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We present a new formula for the angular momentum J# carried away by gravitational radiation in
classical scattering. This formula, combined with the known expression for the radiated linear momentum

P#, completes the set of radiated Poincaré charges due to scattering. We parametrize P# and J* by
nonperturbative form factors and derive exact relations using the Poincaré algebra. There is a contribution
to J# due to static (zero-frequency) modes, which can be derived from Weinberg’s soft theorem. Using

tools from scattering amplitudes and effective field theory, we calculate the radiated J** due to the
scattering of two spinless particles to third order in Newton’s constant G, but to all orders in velocity. Our
form-factor analysis elucidates a novel relation found by Bini, Damour, and Geralico between energy and

angular momentum loss at O(G?). Our new results have several nontrivial implications for binary

scattering at O(G*). We give a procedure to bootstrap an effective radiation reaction force from the loss of

Poincaré charges due to scattering.

DOI: 10.1103/PhysRevLett.129.121601

Introduction.—It is crucial to have accurate theoretical
modeling of binary coalescence, given the rapid improve-
ment in sensitivity of current and future gravitational-wave
detectors. Recently, there has been tremendous progress in
solving binary dynamics by utilizing tools in quantum field
theory (QFT) building on the pioneering work of non-
relativistic general relativity [1].

The power of QFT-based methods originates from the
gauge invariance and Lorentz covariance of scattering
observables, which can be extracted from QFT amplitudes
via effective field theory (EFT) methods [1-3] and the
Kosower-Maybee-O’Connell (KMOC) framework [4,5].
This enables tools developed in particle physics to be
applied to classical gravity. Scattering results can then be
translated into binary bound state ones through the effec-
tive-one-body mapping [6-8], EFT method [2,3], and
analytic continuation [9-11]. Outputs from this program
naturally fit within the post-Minkowskian (PM) framework,
which expands in G but keeps all orders in velocity. State-
of-the-art results for the conservative PM potential [12-15]
and scattering tail effect [16,17] illustrate the power of this
new methodology.

Dissipation is a key feature of binary coalescence that is
already present at 2.5 post-Newtonian (PN) order, as can be
seen by the radiation reaction (RR) [18-23]. The RR force
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has been extended to up to 4.5 PN accuracy [24-32].
Theoretical predictions for dissipative effects on binary
scattering are also relatively less developed. For instance,
the waveform [33-35], impulses [36-44], and radiated
linear [43—-45] and angular momentum [34,35,46-48], have
been computed to only the leading PM order.

The aim of this Letter is to leverage Poincaré symmetry
to incorporate dissipation due to radiation into the QFT-
based framework. Poincaré invariance imposes conserva-
tion laws that relate the linear and angular momentum
carried away by radiation, P# and J**, to the corresponding
loss in the binary system. While the formula for P* is well
known (see also its expression in the KMOC form), the
standard formula for J*¥ [49] is less well understood in
scattering scenarios. This is due to the presence of the
static mode, which is analogous to the Coulomb mode in
electrodynamics (EM) [50]. In this Letter, we derive a new
formula (3) for J# in terms of the stress-energy pseudo-
tensor that applies to radiation with arbitrary frequency.
The formula manifests the gauge independence and
Lorentz covariance of J#**. This enables us to parametrize
P* and J*¥ with nonperturbative form factors in Eq. (5) that
obey exact constraints imposed by the Poincaré algebra.
Applying this framework perturbatively in G, we calculate
J* to O(G?) in Egs. (13) and (15), and find agreement
with the literature [46—48]. In particular, we directly derive
the remarkable relation (16) between energy and angular
momentum loss first found by [47]. Weinberg’s soft
theorem [51] greatly simplifies the calculation of the
zero-frequency contribution to J#*. Our results, however,
disagree with those calculated using standard formula in the
rest frame [34,35], due to the subtlety in the static mode.
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The radiated Poincaré charges have important implica-
tions for dissipative binary dynamics. By combining our
O(G?) results for J# with those for P# [43,44], one can
immediately predict the linear-in-RR correction to the
scattering angle and transverse impulse at O(G*) using
the Bini-Damour formula [46,52] and the maps in [47].
In addition, by following the framework in [46,47,52], we
bootstrap an effective PM RR force via the balance
equations [27-29] modulo total time derivatives, i.e., the
so-called Schott terms [53,54].

Radiated linear and angular momentum.—Consider a
scattering process where the initial state consists of massive
particles (referred to as matter), and the final state consists
of matter and outgoing gravitational radiation. Poincaré
symmetry implies that the loss of linear and angular
momentum of matter is equal to that carried away by
radiation. The radiated linear and angular momentum in the
final state are given by

P z/d3xT”0, J/“’:/d3xx[”T”]0, (1)

where T* is the stress-energy tensor of the radiation,
altb!! = a#b* — a*b*, and the integrals are over all space at
a fixed time. The global conserved charges are invariant
under improvement terms in 7#¥ [55].

