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We address the formation of topological states in twisted circular waveguide arrays and find that twisting
leads to important differences of the fundamental properties of new vortex solitons with opposite
topological charges that arise in the nonlinear regime. We find that such system features the rare property
that clockwise and counterclockwise vortex states are nonequivalent. Focusing on arrays with C6v discrete
rotation symmetry, we find that a longitudinal twist stabilizes the vortex solitons with the lowest topological
charges m ¼ �1, which are always unstable in untwisted arrays with the same symmetry. Twisting also
leads to the appearance of instability domains for otherwise stable solitons with m ¼ �2 and generates
vortex modes with topological charges m ¼ �3 that are forbidden in untwisted arrays. By and large, we
establish a rigorous relation between the discrete rotation symmetry of the array, its twist direction, and the
possible soliton topological charges.
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Propagation of light is strongly affected by the presence of
transverse refractive index modulations [1–5], a fundamen-
tal effect that generates a variety of physical phenomena. In
nonlinear media, such refractive index landscapes (in
particular, periodic geometries) may support rich families
of lattice solitons, which have been observed in multidi-
mensional geometries [6–12]. Lattices may suppress azi-
muthal modulation instabilities, thus stabilizing vortex
states (see reviews [13–15], experimental realizations
[16–20], and theoretical proposals [9,21–25], including in
dissipative systems [26]). Vortices can also exist in struc-
tures exhibiting discrete angular rotational symmetry rather
than transverse periodicity, such as modulated Bessel
lattices [27–31] or photonic crystals [32]. Such structures
revealed the surprising fact that the lattice symmetry
(namely, the order of its discrete rotational symmetry)
imposes rigorous restrictions on the topological charges
of symmetric vortex solitons and determines their stability
properties [32–34]. An angular pseudomomentum theory
for modes in such structures has been developed in [32–37].
Circular waveguide arrays with discrete angular rota-

tional symmetry are important in connection with trans-
mission and compression of the high-energy pulses and
beam combining [38,39]. They support various vortex
states with similar restrictions on topological charge
[40–43], gyrating [44] and stationary gap [45] and multi-
pole [46] states on a ring, and they allow the observation of
unconventional modulation instability regimes [47], and
angular soliton switching [30,48,49]. Crucially, all such
systems are characterized by full clockwise and

anticlockwise symmetry, and thus by identical properties
of states with opposite topological charges. Equivalence of
vortex states with opposite charges was also observed in
Bose-Einstein condensates [50–53] and polariton micro-
cavities [54,55].
A fundamentally different situation arises when the

underlying structure with discrete rotational symmetry is
twisted in the direction of propagation. In such systems, the
helicity dramatically affects light transfer between its cores,
enabling unusual diffraction management [56,57] and
topological suppression of tunneling between cores [58–
60], recently observed in linear [61] and nonlinear [62]
systems. Also, in parity-time-symmetric ring arrays twist-
ing allows controlling the system symmetry-breaking
threshold [63–65]. Time-modulated circular arrays were
used at radio frequencies to generate new vortex states [66].
Nevertheless, the impact of twisting on the properties and
stability of self-sustained vortex states in the nonlinear
regime has not been addressed, neither in ringlike arrays
nor in rotating lattices, such as those described in [67–72].
Such rotating structures can be created using interfering
nondiffracting beams [73,74] propagating in photosensitive
materials [75–77], or as photonic crystal fibers twisted
during drawing process [78–80]. The nondegeneracy of
linear vortex modes with opposite charges occurs in linear
twisted photonic crystal fibers [81] and is suggested by the
excitations in optically induced structures [77], but it has
not been addressed directly in the nonlinear regime.
In this Letter, we will show that vortex solitons with

opposite topological charges in twisted circular waveguide
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arrays feature different domains of existence and stability
properties. We find that twisting can stabilize states that are
always unstable in static structures, and that it can generate
vortex states with topological charges that are forbidden in
untwisted systems. We cast our findings on general
discrete-symmetry grounds, so that many of our results
also hold in other nonreciprocal systems with finite rota-
tional order.
We address the paraxial propagation of light in a twisted

waveguide array with focusing nonlinearity described by
the dimensionless nonlinear Schrödinger equation for the
field amplitude ψ (for details of its derivation from
Maxwell equations, see [82]):

i
∂ψ

∂z
¼ − 1

2

�
∂
2ψ

∂x2
þ ∂

2ψ

∂y2

�
− jψ j2ψ −Rðx; y; zÞψ : ð1Þ

Here, we normalize the x, y coordinates to the characteristic
transverse scale r0 ¼ 10 μm, the propagation distance z to
the diffraction length kr20 ≈ 1.44 mm (assuming λ ¼
800 nm wavelength), k ¼ 2πn=λ, n ≈ 1.45 is the un-
perturbed refractive index of the material. The function
R ¼ p

