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Growing axons are one-dimensional active structures that are important for wiring the brain and
repairing nerves. However, the biophysical mechanisms underlying the complex kinetics of growing axons

remain elusive. Here, we develop a theoretical framework to recapitulate force-regulated states and their
transitions in growing axons. We demonstrate a unique negative feedback mechanism that defines four
distinct kinetic states in a growing axon, whose transitional boundaries depend on the interplay between

cytoskeletal dynamics and axon-substrate adhesion. A phase diagram for axonal growth is formulated

based on two dimensionless numbers.
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The growth of one-dimensional structures is a universal
phenomenon in physical and living systems, e.g., nanowires
[1] and nerves [2,3]. During the development, remodeling,
and regeneration of the brain, axons are of importance for
shaping the nervous system [3—7]. Active forces generated
by the cytoskeleton and extracellular environment play a key
role in axonal growth [2,8—10]. However, it remains unclear
how forces dictate the growth kinetics and state transitions of
axons. Experiments have observed that the axonal growth is
regulated by the dynamic assembly of the cytoskeleton
exhibiting mechanosensitive growth kinetics [11-14]. Three
states, i.e., growth, stalling, and collapse, have been observed
in axons during nerve development or regeneration [15-19].
The growth state of an axon has also been shown to be
determined by endogenous or exogenous forces [8,20-23].
However, the mechanism underlying the force-dependent
growth kinetics and the state transitions of axons is poorly
understood. In this study, we establish an active viscoelastic
rod model, which integrates endogenous actomyosin con-
tractility and exogenous axon-substrate adhesion, to describe
the mechanobiochemical coupling that dictates the growth
kinetics of axons. We also apply this theory to explain
and predict the force-regulated state transition during the
axonal growth.

Model.—We consider the motion of an axon mediated
by its growth cone and actomyosin-rich distal structure
[Fig. 1(a)]. The growth cone pulls the substrate through
focal adhesion and active contractile forces [24-26].
Because of the constraint of the substrate, the active
actomyosin contraction generates a tensile force, called
the towing force, to pull the axon [27]. In contrast, the
axon-substrate adhesion tends to hinder the shaft motion
[28]. The axonal shaft consists of a cortex of periodic actin
filaments, a core of neurofilaments, and para-axially
aligned and bundled microtubules [14]. We model the
shaft as an active viscoelastic rod integrating all these
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cytoskeletal properties, which were only considered parti-
ally in previous models [9,23,28-30]. The shaft is subject
to the towing force at the tip and the axon-substrate
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FIG. 1. (a) Schematics of an axon extending from soma
depicting cytoplasmic regions and cytoskeletal structures, in-
cluding axoplasm (AP) and cortical membrane (CM) of actin
filaments (F-actin). (b) The rod model for a growing axon. (c) The
mechanical response of the axon is depicted by a growth dashpot
(blue element) connected to an actomyosin contractile element
(red element) in series. The axon-substrate adhesion is simplified
as a friction dashpot (black element). (d) The elongation rate 5(s)
depends on the tension f(s), where T is the characteristic tension
of actomyosin motors.
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adhesion [Fig. 1(b)]. The shaft structure, its mechanical
properties, and the active forces synergistically determine
the growth kinetics of axons [15,22,31-33].

The growth rate of the axon is elicited by the towing force 7'.
Let s denote the distance from the base (s = 0) to the tip
(s = L), where L is the axonal length. We further incorporate a
growth dashpot connected to an actomyosin contractile
element in series, which share a common tension f(s)
[Fig. 1(c)]. The dashpot represents the growth of the micro-
tubule-rich axoplasm. Several stress-based or strain-based
laws have been proposed to model single axonal growth
[8,9,22,27-29,34,35]. An exponential relation is used to
describe the growth rate, i.e., Sg(s) = f(s)/G [9,34,35],
where G is a kinetic parameter equivalent to the viscosity
[28-30]. Besides, the contractile element accounts for the
activity of actomyosin motors [16,34-36] and satisfies the
relation [22,37] 8, (s) = co[1 — f(s)/T,]. The contractile rate
SC decreases with f(s) in the positive load region, and has a
max contractile rate ¢ at null tension. In addition, SC vanishes
at a characteristic tension 7', [37,38] and in the negative load
region or stress-free states [39], as described by Eq. (7) in the
Supplementary Material [40]. Thus, the force-regulated
cytoskeleton kinetics not only drives axonal growth, but also
produces contraction that limits growth, and the elongation

rate 5(s) becomes [Fig. 1(d)]

(54 2) ) —co. for fl9)<T.