Gravitational radiation is defined as the fluctuation
around flat space g, = n,, + v32zGh,, . In what follows,
we use the mostly minus convention. Asymptotically, the
radiation can be decomposed into on-shell plane waves
labeled by k* = (w, k), where w is the energy, boldface k
denotes spatial momentum, and k> = 0. After gauge fixing,
the radiation field of any frequency can be solved in terms
of the stress-energy pseudotensor 77°(k), which is analo-
gous to the current in EM. 77°(k) contains both matter and
radiation contributions, unlike the usual stress tensor which
does not contain radiation. 77?(k) is conserved on shell,
ie., k,77°(k) = 0. [One can always find such a 777(k)
[56].] There is an invariance under residual gauge trans-
formations 7+ (k) — TH (k) + k"€ (k) + k“e*(k) where
e(k) - k = 0. Crucially, the formula for the radiation field
and J* are written in terms of 77°(k), rather than the
transverse-traceless components of the radiation field used
in the standard formula [49], which means our results are
also applicable to the static mode that contributes to the
angular momentum. This is similar to the Coulomb field in
EM, which is not in the transverse projection of the vector
potential. The radiation field in terms of 777(k) reads

hy,(x) = \/SﬂG/%(PW/,GT/"’(k)e_"k"‘ +cc), (2

Lupe 18 the gauge-dependent projection and dk =
[°k/(27)*2w] is the Lorentz invariant phase space
measure.

where P

Using Einstein’s equations, it is straightforward to relate
TH to the radiation field. Combining Eqgs. (1), (2), and the
expression for 7% in terms of /,,(x), we obtain the main
formulas of this Letter,

Pt = 872G / dk k* <T*/’”(k)7'm(k) - %TZ”(k)Tg(k)),
I = 826G / %(T*w(k)cﬂv:rm(k) _ %T,’ip(k)LWTg(k)
24T (k)T (k)) , (3)

where £ = ikd*]. Note the absence of any explicit time
dependence. This completes the set of expressions for the
radiated Poincaré charges. Since the stress-energy pseudo-
tensor can be derived directly from on-shell amplitudes
using the KMOC framework [4,5], our formulation for J#
meshes well with the QFT-based approach. Analogous
formulas for P# and J* in EM are given in Supplemental
Material, Sec. A [57].

The expressions in Eq. (3) are highly constrained by
gauge invariance and the Poincaré algebra. The relative
factor between the first and last terms in the J* integrand is
fixed by invariance under residual gauge transformations.
These terms are sometimes referred to as the orbital and spin
contributions. However, only their combination is gauge
invariant, implying that individually, they have no physical
meaning [58]. The Poincaré algebra imposes the following
transformations under the translation x# — x* + a*,

P — Pt
JH — Jr + alkp, (4)

Since 7 (k) — T**(k)e'®“ under translations, the expres-
sions in Eq. (3) indeed obey Eq. (4).

Form factor parametrization.—By parametrizing P* and
J* in terms of the initial data of binary scattering, one can
derive additional constraints on them using the Poincaré
algebra. The particles are labeled by a Roman subscript
i=1,2 and m;, pY, and b} correspond to the particle’s
mass, initial momentum, and impact vector, which, as
depicted in Fig. 1, obey p; - b; = 0. In addition, it is useful
to define the relative impact vector Ab* = b5 — bf, its

Y

FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction, and
the impact vectors b/ , are along the y direction.
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magnitude b=+v-Ab?, and b* = [p, - (p, + p2)b} + py
(p1 + p2)b5]/(p1 + p2)?. The Lorentz-invariant variables
are then m;, b, and the relative boost 6 = p; - po/(m;m,).
We find that the most general forms of P# and J#
consistent with Lorentz covariance, the Poincaré con-
straints (4), and particle interchange symmetry are

PH =.7:1p’f +.7:2pg +.7:3Abﬂ,
= BF P+ Fapl) + Faab)
+ Abw(gllﬁ] - gng]) + lepglplf]a (5)

where F;, G;, H,, are form factors that are functions of the
Lorentz invariants my, m,, o, b. Particle interchange
symmetry implies that the form factors satisfy

my<>my my<>ny

f—] - fZa gl - 2

my<>ny my<>ny

Fy ="=F; Hi, =" =Hip, (6)

so that the only independent ones are F,, F3, G, Hys-

We consider two frames in this Letter, the center of mass
(c.m.) and the frame where particle 1 is initially at rest
(referred to as the rest frame hereafter). See Supplemental
Material, Sec. B [57] for the initial conditions in each
frame. In particular, b* = 0 in the c.m. frame and b’f =0in
the rest frame. We denote the components of J** in the c.m.
and rest frames as J4%, and Jh,, and the initial angular
momentum along the z direction as J.,, and J.. Their
form factor expressions are summarized in Supplemental
Material, Sec. B [57]. Remarkably, all form factors can be
fixed with only P*, J1Z,, and JOL,.