P
k¼1;N e−½ðx−xkÞ2þðy−ykÞ2�=a2 describes N single-

mode Gaussian guides with width a ¼ 0.5 (5 μm) and
depth p ¼ k2r20δn=n defined by real refractive index
contrast δn that are placed on a ring of radius ρ ¼ 0.3N.
We use p ¼ 8 that corresponds to δn ≈ 9 × 10−4. The
structure rotates with frequency ω in the direction of light
propagation, the coordinates of the waveguides on a ring
are xk ¼ ρ cosðϕk − ωzÞ, yk ¼ ρ sinðϕk − ωzÞ, where ϕk ¼
2πðk − 1Þ=N and ω > 0 corresponds to the counterclock-
wise twist. For ω ¼ 0.1 the period of rotation is ∼90 mm.
Such twisted arrays can be inscribed with femtosecond
laser in fused silica [83,84]; a twisted version of photonic
crystal fibers [11,12] with low δn can be used too. In
fused silica samples (n2 ¼ 2.2 × 10−20 m2=W) dimension-
less intensity jψ j2 ¼ 1 corresponds to peak intensity
I ¼ njψ j2=k2r20n2 ≈ 5 × 1015 W=m2. Under the above con-
ditions, two-photon absorption in Eq. (1) can be neglected
[83]. When ω ¼ 0, the rotational symmetry group of a
lattice of order N is given by the discrete point-symmetry
group CNv corresponding to discrete rotations by the angle
εN ¼ 2π=N and to specular reflections with respect to a
number of planes containing the rotation axis. This sym-
metry dictates that in both linear and nonlinear regimes the
system supports only vortex states with topological charges
0 < jmj < N=2 (for even N) and that the properties of þm
and −m states are identical [33]. This picture changes
dramatically in rotating arrays. To show this, we cast
Eq. (1) in the rotating coordinate frame x0 ¼ x cosðωzÞþ
y sinðωzÞ, y0 ¼ y cosðωzÞ − x sinðωzÞ, where the array
profile R is independent of the propagation distance z:
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and rotating operator ωLz ¼ iωðx∂=∂y − y∂=∂xÞ is intro-
duced. Here, primes in coordinates are omitted for simpli-
city. The rotating operator term ωLz ¼ −iω∂=∂θ does not
change the original rotational symmetry since the derivative
is also invariant under any discrete rotation θ → θ þ 2π=N.
Thus, the rotating linear Hamiltonian H ðωÞ ¼ H ð0Þ þ
ωLz ¼ −ð1=2Þ∇2 −Rþ ωLz is also invariant under dis-
crete rotations of the point group CN . The rotating operator
ωLz is self-adjoint, which ensures that the eigenvalues
bðωÞ of the rotating Hamiltonian H ðωÞ ¼ H ð0Þ þ ωLz
are also real. However, under complex conjugation the
rotating operator term changes sign: ωLz→

C
ωL∗

z ¼ −ωLz.
Thus, the Hamiltonian operator H ðωÞ is self-adjoint but
not invariant under conjugation. In fact, complex conju-
gation links the rotating Hamiltonian at frequency ω with
its counterpart at frequency −ω: H ∗ðωÞ ¼ H ð−ωÞ.
Under a “time reversal” transformation T (z → −z), the
sign of rotation changes, so that ω → −ω. Thus, T
produces the same effect as complex conjugation, since
T −1H ðωÞT ¼ H ð−ωÞ ¼ H ∗ðωÞ.
Because of the CN invariance of H ðωÞ for all ω, the