@, for f(s) > T.,.

5(s) =

The axon-substrate adhesion is modeled by a dashpot
with friction coefficient {. The frictional force is expressed
as f,(s) = —Cv(s), where the velocity of the axon v(s) is
summed by the elongation rate 5 from the base to position
st v(s) = [ 6(x)dx. According to force equilibrium, the
tension is described by f(s) =T — [} f,(y)dy. Since the
contractile rate &,(s) vanishes when f(s) > T, [Eq. (1)],
there are two distinct regimes of growth kinetics: low-
and high-tension regimes [Fig. 2(a)], as discussed below,
respectively.

Low-tension regime.—The global force in the axon is
below the characteristic tension T,., ie., f(s)<T..
Therefore, the tension is given by

o =1-¢ [" [ [<é+;—i>f(X)—CO]dxdy- )

From Eq. (2), the analytic solution is derived as

T-T,

fls) = WCOSh(S/f) +7,, (3)

where £ = \/GT,./((T. + {coG) and T, = T.c;G/(T .+
¢oG). Due to the adhesion, the towing force T dissipates
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FIG. 2. Growth kinetics of the axon. (a) Schematics of two
distinct tension regimes of growth kinetics. (b) Our theoretical
results agree with velocities v of the normal (control) and
ciliobrevin D (CilD)-treated axons of chick sensory neurons
[28.41]. (c) Tip velocity v, as a function of the towing force T in
two cases: axon-substrate adhesion and debonding. Inset: details
for the case of adhesion. (d) Phase diagram of the state transition
defined by &, and G. Heat map: dimensionless rest tension 7,.
The black dashed line represents the stalling state. Two regions
are distinguished to represent collapse and growth states.

into the substrate and propagates over the characteristic
length 7. From Eq. (2), we find df/ds = {v(s), which
reflects the balance of linear momentum. The velocity is
determined by

(T —T,)sinh(s/?)

v =z cosh(Lje)

4)

and T, is defined as the rest tension [34,36,42], at which the
axon is stalling. Furthermore, the kinetic state of the entire
axon can be described by the tip velocity »,, which is
obtained from Eq. (4) as

Uy =

T-T,
%G tanh(L/¢). (5)

High-tension regime.—There exists a segment of the
axon near the tip where f(s) > T, wherein the motors are
deactivated by the tension. Out of this segment, i.e.,
s € (0,L,), the tension and velocity also follow the rules
depicted by Egs. (3) and (4) in the low-tension regime
[Fig. 2(a)]. The tension in the range s &€ (L., L) is
expressed as

fls)=T—¢ /Lﬁ(y)dy, for s € (L.L). (6)
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where the friction force in the high-tension regime denotes
fiy) = )+ Ji. [f(x)/G]dx. From Eq. (6), the ten-
sion in the hlgh -tension reglon is governed by

- $)V{/Gl
L.)v'¢/Gl}.

where the function yw = 1/sinh[(L —L.)\/¢{/G]. The
corresponding velocity obeys the following rule:

5) = w//CG{T cosh|(s — L.)\/¢/G]
—T.cosh[(s —L)\/¢/G|}, forse (L. L). (8)

From Eq. (8), the tip velocity is given by

Y w{Tcosh[\/{/G(L-L.)]-T.}
t \/@ .

Transitional boundary between growth, stalling, and
collapse.—Previous studies employed force-calibrated nee-
dles to measure active forces and the growth kinetics of the
axon [16,28,34,41,43-45]. Here, our theory successfully
recapitulates force-regulated growth and retraction of chick
sensory neuron axons [41], which moves forward in a
finite distal region and retracts in response to dynein-
mediated microtubule depletion [Fig. 2(b)]. The growth
kinetics of the entire axon is described by the tip velocity in
Egs. (5) and (9). The kinetic states depend on the growth of
the microtubule-rich axoplasm and actomyosin contra-
ctility, and the axon-substrate adhesion [Figs. 2(c) and
2(d)]. We also consider the special case: axon-substrate
debonding ({ — 0), as observed in previous experiments
[16,17,35,46]. We find that the tip velocity and the towing
force obey a piecewise linear relation [red line in Fig. 2(c)],
ie, v¢ =(L/G+ coL/T.)T —coL for the low-tension
regime, and v¢ = (L/G)T for the high-tension regime.
The results find that the transitional boundary between the
growth (v, > 0), stalling (v, = 0), and collapse (v, < 0) is
T =T, [Fig. 2(c)]. Consequently, the kinetic states are
governed by the dimensionless rest tension, 7, = T,/T.
Additionally, the turning point in Fig. 2(c) is determined by
T.. Due to actomyosin contractility, the slope of the tip
velocity significantly decreases when 7' > T.