Since Eq. (5) was derived from exact symmetries, we can
deduce nonperturbative relations among the components of
Ji% and Jhe,. For instance, this implies JO,, = JOL . In
addition, the zero-frequency sector of the radiation has
vanishing F; and, according to Eq. (5), we find

12 12
Jc.m. Jrest

Jc.m. w=0 Jrest w=0

=0+ 0, =0,. (7)
Since the radiation carries no energy at O(G?), Eq. (7) is
indeed the full result at this order. As we discuss further
below, our formula (3) agrees with this relation, but the
standard formula [34,35,49] does not.

The remainder of the Letter is devoted to using this
formalism to compute J* in G expansion, defined in
Supplemental Material, Sec. C [57].

Stress-energy pseudotensor.—To obtain the O(G?) cor-
rection to J#, it is necessary to determine 74 (k) to O(G?).
The diagrams in Fig. 2 depict these contributions. The full
expression for 7# (k) is only known up to O(G) [5,33] and
is reviewed in Supplemental Material, Sec. E [57].
However, at O(G?) only the related integrand has been
constructed [59,60].

Fortunately, the full O(G?) expression for 7+*(k) is not
needed to compute J* at O(G?), since this term only enters

B R T

IO W

I o

FIG. 2. Sample diagrams depicting contributions to 7#*(k).
Straight and wavy lines denote matter and gravitons. Radiation
can be emitted from any of the external matter legs. The top row
illustrates relevant diagrams for the zero-frequency limit in
Eq. (8). The solid and hallow blobs correspond to the O(G)
and O(G?) deflections. The bottom row depicts 7#(k) at O(G)
with general frequency.

%E

through an interference term with the leading O(1) static
piece. This implies we only need to consider the leading
soft limit of 74 (k) which is governed by Weinberg’s soft
theorem [51]

; H v
__! Z Mzﬂg(w)

T(0) P =
a=12%a "N "Pa

w—0"

+ 1 ( PasPay _ Daph )
w+i0a:1,2 Ea,f_k'paﬁf Ea_k'pa

(8)

where k = k/w is a unit vector, and py = (E,,p,) and
Py = (Eqs.Pay) are the initial and final momenta of

particle a. The first line is the static contribution to 7+
sourced by the initial particles and is exactly soft. The
factor of 1/2 is present to avoid double counting positive-
and negative-frequency contributions to the static piece.

The second term in Eq. (8) encodes the scattering
process. In the soft limit, the scattering trajectory reduces
to a kink at # = 0 whose frequency space representation is
1/(w + i0). The kink is fixed by the hard scattering data,
which, for our purposes, is needed to O(G?), and can be
obtained from the scattering angle y summarized in
Supplemental Material, Sec. D [57]. We also derive
Eq. (8) in the KMOC framework [5] by taking the soft
limit of amplitudes [61]. (See also [62,63].)

Perturbative results at O(G*).—At O(G?), the only
contribution to J* is due to interference between the O(1)
static term and the O(G) contribution to 7. As pointed
out above and by Damour [46], the zero-frequency limit of
TH is all that is needed for this interference piece, which is
given by Eq. (8) and the O(G) impulse. Evaluating Eq. (3),
and using the notation in Supplemental Material, Sec. C
[57], yields

J12 M?(26% -1
rest,2 _ I/MZ)(II(U) _ v ( o )I(G),
Jrest O'2 -1
J(r)elst,Z = 0’ (9)
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TABLE 1. Functions specifying P* [43,44] and J* at O(G?)
and O(G?). These are provided in Supplemental Material [57].

1 o—1
16 26° 4(262_3)6arcsmh( T)
IZ(6) =—— ’
(0) st a1t 2 o
1 o—1
E(o) o+ 1 aarcsmh( T)
— = fitfhlegl——)+ fs "
i Jo=t
Clo) | (g+1 o arcsin ( > )
— 9 telel— )+ 95 —
3n(562 — 1
D(o) :¥I(G),

_ 2100°~5526° +3390* ~9126° +31480° ~33360 + 1151
b 48(c>—1)3? ’
356" + 605" — 1500 + 766 — 5

J2= 807 — 1 ’
 (20% =3)(356" — 3002 + 11)
f3= 8(c% —1)3/? ’
_10567 —4116°4-2406° +5376* —6836° +1110>+3866—237
h= 24(c7—1)? ’
- 356° — 906* — 706> + 1662 + 1556 — 62
9= 42— 1) ’
_ (26* -3)(350° - 606* — 700" + 7206” + 196 — 12)
B A2 — 1) '

where M = m, + m, is the total mass, v = m,m,/M? is
the reduced mass ratio, y, is the O(G) scattering angle
given in Supplemental Material [57], and Z (o) is given in
Table I. Interestingly, J*¥ can be written in terms of the
scattering angle y; and is independent of short-distance
details. We find the leading radiated angular momentum is
positive when y; > 0, i.e., the scattering is attractive.
Matching the above to Eq. (5) gives

vM?(26% — 1)

|

Gi2=02= Z(o). (10)
while all other form factors vanish at this order. Plugging
Eq. (10) into Eq. (5) gives the remaining components of J*
in the rest and c.m. frames:

T2 Jres.2 buM?(26% — 1)
s = > I(O’), (11)
EI_E2 my — nyo Vot -1
J2.,  J2, 2uM?(26° - 1)
JE =2t s T ee—T1(0).  (12)
c.m. rest o- —1

These results can be directly verified using Eq. (3).
Our results for J!%,  agree with Eq. (4.9) of [46]; J2, ,
agrees with Eq. (160) of [48] modulo an extra term. As a
nontrivial check, we computed the angular momentum loss
using the known 3.5PN RR force exerted on the matter
[26]. This predicts the first 2 orders of the velocity

expansion of J* at O(G?), and we fully agree in the

c.m. and rest frames. However, we disagree with the
expression for J\Z , obtained by using the standard formula
34,35]], which leads to JI2 ,/Jdies = S22 5/Jem- This
disagrees with Eqgs. (7) and (12) by a factor of 2 because
of the subtlety of applying standard formulas away from the
c.m. frame [64].

The O(G?) result is intriguing for a couple reasons. First,
it implies that radiation can carry finite angular momentum
but, at the same time, zero linear momentum (see also the
recent discussions [64—67]). Second, the ratio J'%2/J is
different in the c.m. and rest frames, even in the large mass
ratio limit, i.e., m; > m,. Both features can easily be
understood using the RR force. Relative to the binary’s
initial state, the final state has a smaller impact parameter
but the same energy. This implies the radiated energy
vanishes but not the angular momentum. In addition, the
leading 2.5PN RR force exerts the same acceleration
between the two particles for any mass ratio. This implies
the recoil from the heavy particle cannot be ignored.
Therefore, the results do not have to coincide in the c.m.
and rest frames for large mass ratios, in contrast to the
conservative effects.

Perturbative results at O(G*).—The O(G?) correction
to J# also contains an interference contribution between
the static term from the initial state and the soft limit of
T+ (k) in Eq. (8). At this order, one needs the O(G?)
correction to the momentum impulses, which can be
calculated given the scattering angle up to O(G?).

The nonzero frequency contribution to J* at O(G?)
comes from inserting the full 7#*(k) at O(G), as reviewed
in Supplemental Material [57], into Eq. (3). To evaluate this
integral, we worked in the rest frame, expanded the

integrand in small velocity, p,, = V6> — 1, and integrated
the resulting terms. Using this method, we computed the
nonrelativistic expansion of J|2 5 to O(p%). To resum
the velocity series, we constructed an ansatz by dressing the
same transcendental functions appearing in the expression
for P* at O(G?®) [43,44] with rational functions of &
containing unknown coefficients. The ansatz can be fixed
by matching the series to O(p23) which we confirm to
O(p%). It would be interesting to verify the resummation
using modern integration methods. As a cross-check, we
reproduced the results for P# obtained in [43,44] using this
procedure.
The results for J# at O(G?) in the rest frame are
Jrews = bmim3[m,C(o) + (my + my)D(o)].

rest,3

2

Tla = =bmyma(m} = md) ZL_T(),  (13)
52 —

where C(o) and D(o) correspond to the nonzero frequency

and interference contributions (see Table I). Using the maps

in Eq. (5) we fix F;3, G;3, and H;, 3 by matching to P*

[43,44] and Eq. (13):
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2

mim
f23—6+125(0)’ F33=0,
mym
Gr3 = \/612—_21 mC(6) + (my + my)D(0)
(my + my6) mymyVeo? — 1E(o)
M?h? o+ 1 ’
.
Hiza = bl ~m) F17(c), (14)

where h = /1 +2v(c — 1).
The form factors in Eq. (14) can be used to translate the
rest-frame results into c.m. ones via Eq. (5). For instance,

Jcm 3 I/M l/poog(a)
2D —. 15
I T e C(o) +2D(o) = — (15)
Defining J5 = (pd/vM*h*)(J1%, 3/Jcm ). we find that the

combination

W, +””°° £(6) = (6 = 1)[C(o) +2D(s)] (16)

only depends on ¢ but not m;. This is precisely the relation
first observed in [47] by considering the matter impulses at
O(G*). Here, we obtain the same result as a consequence of
the mass scaling at O(G*) in Eq. (13) and Lorentz
covariance in Eq. (5). Expanding J5 in small velocity yields

Jy 28 , (739 163 \
P (ﬁ‘ﬁ)

5777 5339 50 L)\
(‘ﬁ‘m +?”) =
115769 1469 9235 , 553
<126720+ s04 Ve Y T

y3)p§o+...
(17)

The first three terms agree with Eq. (7.21) of [47].

