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Dynamically encircling exceptional points (EPs) have unveiled intriguing chiral dynamics in photonics.
However, the traditional approach based on an open manifold of Hamiltonian parameter space fails to
explore trajectories that pass through an infinite boundary. Here, by mapping the full parameter space onto
a closed manifold of the Riemann sphere, we introduce a framework to describe encircling-EP loops. We
demonstrate that an encircling trajectory crossing the north vertex can realize near-unity asymmetric
transmission. An efficient gain-free, broadband asymmetric polarization-locked device is realized by
mapping the encircling path onto L-shaped silicon waveguides.
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In a non-Hermitian system obeying parity-time (PT)
symmetry, two or more eigenvalues and eigenstates are
simultaneously degenerate at exceptional points (EPs).
A variety of intriguing phenomena, such as sensing
enhancement [1–3], unidirectional invisibility [4,5], topo-
logical light control [6,7], and asymmetric mode conver-
sion [8–15] have been demonstrated at these singularities,
closely linked to their topological features, and they have
attracted a growing interest in optics [1,7,8,16–26], acous-
tics [27–29], thermodynamics [30], electronics [31,32], and
quantum mechanics [33].
When a Hamiltonian adiabatically encircles an EP twice,

the Berry phase is π, indicating a self-intersecting Riemann
surface (RSU) around the EP [34]. Recent studies have
demonstrated that this feature enables a chiral response: by
dynamically encircling an EP in clockwise (CW) or
anticlockwise (ACW) direction leads to different final
states, regardless of the starting states. Such chiral res-
ponse has been demonstrated by mapping the required
Hamiltonian parameters onto PT symmetric arrangements
of waveguides [8,20,35]. Most previous studies have been
applying this feature to realize asymmetric conversion of
modes in optical waveguides, but they failed to achieve
high transmission efficiencies due to path-dependent loss
[8,12,13,20,36,37]. The reason is that the traditional
approach to EP encircling is based on an open manifold
in the Hamiltonian parameter space. Such approach neg-
lects a set of loops passing through the infinite boundary,
enabling low path-dependent losses. Because of signifi-
cant challenges in practical experimental implementations,

high-efficiency polarization-locked device has not been
achieved to date [10,38].
In this Letter, we demonstrate that the full Hamiltonian

parameter space can be mapped onto the Riemann sphere
(RSP), over which infinite points lying on its boundary are
associated with the same eigenstates and converge to the
north vertex. Benefitting from the RSP mapping, we can
encircle an EP along a continuous and closed trajectory
passing through the north vertex and achieve highly
efficient asymmetric transmission. We present experimen-
tal results mapping this trajectory onto L-shaped wave-
guides, demonstrating near-unity asymmetric conversion
efficiency at 1550 nm. Such a functionality corresponds to
an asymmetric polarization-locked device (APLD), since
the output polarization state is locked irrespective of the
input polarization states [39].
A system state jψi propagating along z follows a

Schrödinger-type equation i∂=∂zjψi ¼ Hjψi, with second-
order Hamiltonian

H ¼
�
β κ
κ −β − iγ

�
; ð1Þ

where β, γ, and κ represent the detuning, relative
gain or loss rate and coupling strength of the system,
respectively. The two eigenvalues are E1;2¼−iγ=2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2þðβþ iγ=2Þ2

p
and the associated eigenstates are

jψ1;2i¼½ ffiffiffiffiffiffiffiffiffiffi
1�K

p
;� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−ð�KÞp �T= ffiffiffi
2

p
, with K¼ðβþiγ=2Þ=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

κ2þðβþiγ=2Þ2
p

. In the two-dimensional (2D) parameter
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space ζ ¼ ðβ=κ; γ=κÞ, the EPs are located at ζ ¼ ð0; 2Þ and
ζ ¼ ð0;−2Þ. WhenH approaches the points at infinity in ζ,
i.e., β=κ → �∞ and/or γ=κ → �∞, the two eigenstates
converge to jψ1i ¼ ½1; 0�T and jψ2i ¼ ½0; 1�T , correspond-
ing to E1 and E2 [jImðE1Þj ≤ jImðE2Þj], respectively.
The energy spectra form a self-intersecting RSU in ζ,
and the topological features can be expressed as a Berry
phase Φ ¼ π when an EP is encircled twice with a
quasidynamic approach [40]. The Berry phase around a
pathC can be defined asΦ ¼ i