eigenfunctions of the rotating Hamiltonian are angular
Bloch modes with well-defined orbital angular pseudomo-
mentum (OAPM) m [35]. The OAPM m labels every
Hamiltonian eigenfunction. Besides, m sets the on-axis
topological charge of the angular mode [36]. Angular
modes can be written in the form ψm;ωðr; θ; zÞ ¼
um;ωðr; θÞeimθþibmz, where um;ω is the angular Bloch func-
tion, which is periodic in angle θ: um;ωðr; θ þ 2π=NÞ ¼
um;ωðr; θÞ. As in standard Bloch theory, for every set
of modes defined by their OAPM m we can write
their corresponding eigenvalue equation H mðωÞum;ω ¼
−bmðωÞum;ω for the angular Bloch function um;ω of a
stationary state. The symmetries of the reduced
Hamiltonian H mðωÞ obtained from the H ðωÞ after the
substitution of ψm;ω determine the properties of the angular
Bloch mode functions and their propagation constants
bmðωÞ. The reduced Hamiltonian is also self-adjoint, which
guarantees that all bmðωÞ are real. However, as the original
Hamiltonian, H mðωÞ is not real and also gets transformed
by time reversal as T −1H mðωÞT ¼H −mð−ωÞ¼H ∗

mðωÞ.
As a consequence, angular Bloch functions and propaga-
tion constants of the rotating Hamiltonian must fulfill

u∗m;ω ¼ u−m;−ω; bmðωÞ ¼ b−mð−ωÞ: ð3Þ
Thus, the symmetry pattern of the system changes when

we pass from ω ¼ 0 to ω ≠ 0. This change in the symmetry
of the Hamiltonian explains the splitting of the OAPM
doublets (the modes with identical b corresponding to
opposite values of m ≠ 0) existing in the ω ¼ 0 case once
we turn on the rotating term. By introducing this term, we
break T symmetry and the pair of modes um;ω and u−m;ω

stops being degenerate since this degeneracy only occurs
when the full HamiltonianH ðωÞ is real, i.e., when ω ¼ 0.
This result is an explicit demonstration of a general
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property in group theory. The representations of the point
group CN are one dimensional, which means that they are
not degenerate in general. However, for ω ¼ 0 the m and
−m representations are degenerate and complex conjugated
of each other, as shown in Fig. 1(a). This is so because of
the invariance under T of the nonrotating Hamiltonian:
H ∗ð0Þ ¼ H ð0Þ [37]. The presence of the rotating term
breaks time-reversal symmetry, and therefore produces the
splitting of the m and −m doublets with the same value of
ω, which are no longer degenerate. However, this splitting
is not arbitrary since a new degeneracy appears. The ðm;ωÞ
and ð−m;−ωÞ modes are now degenerate ones since they
are connected by T , as seen in Eq. (3) and in Fig. 1(b). In
this sense, ω plays a role analogous to a magnetic field
along the z direction since time reversal T induces the
ω → −ω transformation, as in the magnetic case.
Breaking time reversal symmetry is connected to non-

reciprocity, as elaborated in [85]. Nonreciprocity is
achieved by breaking time-reversal symmetry with an
external bias field F⃗0, which has to be odd under time
reversal. In our case the bias field is the twist conferred by
the rotation frequency ω⃗ ¼ ωk̂ to the waveguide array in
such a way the twisting angle along the z direction is given
by θ⃗ðzÞ ¼ ωzk̂ (see the first section of [86] for details).
Nonreciprocity manifest in the inequivalent dynamics
(different Hamiltonian) that evolving states experience
for forward H ðωÞ and backward H ð−ωÞ propagation.
This is a general feature of nonreciprocal lossless systems
under the action of any bias field F⃗0 odd under time
reversal. Therefore, any linear or nonlinear lossless scalar
system owning discrete rotational symmetry in the presence
of a bias field F⃗0 breaking time-reversal–mirror-reflection
symmetry should present the same qualitative spectral
properties.
The modes with m ¼ 0 and m ¼ 3 deserve a particular

consideration. Group theory tells that these modes (recall

that m ¼ þ3 and m ¼ −3 corresponds to the same state)
are singlets since they belong to one-dimensional repre-
sentations of C6. When ω ¼ 0 these modes are invariant
under complex conjugation or, equivalently, under T .
Accordingly, they are real functions of a multipole type.
When ω ≠ 0, they are still singlets, but become complex
functions verifying ψ∗