Implications for O(G*) scattering.—It was pointed out
in [46,47,52] that RR effects on the scattering angle
and momentum impulses can be extracted from P# and
JW. Define the transverse impulse at O(G*) to be
Ap, 4 =[(Ap; - Ab)/D]|s+. It can be written as

Ap 4 = VM3 (G/b)H (eSS + e g™ + ), (18)

where ¢}%" is the conservative contribution calculated in

[16,17] using the prescription [47], and ¢™€¥e" and ¢™°dd

are the dissipative contributions that are even and odd under
time reversal. (c§%* and ¢}y 0dd are ¢ and cg g’} in [47].)
Using the explicit map in [47], ¢} 24 j5 fixed by P* and J*

to O(G?)

Crr,odd = |:6(662 _5) _ml 202 - l:| 5(6)

b4 | M (c+1)
14 02— T 62—
_ ((272_11){3 (52 D 1(6)+Clo) +2D(0))

(19)

where the mass dependence is consistent with [47,68].
The first 3 orders of the velocity expansion in Eq. (19)
agree with the last line of Eq. (8.6) of [47].

In the high energy limit 6 — oo, ¢’ 4dd is dominated by
terms coming from C(c) and £(o) and scales as ¢°. This
high-energy behavior is comparable to that of cc"m.
However, the sum does not cancel and Ap, 4 ~ G*6> i
the high energy limit. It would be interesting to see if the
contribution from ¢ ;" tames this divergence.

Radiation reaction force.—Dissipative effects on a
binary system in a generic orbit can be described by the
RR force Fyp. Let the spinless binary motion lie on the x—y
plane. In polar coordinates, Fgg = F,e, + (F;/r)ey,
where e, and e, are the radial and angular unit vectors,
r is the relative distance, and ¢ is the polar angle. The
energy E and angular momentum J of the binary are not
conserved in the presence of Frg. Using the formulation in
[47,52], the fluxes of E and J are

J=F,  E=iF,+¢F, (20)

One can bootstrap the RR force using the loss of energy
and angular momentum due to scattering in the c.m. frame.
Assuming Fgr is a vector under spatial parity and odd
under time reversal,

cpd

Frr = C pre,+cpp = (Cr+cp)prer+78(/)’ (21)
where p is the relative momentum, p, =p - e,, and ¢, and
¢, are unknown coefficients that are even under time
reversal. We also assume that ¢, and ¢, can be expressed
in isotropic gauge, i.e., they only depend on r and pZ.
Classical power counting yields the ansatz

G? G2
CrZFCr,z(PQ)‘f‘"'v Cp_—gcp.z(l’2>+"" (22)

where the dots denote higher orders in G.

Plugging Egs. (21) and (22) into Eq. (20), and integrating
over the conservative trajectories in the c.m. frame, which
to leading order are straight lines, yields the change in £
and J after scattering

2G*E E2
AJ = —— b E PZ(PO)
2G*
AE=—07 Jera(pg) +3c,2P0)] + -, (23)

Conservation of energy and angular momentum implies
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AJ =-J12 . AE =-P° . (24)

Matching this to Eq. (12) and P?, , = 0 at O(G?) fixes the
ansatz entirely:

Cr,z(l’(z)) = —30,,,2(17(2)),

VM
Cp2 P} =-

& g, 2~ DT(0). (25)

This extends the RR force at O(G?) to all orders in velocity,
which was only derived previously to the first three orders
in the velocity expansion [32]. The equations of motion for
the c.m. recoil, and the extension to O(G?), can be studied
similarly.

This analysis, however, assumes that Fgp can be
expressed in the isotropic gauge. It would be important
to check the agreement between Eq. (25) with the known
RR force in the overlapping region by including Schott
terms [53], i.e., total time derivatives that leave AJ and AE
invariant [54]. We leave this to future work.

Conclusions.—In this Letter, we build a new framework
to calculate the radiated angular momentum due to scatter-
ing that meshes well with QFT-based methods. Our work
opens up many avenues for future work. Some obvious
generalizations include dissipative effects in scattering with
spin [69,70], and in gauge [54,71] and supersymmetric
theories [36,72]. It would also be interesting to compare our
method with other approaches using soft theorems [41,42].
A crucial next step is to calculate P* and J* to O(G*). For
the bounded binaries, it would be interesting to compare
with the flux from analytic continuation [11], and study its
impact on waveform models [73]. Last but not least, it
would be interesting to extend our framework beyond
gravitational-wave science, perhaps along the lines of jet
observables [74].

We thank Z. Bern, T. Damour, W. Goldberger, D.
O’Connell, J. Plefka, R. Porto, R. Roiban, I. Rothstein,
and M. Solon for comments on the manuscript, and
L. Blanchet, T. Damour, E. Herrmann, D. Kosower, Z.
Moss, J. Parra-Martinez, M. Ruf, and M. Solon for helpful
discussions. This work is supported in part by the U.S.
Department of Energy (DOE) under Award No. DE-
SC0009919. C.-H.S. is also grateful to Mani L.
Bhaumik Institute for Theoretical Physics for hospitality
during the completion of this work.

[11] W.D. Goldberger and I.Z. Rothstein, Phys. Rev. D 73,
104029 (2006).