R
C hχðζÞj∇ζψðζÞidζ, where

hχðζÞj is the left eigenstate and hχðζÞjH ¼ hχðζÞjE, i.e.,
H†jχðζÞi ¼ E∗jχðζÞi [41–43]. Since H is a symmetric
Hamiltonian according to Eq. (1), i.e., HT ¼ H, we have
H† ¼ H∗ and jχðζÞi ¼ jψ∗ðζÞi. If the Hamiltonian evolves
along the parameter space boundary [Fig. 1(a)], ψðζÞ is
constant, i.e., j∇ζψðζÞi ¼ 0, which makes Φ equal to zero.
To present the trajectory induced by the infinite boun-

dary, we can represent the full parameter space over a RSP
of radius 2, as schematically shown in Fig. 1(b). The
mapping procedure, called stereographic projection, is
based on the following steps: first, the center of the sphere
is aligned with the origin of the 2D parameter space as
denoted in Fig. 1(a); then, the north pole (blue point on
RSP) is connected to the yellow point in the 2D parameter
space (gray plane) to form a line; last, its intersecting point
with the RSP is the mapping point (black point). Here, we
provide some examples to show connections between loops
and its mapping counterparts. When the loop only encircles
the origin of the parameter space, the mapping loop is in the
southern hemisphere [Fig. 1(c)]; when the loop expands to
include two EPs, the mapping loop is in the northern
hemisphere [Fig. 1(d)]; and when the loop continues to
expand and becomes the infinite boundary (blue dashed
line), the mapping loop converges to the north vertex (blue

point) [Fig. 1(b)]. The mapping operation can also be
analytically expressed: we assume that the RSP radius
is 2, and the mapping relation from the 2D parameter
space to the RSP is β=κ ¼ 2 cotðφ1=2Þ cosðφ2Þ and
γ=κ ¼ 2 cotðφ1=2Þ sinðφ2Þ, where φ1 is the polar angle
and φ2 is the azimuthal angle as denoted in Fig. 1(b). Since
all the points on the parameter space boundaries with
generally different loss rates are mapped onto the north
vertex, the associated loss rate can be an arbitrary value
(Supplemental Material [44], Note 1).
As a function of their Berry phase, encircling loops can

be divided into two groups, characterized by Φ ¼ 0 and π.
Encircling two EPs, as well as no EP, results in a Berry
phase Φ ¼ 0. Therefore, the north vertex does not con-
tribute to the Berry phase. In both cases, RSP is split by the
loop into two surfaces, one containing two EPs and the
other containing no EPs [Figs. 1(c) and 1(d)]. In contrast,
encircling trajectories including one EP splits the RSP into
two surfaces, each containing one EP [Figs. 1(e) and 1(f)]
associated with a Berry phase Φ ¼ π. The former one in
Fig. 1(e) does not pass through the infinite boundary, and
therefore the trajectories on both RSP and real parameter
space are closed. In the case of the latter one in Fig. 1(f),
since the trajectory in real parameter space is blocked by
the infinite boundary (dashed blue line), it is open. By
mapping the infinite boundary with the same eigenstates
onto the north vertex, we can achieve a closed mapping
trajectory (black solid line) on the RSP. In this way, both
mapping trajectories in Figs. 1(e) and 1(f) show their
topological equivalence, since the closed loops encircle
each one of the two EPs. On the RSP, it is not necessary to
distinguish which EP is encircled, since the loop that
encircles one EP shares the same Berry phase with the
loop that encircles the other EP, i.e., they are topologically
equivalent (Supplemental Material [44], Note 2).
The transmission loss accumulated along the mapping