Because the rest tension 7, depends on the cytoskeletal
properties, the phase diagram of kinetic states can be
obtained in the & —G plane [Fig. 2(d)]. By taking
T, = 1, the transitional boundary of kinetic states is gov-
erned by

£(s) = y{T.sinh|(L

+ T'sinh|[(s — fors e (L., L), (7)

©)

qT.

GT.-G’

Co = (10)

where &, and G represent the dimensionless max contractile
rate and axonal kinetic parameter, respectively. We take
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FIG. 3. Kinetic features of the growing axon. Spatiotemporal
kinetics of (a) tension f and (b) velocity v under a reference
towing force, 1.4 nN, during the axonal growth. (c) Stress contour
at different ages. (d) Tip velocity v, vs length L.

¢y = co/¢oand G = G/ G, where ¢, and G are the reference
values shown in Table S1 of the Supplemental Material
[40,47], ¢ =T/(¢yG),and T, = T,/T.

Kinetic features of a growing axon.—At the early age,
the force generated at the growth cone is not fully dispersed
along the length, and the tension profile exhibits an
exponential shape [Fig. 3(a)]. Once the axon is long enough
(L > 7?), in the segment beyond 1 kinetic characteristic
length away from the tip, tension dissipates to the rest
tension, with the velocity reducing to zero [Figs. 3(a) and
3(b)]. The stress contour shows that the mature axon has a
stretching region in the distal region and a lagging region in
the proximal region where the tension maintains the rest
tension [Fig. 3(c)]. Furthermore, the tip velocity first
increases until L > 7 and finally reaches a maximum
[Fig. 3(d)]. Applying a Gaussian function of the contrac-
tility [27,35,48,49], instead of the piecewise linear func-
tion, also results in similar kinetic features [40].

Regulatory mechanism of axon-substrate adhesion and
cytoskeletal properties.—For long axons, the proximal
boundary does not affect the tip velocity [Fig. 3(d)].
Therefore, we consider that the kinetic behaviors depend
on cytoskeletal properties and axon-substrate adhesion.
The damping of the substrate weakens the axonal growth
[Fig. 4(a)]. The larger adhesion shortens the kinetic
characteristic length # and has no effect on the rest tension
T, [Fig. 4(d)]. For strong adhesion, the kinetic behavior is a
tip grow process. However, when the axon is detached from
the substrate, the velocity profile only depends on the
cytoskeletal properties and reduces to linear. We further
discuss the regulatory mechanism of cytoskeletal properties
on the growth kinetics. Our theoretical results show that
both kinetic parameter G and max contractile rate &,
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FIG. 4. Effects of axon-substrate adhesion and cytoskeletal
properties on the kinetic behaviors. (a)—(c) Velocity v for different
Z, G, and &, respectively. (d)—(f) Rest tension T, and kinetic
characteristic length ¢ versus £, G, and &, respectively. Other
parameters: L = 200 ym, T = 1.4 nN.

impede the velocity [Figs. 4(b) and 4(c)]. The kinetic
parameter describes the resistance to the growth of the
microtubule-rich axoplasm, determined by the axonal
physiological state. As G increases, the axon becomes
stiffer, and forces are insufficient to drive the growth
[Eq. (1)], even causing collapse [Fig. 4(b)]. This is because
a higher kinetic parameter can promote the rest tension 7,
and result in the state transition [Fig. 2(d)]. Additionally, a
higher kinetic parameter enhances the resistance to tension,
lengthening the kinetic characteristic length # [Fig. 4(e)].
The max contractile rate is determined by the number of
activated actomyosin motors. The increasing max contrac-
tile rate generates the stronger rest tension 7', hindering
the axonal growth [Figs. 4(c) and 4(f)]. However, enhanc-
ing the maximal contractile rate can shorten the kinetic
characteristic length # [Fig. 4(f)]. This is because the
enhanced contractile rate Sc might cause a slower forward
flow.