[2] D. Neill and I. Z. Rothstein, Nucl. Phys. B877, 177 (2013).

[3] C. Cheung, I. Z. Rothstein, and M. P. Solon, Phys. Rev. Lett.
121, 251101 (2018).

[4] D. A. Kosower, B. Maybee, and D. O’Connell, J. High
Energy Phys. 02 (2019) 137.

[5] A. Cristofoli, R. Gonzo, D. A. Kosower, and D. O’Connell,
arXiv:2107.10193.

[6] A. Buonanno and T. Damour, Phys. Rev. D 59, 084006
(1999).

[7] T. Damour, Phys. Rev. D 94, 104015 (2016).

[8] T. Damour, Phys. Rev. D 97, 044038 (2018).

[9] G. Kilin and R. A. Porto, J. High Energy Phys. 01 (2020)
072.

[10] G. Kilin and R. A. Porto, J. High Energy Phys. 02 (2020)
120.

[11] G. Cho, G. Kilin, and R. A. Porto, J. High Energy Phys. 04
(2022) 154.

[12] Z. Bern, C. Cheung, R. Roiban, C.-H. Shen, M. P. Solon,
and M. Zeng, Phys. Rev. Lett. 122, 201603 (2019).

[13] Z. Bern, C. Cheung, R. Roiban, C.-H. Shen, M. P. Solon,
and M. Zeng, J. High Energy Phys. 10 (2019) 206.

[14] Z. Bern, J. Parra-Martinez, R. Roiban, M. S. Ruf, C.-H. Shen,
M. P. Solon, and M. Zeng, Phys. Rev. Lett. 126, 171601 (2021).

[15] C. Dlapa, G. Kilin, Z. Liu, and R. A. Porto, Phys. Lett. B
831, 137203 (2022).

[16] Z. Bern, J. Parra-Martinez, R. Roiban, M. S. Ruf, C.-H.
Shen, M. P. Solon, and M. Zeng, Phys. Rev. Lett. 128,
161103 (2022).

[17] C. Dlapa, G. Kilin, Z. Liu, and R. A. Porto, Phys. Rev. Lett.
128, 161104 (2022).

[18] W. L. Burke, J. Math. Phys. (N.Y.) 12, 401 (1971).

[19] K.S. Thorne, Astrophys. J. 158, 997 (1969).

[20] S. Chandrasekhar and F. Esposito, Astrophys. J. 160, 153
(1970).

[21] T. Damour and N. Deruelle, Phys. Lett. 87A, 81 (1981).

[22] T. Damour, C.R. Acad. Sc. Paris, Série II 294, 1355 (1982).

[23] T. Damour, Gravitational Radiation (North-Holland
Company, Amsterdam, 1983), pp. 59-144.

[24] L. Blanchet and T. Damour, Phys. Lett. 104A, 82 (1984).

[25] P.Jaranowski and G. Schafer, Phys. Rev. D 55,4712 (1997).

[26] S. Nissanke and L. Blanchet, Classical Quantum Gravity 22,
1007 (2005).

[27] B.R. Iyer and C. M. Will, Phys. Rev. Lett. 70, 113 (1993).

[28] B.R. Iyer and C. M. Will, Phys. Rev. D 52, 6882 (1995).

[29] L. Blanchet and G. Faye, Classical Quantum Gravity 36,
085003 (2019).

[30] C.R. Galley and M. Tiglio, Phys. Rev. D 79, 124027 (2009).

[31] C.R. Galley and A. K. Leibovich, Phys. Rev. D 86, 044029
(2012).

[32] A. Gopakumar, B.R. Iyer, and S. Iyer, Phys. Rev. D 55,
6030 (1997); 57, 6562(E) (1998).

[33] W.D. Goldberger and A.K. Ridgway, Phys. Rev. D 95,
125010 (2017).

[34] G. U. Jakobsen, G. Mogull, J. Plefka, and J. Steinhoff, Phys.
Rev. Lett. 126, 201103 (2021).

[35] S. Mougiakakos, M. M. Riva, and F. Vernizzi, Phys. Rev. D
104, 024041 (2021).

[36] P. Di Vecchia, C. Heissenberg, R. Russo, and G. Veneziano,
Phys. Lett. B 811, 135924 (2020).

[37] P. Di Vecchia, C. Heissenberg, R. Russo, and G. Veneziano,
J. High Energy Phys. 07 (2021) 169.

[38] N.E.J. Bjerrum-Bohr, P.H. Damgaard, L. Planté, and
P. Vanhove, J. High Energy Phys. 08 (2021) 172.

[39] P. H. Damgaard, L. Plante, and P. Vanhove, J. High Energy
Phys. 11 (2021) 213.