trajectory can be also interpreted from the perspective of
RSP: the mapping trajectories in Figs. 1(e) and 1(f) encircle
each of the two EPs simultaneously, and the distance
relative to each EP located in the gain or loss region
determines the transmission loss. The conventional map-
ping trajectory in Fig. 1(e) is close to the loss EP
[ζ ¼ ð0; 2Þ], associated with path-dependent loss along
the entire path (γ=κ > 0), making the system prone to
low transmittance. The loss difference between the two
eigenstates causes the occurrence of nonadiabatic tran-
sitions (NATs), leading to an asymmetric response
[11,12,45]. Instead, the mapping trajectory in Fig. 1(f),
located in the middle of the two EPs, is not associated with
any loss except at the north vertex, and hence it enables
high-efficiency transmission. In Fig. 1(f), the NAT process
is guaranteed by introducing a nonzero loss rate at the north
vertex and exerting a sufficiently long evolution time to
dissipate jψ2i. See Supplemental Material [44], Note 3 for
the evolution dynamics on how the loss affects the final

FIG. 1. (a) Hamiltonian parameter space described by
ζ ¼ ðβ=κ; γ=κÞ. The yellow line shows an evolution path along
the parameter space boundary (blue dashed line). (b) RSP
(x2s þ y2s þ z2s ¼ 22, xs ¼ 2 sinφ1 cosφ2, ys ¼ 2 sinφ1 sinφ2,
and zs ¼ 2 cosφ1) describing the Hamiltonian parameter space.
(c)–(f) The evolution loops on RSP (black curves) and in the 2D
parameter space (yellow curves) when encircling (c) no EP,
(d) two EPs, and (e), (f) one EP. The loop in (f) locates in the
center of the two EPs.
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output states. Meanwhile, through the mapping of RSP we
ensure that this loop indeed encircles each EP, leading to an
asymmetric response. Thus, we simultaneously achieve
both high efficiency and largely asymmetric transmission
following this trajectory.
This specific trajectory can be mapped onto a suitably

designed silicon waveguide tailored for APLD, as sche-
matically depicted in Fig. 2(a). The right waveguide
supports two orthogonal eigenmodes with different polari-
zation directions, i.e., R1 (jψ1i) and R2 (jψ2i) modes with
effective refractive indices nR1 and nR2 (nR1 < nR2),
respectively. θ represents the angle between the polariza-
tion direction of R1 and the þ45° axis [Fig. 2(b)]. In this
configuration, the eigenmode in the right waveguide can be
expressed as jψi ¼ ½A1; A2�T , in which A1 and A2 indicate
the projection components of the normalized electric
field amplitude along þ45° and −45°, respectively.
Consequently, the Hamiltonian parameters in Eq. (1)
can be expressed as β ¼ k0ðnR1 − nR2Þðsin2θ − cos2θÞ=2,
κ ¼ k0ðnR1 − nR2Þ sin θ cos θ. γ is the loss rate exerted on
the components of the electric field along −45°, and k0 ¼
2π=λ is the wave number, with λ being the wavelength
(Supplemental Material [44], Note 4).
At the starting point A, the R1 mode is transverse

magnetic (TM) polarized with θ ¼ 45°, corresponding to
β=κ ¼ 0 [Fig. 2(c)]. Between A and B, θ changes mono-
tonically from 45° to 0°, reducing β=κ from 0 to −∞,
associated with the evolution path from A to B along the
longitude on the RSP [illustration of Fig. 2(a)]. Between B
and C, the right waveguide is axisymmetric along þ45°