0;ω ¼ ψ0;−ω and ψ∗
3;ω ¼ ψ−3;−ω. In the

case ofm ¼ 3 the rotation turns the real multipole singlet of
the nonrotating case ψ3;0 into a single complex mode
that shows different behavior depending on the sign
of ω: ψ3;ω ¼ eþi3θu3;jωj if ω > 0 and ψ−3;ω ¼ e−i3θu∗

3;jωj
if ω < 0. Since the value of the OAPM m defines the on-
axis topological charge, the singlet jmj ¼ 3 appears as an
on-axis vortex of charge þ3 for positive ω and as a vortex
of charge−3 for negativeω—thus rotation generates vortex
modes that are forbidden at ω ¼ 0.
Using the above symmetry properties one can predict a

general functional form of the bmðωÞ dependence for linear
modes. Because of the CN symmetry of the rotating array
the propagation constant has to fulfill also the following
periodicity property:

bmþNðωÞ ¼ bmðωÞ: ð4Þ

An example of the ansatz compatible with symme-
tries (3) and (4) is bmðωÞ ¼ εðωÞ þ cðωÞ cosð2πm=NÞþ
ωsðωÞ sinð2πm=NÞ, where εðωÞ ¼ P

r εrω
2r, cðωÞ ¼P

r crω
2r, and sðωÞ ¼ P

r srω
2r are even polynomial

functions of ω. In Fig. 2 (left) we compare for a repre-
sentative case of N ¼ 6 the exact numerically calculated
dependencies bmðωÞ (lines) with the above ansatz [dots,
obtained by adjusting the coefficients εr, cr, sr in the
ansatz, where we kept terms up to Oðω4Þ]. The agreement
is remarkably good for all modes. Note that our ansatz is
valid also for the nonlinear case since all symmetry
arguments hold for the nonlinear equation as well.
Figure 2 also illustrates transformation of the field modulus
and phase distributions in exact linear modes with increase
of ω. For modes with m < 0 one observes the appearance
of several off-center phase singularities that gradually
approach the center of the array with an increase of ω.
Variation of ω substantially changes angular modulation
depth in field modulus distributions. Transformation of
multipole states into vortex-carrying ones at ω ≠ 0 is
illustrated too (right column).
Next, we consider vortex solitons by solving Eq. (2) with

cubic nonlinearity included. Solitons are sought in the form
ψ ¼ qðx; yÞeibz. Their properties are summarized in Figs. 3
and 4. We first fix propagation constant b and increase
rotation frequency ω. Soliton power U ¼ ∬ jψ j2dxdy
decreases with ω for m ¼ þ1;þ2;�3 and varies non-
monotonically for m ¼ −1;−2 [Figs. 3(a), 3(c), and 3(e)].
In all cases, solitons transform into linear modes at criti-
cal frequencies ωcr different for positive and negative

FIG. 1. Angular Bloch modes ψm as representations of the
point group C6 for exemplary array with N ¼ 6. They are
described as the roots of unity eimπ=3 in terms of their OAPM
m. (a) For ω ¼ 0 (nonrotating case) them ¼ �1;�2 modes form
degenerate doublets due to time reversal symmetry. (b) For
ω ≠ 0, time reversal is broken, which now connects an m mode
with its partner −m with opposite value of ω. A frequency value
−ω is represented by a red cross whereas a frequency value ω is
indicated by a green dot.
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topological charges. Critical frequencies can be determined
from the linear spectrum in Fig. 2 from the intersections of
the linear dispersion curves b�mðωÞ with horizontal line
corresponding to selected soliton propagation constant (see
horizontal dashed blue line, for example). Because of
asymmetry of linear dependencies bmðωÞ for m < 0 the
point of intersection is located at a larger frequency than for
m > 0, hence solitons with negative charges cease to exist
at larger frequency values at ω > 0 side. The larger the
soliton propagation constant, the larger the interval of
rotation frequencies, where it can exist [Fig. 3(e)].
However, when rotation frequency becomes too large,
the waveguides become leaky (for our parameters this
occurs for jωj > 1) and it is necessary to further increase
array depth p to obtain steadily rotating states.
To test the stability of vortex solitons we substitute

their perturbed profiles ψ ¼ ðqþ ueλz þ v∗eλ∗zÞeibz with
u; v ≪ q into Eq. (2), linearize it, and solve the corre-
sponding linear eigenvalue problem to obtain perturbation

