to the energy
being transferred from the electric field energy to the
energy of the electronic oscillations in the metal and
coming back [55].
We demonstrate that there is a gain above which GA

mode lasing in the subwavelength dielectric layer takes
place. The lasing frequency is about equal to the transition
frequency in the active medium ω0. The thickness of the
layer l supporting GA mode lasing is about λ0=πjnðω0Þj2.
This behavior differentiates the laser based on GA mode
from known types of dielectric lasers [103–107], where the
thickness is about λ0=2jnðω0Þj.
Thus, the use of the amplifying media enables us to

achieve lasing based on resonator with subwavelength size.
This opens the way for a new generation of subwavelength-
sized dielectric lasers and sensors. Avoiding metal struc-
tures in proposed nanosized lasers can promote their
integration with semiconductor electronic devices on
the chip.
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