axis, so that R1 is polarized along þ45° direction with
θ ¼ 0°, resulting in κ ¼ 0 and β=κ ¼ ∞ [Fig. 2(c)]. The left
waveguide between B and C is designed to absorb the
eigenmode polarized along the −45° direction in the right
waveguide via adiabatic coupling, associated with γ > 0.
The whole evolution path between B and C takes place at
the north vertex on the RSP. Between C and D, β=κ is
varied monotonically from þ∞ to 0 as θ is reduced from
0° to −45°, and the Hamiltonian evolves from C to D along
the longitude on the RSP. Although β, γ, and κ are finite, the
Hamiltonian parameter space boundary is accessible based
on the specifically tailored L-shaped waveguide.
Figures 3(a)–3(d) show the evolution trajectory of the

system state on RSU (not RSP, mapped here with
atanðEÞ=κ in the third dimension to cast it into a finite
plot) for CW and ACW loops around the EP, where the
CW and ACW loops correspond to light propagating along
þz and −z in the right waveguide, respectively. The
difference of the two eigenvalues is minimum at the EP,
but both drastically change close to the EP [46]. In contrast,
the difference of the two eigenvalues is maximum, but both
tend to converge when approaching the infinity point. For
the CW loop with ½1; 1�T input, associated with the TE
mode, ½1; 1�T evolves to ½0; 1�T when the Hamiltonian varies
slowly from A to B [Fig. 3(a)]. Meanwhile, ½1; 0�T is excited
at B, due to the fact that rigorous adiabaticity cannot be
fully guaranteed. During the NAT process from B to C,
½0; 1�T is dissipated and ½1; 0�T is preserved, making the
dominant eigenstate of the system switch from ½0; 1�T to
½1; 0�T . Finally, the Hamiltonian returns to the destinationD
with ½1; 1�T , and the corresponding output mode is TE. For
the CW loop with ½1;−1�T input [Fig. 3(b)], associated with
the TM mode, the dominant eigenstate during the evolution
is always lossless because a NAT does not occur, and the

FIG. 2. (a) APLD made of silicon waveguides. The full height
of the L-shaped waveguide is ha ¼ 340 nm, and the height of the
lower waveguide is hb ¼ 220 nm. The width of the upper
waveguide and the full waveguide is wLa (wRa) and wLb (wRb)
for the left (right) waveguide, respectively. The gap separation
between the two waveguides is d. (b) The polarization directions
for R1 and R2 modes. (c) The cross sections of the right
waveguide at A, B=C, and D, and their associated electric field
intensity distributions for the R1 and R2 eigenmodes.

FIG. 3. (a) and (b) CW loops on RSU formed by the real part of
the eigenvalues of H when the input state is (a) ½1; 1�T and
(b) ½1;−1�T . The RSU is extracted by casting the hemisphere with
ys ≥ 0 (pure lossy case) of the RSP onto the xs-zs plane. The color
of the surface indicates the imaginary part of the eigenvalues ofH,
in which a smaller imaginary part indicates a larger loss. (c) and
(d) ACW loops when the input state is (c) ½1; 1�T and (d) ½1;−1�T .
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final output state is ½1; 1�T , TE in nature. This indicates that
the output mode for the CW direction is locked to TE,
irrespective of the input mode. For the ACW loop
[Figs. 3(c) and 3(d)], the output state is locked to
½1;−1�T , associated with TM polarization. The two sheets
of RSU are self-intersecting, and the adiabatic evolution
path between B and C is vertical, as the slope at B and C is
infinite on this choice of RSU. A NAT occurs between B
and C in Figs. 3(a) and 3(d), during which the evolution
path switches from the blue to the red branch.
The L-shaped silicon waveguides shown in Fig. 2(a) are