121601-6


https://doi.org/10.1103/PhysRevD.73.104029
https://doi.org/10.1103/PhysRevD.73.104029
https://doi.org/10.1016/j.nuclphysb.2013.09.007
https://doi.org/10.1103/PhysRevLett.121.251101
https://doi.org/10.1103/PhysRevLett.121.251101
https://doi.org/10.1007/JHEP02(2019)137
https://doi.org/10.1007/JHEP02(2019)137
https://arXiv.org/abs/2107.10193
https://doi.org/10.1103/PhysRevD.59.084006
https://doi.org/10.1103/PhysRevD.59.084006
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.97.044038
https://doi.org/10.1007/JHEP01(2020)072
https://doi.org/10.1007/JHEP01(2020)072
https://doi.org/10.1007/JHEP02(2020)120
https://doi.org/10.1007/JHEP02(2020)120
https://doi.org/10.1007/JHEP04(2022)154
https://doi.org/10.1007/JHEP04(2022)154
https://doi.org/10.1103/PhysRevLett.122.201603
https://doi.org/10.1007/JHEP10(2019)206
https://doi.org/10.1103/PhysRevLett.126.171601
https://doi.org/10.1016/j.physletb.2022.137203
https://doi.org/10.1016/j.physletb.2022.137203
https://doi.org/10.1103/PhysRevLett.128.161103
https://doi.org/10.1103/PhysRevLett.128.161103
https://doi.org/10.1103/PhysRevLett.128.161104
https://doi.org/10.1103/PhysRevLett.128.161104
https://doi.org/10.1063/1.1665603
https://doi.org/10.1086/150259
https://doi.org/10.1086/150414
https://doi.org/10.1086/150414
https://doi.org/10.1016/0375-9601(81)90567-3
https://doi.org/10.1016/0375-9601(84)90967-8
https://doi.org/10.1103/PhysRevD.55.4712
https://doi.org/10.1088/0264-9381/22/6/008
https://doi.org/10.1088/0264-9381/22/6/008
https://doi.org/10.1103/PhysRevLett.70.113
https://doi.org/10.1103/PhysRevD.52.6882
https://doi.org/10.1088/1361-6382/ab0d4f
https://doi.org/10.1088/1361-6382/ab0d4f
https://doi.org/10.1103/PhysRevD.79.124027
https://doi.org/10.1103/PhysRevD.86.044029
https://doi.org/10.1103/PhysRevD.86.044029
https://doi.org/10.1103/PhysRevD.55.6030
https://doi.org/10.1103/PhysRevD.55.6030
https://doi.org/10.1103/PhysRevD.57.6562
https://doi.org/10.1103/PhysRevD.95.125010
https://doi.org/10.1103/PhysRevD.95.125010
https://doi.org/10.1103/PhysRevLett.126.201103
https://doi.org/10.1103/PhysRevLett.126.201103
https://doi.org/10.1103/PhysRevD.104.024041
https://doi.org/10.1103/PhysRevD.104.024041
https://doi.org/10.1016/j.physletb.2020.135924
https://doi.org/10.1007/JHEP07(2021)169
https://doi.org/10.1007/JHEP08(2021)172
https://doi.org/10.1007/JHEP11(2021)213
https://doi.org/10.1007/JHEP11(2021)213

PHYSICAL REVIEW LETTERS 129, 121601 (2022)

[40] A.Brandhuber, G. Chen, G. Travaglini, and C. Wen, J. High
Energy Phys. 10 (2021) 118.

[41] P. Di Vecchia, C. Heissenberg, R. Russo, and G. Veneziano,
Phys. Lett. B 818, 136379 (2021).

[42] C. Heissenberg, Phys. Rev. D 104, 046016 (2021).

[43] E. Herrmann, J. Parra-Martinez, M. S. Ruf, and M. Zeng,
Phys. Rev. Lett. 126, 201602 (2021).

[44] E. Herrmann, J. Parra-Martinez, M. S. Ruf, and M. Zeng,
J. High Energy Phys. 10 (2021) 148.

[45] M. M. Riva and F. Vernizzi, J. High Energy Phys. 11 (2021)
228.

[46] T. Damour, Phys. Rev. D 102, 124008 (2020).

[47] D. Bini, T. Damour, and A. Geralico, Phys. Rev. D 104,
084031 (2021).

[48] S.E. Gralla and K. Lobo, Classical Quantum Gravity 39,
095001 (2022).

[49] M. Maggiore, Gravitational Waves: Theory and Experi-
ments, Oxford Master Series in Physics Vol. 1 (Oxford
University Press, New York, 2007).

[50] B. Bonga, E. Poisson, and H. Yang, Am. J. Phys. 86, 839
(2018).

[51] S. Weinberg, Phys. Rev. 140, B516 (1965).

[52] D. Bini and T. Damour, Phys. Rev. D 86, 124012
(2012).

[53] G. A. Schott, Lond. Edinb. Dublin Philos. Mag. J. Sci. 29,
49 (1915).

[54] M. V. S. Saketh, J. Vines, J. Steinhoff, and A. Buonanno,
Phys. Rev. Research 4, 013127 (2022).

[55] C.G. Callan, Jr.,, S. R. Coleman, and R. Jackiw, Ann. Phys.
(N.Y.) 59, 42 (1970).