Transition of the kinetic states.—To gain deeper insights
into the force-regulated kinetics, we further investigate the
velocity-tension relation. We first normalize the kinetic
equations for the velocity v and tension f [40], and analyze
the role of the axon-substrate adhesion and cytoskeletal
properties in the dimensionless 7-f relation. We find that
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FIG. 5. Four kinetic states with transitional boundaries gov-
erned by two dimensionless numbers. (a) Phase diagram of the
growth kinetics, obtained by examining the dimensionless

velocity # and tension f relation. Parameter space (G, &,,¢) is
split by two transitional boundaries [Eqs. (10) and (11)]. (b) 17-.)7
relations of four kinetic states: (I) linear growth, (II) non-
linear growth, (III) linear collapse, and (IV) nonlinear collapse.
Parameters used in the calculations are included in Table S1 of the
Supplemental Material [40].

there are four distinct kinetic states governed by two
transitional boundaries for the parameter space: G, &,
and £ [Fig. 5(a)]. One of the boundaries has been given by
Eq. (10), which roughly distinguishes the kinetic states:
growth, stalling, or collapse. However, two different states
emerge in the growth or collapse state: linear and nonlinear
states [Fig. 5(b)]. The two states reflect the different
dissipation rates of forces. This is because the cytoskeletal
properties and axon-substrate adhesion regulate the kinetic
characteristic length ¢ [Figs. 4(d)—4(f)]. With the axonal
growth, the kinetic feature transits from state II to I
[Figs. 3(a) and 3(b)]. Therefore, we introduce the dimen-
sionless axonal length L = L /¢, which reflects the char-
acteristic length of axonal growth against axon-substrate
adhesion. From the dimensionless analysis, the other
transitional boundary is governed by [40]

{=pTm?, (11)

where ¢ represents the dimensionless friction coefficient,
ie, £=¢ /¢, where C is the reference value shown in
Table S1 of the Supplemental Material [40]. The dimen-
sionless number p = T/(¢,CL?), and m is the force
propagation index. As m increases, the effect of the
proximal boundary on the tension reduces. Additionally,
the kinetic state exhibits a slow transition from nonlinear to
linear with a slope close to 1 [Fig. 5(b)]. Therefore, the
dimensionless rest tension 7, and axonal length L are two
critical parameters to direct the growth kinetics. Of note,
our theoretical results [Fig. 2(b)] agree with previous
experimental observation (states I and III) [41], while there
is still a lack of direct experimental verification of states II
and IV.
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Discussion.—Axonal growth is a representative model
for understanding the physics of the growth kinetics of one-
dimensional active structures. Our findings indicate that
directional towing force is not sufficient to dictate the
complex kinetics of axonal growth, largely due to the lack
of additional self-regulated, negative feedbacklike mecha-
nisms. Instead, we demonstrate that tension may provide a
universal mechanism to regulate the transport and self-
organization of cytoskeletal molecules and thereby define
the growth kinetics and state transition of axons. This
mechanism is partially analogous to the nanowire growth
that is primarily dominated by the directional guidance
provided by catalyst and diffusion, as well as the assembly
rate of structural units [50-53]. However, for an axon, the
key regulators are self-generated active forces instead of
merely passive physical interactions. With our active
viscoelastic rod model, we show that the force-regulated
cytoskeletal properties collectively determine the state
transition between growth, stalling, and collapse. In par-
ticular, the growing axon manifests four distinct kinetic
states with transitional boundaries defined by the dimen-
sionless rest tension and axonal length. They reflect the
competition between actomyosin machinery of the axon
shaft and the growth cone, and the characteristic length of
axonal growth against axon-substrate adhesion, respec-
tively. Our theory has expanded the knowledge beyond
what was attainable with previous models [9,23,28-30]. It
also provides a framework to understand how other
environmental cues, such as matrix stiffness and geometry,
might regulate axonal growth.

In all, this Letter established an active viscoelastic rod
model of axonal growth, and applied it to elucidate kinetics
and state transition. Our results demonstrated the previ-
ously unappreciated physics of the axonal growth, and
provided a quantitative phase diagram to guide potential
engineering of the axonal growth via modulating two key
dimensionless numbers (e.g., it influences the rest tension
by motor-targeting optogenetics or drugs [12,41,44] and
modulates the kinetic characteristic length by modifying
the substrate-cell adhesion [54]). Our model might also
help predict force-regulated growth kinetics and state
transition of one-dimensional active structures in other
biological contexts. Our findings not only broaden the basic
understanding of the physics of life, but also might help
guide novel strategies for nerve regeneration in the future.
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