FIG. 2. Exact numerically calculated eigenvalues (lines) and their analytical approximation (dots) for linear modes of the rotating
structure with N ¼ 6 waveguides vs ω and examples of modes (jψ j distributions and argðψÞ distributions in the insets) with different m,
ω values. Open blue circles indicate crossings of the horizontal dashed line b ¼ 2.3 with m ¼ �2 mode families that occur at different
frequencies.

FIG. 3. Power (left) and maximal perturbation growth rate
(right) versus rotation frequency ω for m ¼ �1 solitons at b ¼
2.8 (a) and (b), m ¼ �2 solitons at b ¼ 2.3 (c) and (d), and m ¼
3 solitons at b ¼ 2.3 and b ¼ 2.8 (e) and (f). Stable branches are
shown black, unstable ones are shown red. Dots correspond to
solitons, whose propagation dynamics is depicted in Fig. 5.

FIG. 4. (a) Power vs propagation constant b for m ¼ �2
solitons at ω ¼ 0.2. (b) Maximal perturbation growth rate vs b
for all solitons with m ¼ �1;�2;þ3 at ω ¼ 0.2.
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growth rates λ ¼ λre þ iλim, whose dependencies on ω are
presented in Figs. 3(b), 3(d), and 3(f). Solitons are stable
when λre ¼ 0. Remarkably, for m ¼ �1 maximal pertur-
bation growth rate vanishes above certain critical rotation
frequency, meaning that twist stabilizes vortex solitons with
the lowest topological charges that are usually unstable in
static systems with C6 discrete rotation symmetry [20,34].
At the same time, twist may also destabilize some of the
solitons that were stable at ω ¼ 0. This is seen for m ¼ þ2
and m ¼ þ3 states that feature instability islands (they are
shown by the red color, while all stable branches in Fig. 3
are shown black). Notice that for both m ¼ �1 and m ¼
�2 solitons stability properties are different due to structure
twist. In contrast, solitons with m ¼ �3 always feature the
same stability intervals, and m ¼ 0 solitons are always
stable. Increasing propagation constant at fixed ω leads to
the growth of soliton power, see Fig. 4(a) (the curves for
different m values are similar, so we show them only for
m ¼ �2). Increasing b usually leads to stabilization of
solitons with the highest topological charges and destabi-
lization of states with the lowest charges [Fig. 4(b)].
Figure 5 shows examples of stable propagation of vortex

solitons with topological charges m ¼ −1 [Fig. 5(a)] and
m ¼ −2 [Fig. 5(c)] corresponding to the dots in Fig. 3 in

the presence of broadband noise added into the input field
distributions. Simulations were performed in the nonrotat-
ing coordinate frame, using Eq. (1). These structures show
stable persistent rotation over huge distances. When vortex
solitons are unstable, instability is manifested in the
development of the azimuthal modulation and irregular
field oscillations in all waveguides [Figs. 5(b) and 5(d)].
The generality of our findings is supported by the ana-
lysis of twisted arrays with other types of discrete rota-
tional symmetry, such as C8 and C10 (see [86]), where one
also observes rotation-induced splitting of linear OAPM
doublets existing at ω ¼ 0 and formation of vortex
modes that are forbidden at ω ¼ 0, as well as rotation-
induced stabilization of vortex solitons with lowest
topological charges and destabilization of higher-charge
states.
In summary, we have shown that twisting waveguide

arrays with discrete rotational symmetry profoundly affects
the domains of existence and stability properties of non-
linear vortices. We found that twisting breaks the equiv-
alence between states with equal but opposite topological
charges. Our results are based on general group-theory
arguments, which hold for a wide variety of physical
systems. The underlying optical system is readily realizable
experimentally and enriches the class of settings that
feature nonequivalent clockwise and counterclockwise
vortical currents [87–89]. In particular, dynamically vary-
ing CNv potentials can be created in clouds of cold
atoms, Bose-Einstein condensates, optical waveguide
arrays, photonic crystal fibers, atomic vapors, and polariton
condensates.
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