[56] D. Kosmopoulos, Phys. Rev. D 105, 056025 (2022).

[57] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevLett.129.121601 for the expressions in
Mathematica format.

[58] R. L. Jaffe and A. Manohar, Nucl. Phys. B337, 509 (1990).

[59] C.-H. Shen, J. High Energy Phys. 11 (2018) 162.

[60] J.J. M. Carrasco and I. A. Vazquez-Holm, J. High Energy
Phys. 11 (2021) 088.

[61] A.V. Manohar, A.K. Ridgway, and C.-H. Shen (to be
published).

[62] Y. F. Bautista and A. Guevara, arXiv:1903.12419.

[63] Y.F. Bautista and A. Laddha, arXiv:2111.11642.

[64] B. Bonga and E. Poisson, Phys. Rev. D 99, 064024 (2019).

[65] A. Ashtekar and B. Bonga, Classical Quantum Gravity 34,
20LTO1 (2017).

[66] G. Compere, R. Oliveri, and A. Seraj, J. High Energy Phys.
10 (2020) 116.

[67] G. Veneziano and G. A. Vilkovisky, arXiv:2201.11607.

[68] D. Bini, T. Damour, and A. Geralico, Phys. Rev. Lett. 123,
231104 (2019).

[69] G.U. Jakobsen, G. Mogull, J. Plefka, and J. Steinhoff, Phys.
Rev. Lett. 128, 011101 (2022).

[70] G.U. Jakobsen and G. Mogull, Phys. Rev. Lett. 128,
141102 (2022).

[71] Z. Bern, J. P. Gatica, E. Herrmann, A. Luna, and M. Zeng,
J. High Energy Phys. 08 (2022) 131.

[72] D. Amati, M. Ciafaloni, and G. Veneziano, Nucl. Phys.
B347, 550 (1990).

[73] A. Antonelli, A. Buonanno, J. Steinhoff, M. van de Meent,
and J. Vines, Phys. Rev. D 99, 104004 (2019).

[74] C.L. Basham, L.S. Brown, S.D. Ellis, and S.T. Love,
Phys. Rev. Lett. 41, 1585 (1978).

121601-7


https://doi.org/10.1007/JHEP10(2021)118
https://doi.org/10.1007/JHEP10(2021)118
https://doi.org/10.1016/j.physletb.2021.136379
https://doi.org/10.1103/PhysRevD.104.046016
https://doi.org/10.1103/PhysRevLett.126.201602
https://doi.org/10.1007/JHEP10(2021)148
https://doi.org/10.1007/JHEP11(2021)228
https://doi.org/10.1007/JHEP11(2021)228
https://doi.org/10.1103/PhysRevD.102.124008
https://doi.org/10.1103/PhysRevD.104.084031
https://doi.org/10.1103/PhysRevD.104.084031
https://doi.org/10.1088/1361-6382/ac5d88
https://doi.org/10.1088/1361-6382/ac5d88
https://doi.org/10.1119/1.5054590
https://doi.org/10.1119/1.5054590
https://doi.org/10.1103/PhysRev.140.B516
https://doi.org/10.1103/PhysRevD.86.124012
https://doi.org/10.1103/PhysRevD.86.124012
https://doi.org/10.1080/14786440108635280
https://doi.org/10.1080/14786440108635280
https://doi.org/10.1103/PhysRevResearch.4.013127
https://doi.org/10.1016/0003-4916(70)90394-5
https://doi.org/10.1016/0003-4916(70)90394-5
https://doi.org/10.1103/PhysRevD.105.056025
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.121601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.121601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.121601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.121601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.121601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.121601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.121601
https://doi.org/10.1016/0550-3213(90)90506-9
https://doi.org/10.1007/JHEP11(2018)162
https://doi.org/10.1007/JHEP11(2021)088
https://doi.org/10.1007/JHEP11(2021)088
https://arXiv.org/abs/1903.12419
https://arXiv.org/abs/2111.11642
https://doi.org/10.1103/PhysRevD.99.064024
https://doi.org/10.1088/1361-6382/aa88e2
https://doi.org/10.1088/1361-6382/aa88e2
https://doi.org/10.1007/JHEP10(2020)116
https://doi.org/10.1007/JHEP10(2020)116
https://arXiv.org/abs/2201.11607
https://doi.org/10.1103/PhysRevLett.123.231104
https://doi.org/10.1103/PhysRevLett.123.231104
https://doi.org/10.1103/PhysRevLett.128.011101
https://doi.org/10.1103/PhysRevLett.128.011101
https://doi.org/10.1103/PhysRevLett.128.141102
https://doi.org/10.1103/PhysRevLett.128.141102
https://doi.org/10.1007/JHEP08(2022)131
https://doi.org/10.1016/0550-3213(90)90375-N
https://doi.org/10.1016/0550-3213(90)90375-N
https://doi.org/10.1103/PhysRevD.99.104004
https://doi.org/10.1103/PhysRevLett.41.1585