carefully tailored to map this evolution path by establish-
ing the relation between structural parameters and the
Hamiltonian parameters (Supplemental Material [44],
Note 5). For the CW (ACW) loop with TE (TM) mode
input to the right waveguide at A (D), the TE (TM) mode
evolves to R2 polarized along −45° at B (C) [Fig. 4(a)].
Meanwhile, R1 polarized alongþ45° is excited because the
length between A and B (D and C) is limited and the
adiabatic evolution is not strictly satisfied. The device
length between B and C is long enough so that R2 is fully
absorbed by the left waveguide and the triggered R1 mode
is retained, i.e., a NAT occurs. Finally, R1 evolves to TE
(TM) from C to D (B to A) with a relatively low field
intensity. For the CW (ACW) loop with TM (TE) input to
the right waveguide at A (D), it evolves to R1 mode at
B (C). The triggered R2 mode is absorbed between
B and C, and R1 mode eventually evolves to TE (TM)
mode from C to D (B to A).

Figure 4(b) shows the fabricated devices, with grating
couplers (GCs), polarization beam splitter and rotators
(PBRs) for measurement. The measured transmission
efficiencies for TE and TM mode input are shown in
Figs. 4(c) and 4(d), respectively (see Supplemental Material
[44], Notes 6, 7 for the fabrication details and measurement
scheme). TP→Q (TP←Q) represents the transmission effi-
ciency of Q mode from the output port for input P mode
from the left (right) port (P or Q mode refer to TE or TM
mode). For a left-side input, TTE→TE ≫ TTE→TM and
TTM→TE ≫ TTM→TM, indicating that the output mode is
locked to TE. For right-side excitation, TTM←TE ≫ TTE←TE
and TTM←TM ≫ TTE←TM, indicating that the output mode is
locked to TM. It can be observed that TTM→TE and TTM←TE
are close to 100% around 1550 nm. The mode crosstalk is
defined as the energy ratio of the undesired mode to total
output [47]. The mode crosstalks TM → TE, TM ← TE,
and TE → TE are all below −20 dB, while TM ← TM is
below −10 dB. The experimental results well validate the
asymmetric polarization-locked performance. It should be
noted that the APLD is sensitive to the alignment error, and
therefore the alignment should be carefully controlled in
fabrication (Supplemental Material [44], Note 8).
Here, we can also treat the APLD as a three-section

optical system (Supplemental Material [44], Note 9). The
AB=CD section is used as a leaky polarization controller
that converts the input mode into the dominant eigenmode
and its orthogonal eigenmode. The BC section serves as a
selective optical attenuator that takes away one of the
eigenmodes. The approach of using a three-section optical
system can also be extended to develop asymmetrical
polarization conversion devices for spatial light [48].
These alternative schemes, however, are limited in terms
of operational bandwidth. EP encircling on the contrary
ensures large working bandwidths, due to adiabatic
parameter evolution of the energy spectra [8,15,20].
Our simulations predict that the practical bandwidth
of the described operation can be as large as the en-
tire range 1450–1750 nm (Supplemental Material [44],
Note 10). The presented Riemann-encircling strategy
can be extended to study asymmetrical state-locked res-
ponse in a multistate non-Hermitian system (Supplemental
Material [44], Note 11].
In conclusion, we have shown that dynamically encir-

cling an EP on RSP can enable asymmetric polarization
conversion, and a continuous encircling trajectory passing
through the north vertex can realize near-unity asymmetric
transmission. We experimentally demonstrated nearly
100% asymmetric polarization conversion between TE
and TM modes with mode crosstalk below −20 dB at
1550 nm in silicon waveguides. These results enable the
practical realization of highly efficient gain-free, broadband
asymmetric polarization conversion on chip, and hold the
promise for new opportunities for optical devices and
applications.

FIG. 4. (a) The cross-sectional electric field intensity distribu-
tions at A, B, C, and D. (b) Optical microscope images of the
fabricated APLD, where the L-shaped waveguides are partially
depicted by the SEM image on the right panel. (c),(d) Measured
transmittance spectra over 1535–1575 nm wavelength range as
(c) TE and (d) TM modes are injected, respectively.
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