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Gravitational Bremsstrahlung with Tidal Effects in the Post-Minkowskian Expansion

Stavros Mougiakakos ,'% Massimiliano Maria Riva®," and Filippo Vernizzi
'nstitut de physique théorique, Université Paris Saclay CEA, CNRS, 91191 Gif-sur-Yvette, France
Laboratoire Univers et Théories, Observatoire de Paris, Université PSL, Université Paris Cit, CNRS, F-92190 Meudon, France

® (Received 22 April 2022; revised 5 July 2022; accepted 2 August 2022; published 14 September 2022)

We compute the mass and current quadrupole tidal corrections to the four-momentum and energy flux
radiated during the scattering of two spinless bodies, at leading order in G and at all orders in the velocities,

using the effective field theory worldline approach. In particular, we derive the conserved stress-energy
tensor linearly coupled to gravity generated by the two bodies, including tidal fields, and the waveform in
direct space. The integral is solved using scattering amplitude techniques. We show that our expressions are

consistent with existing results up to the next-to-next-to-leading order in the post-Newtonian expansion.

DOI: 10.1103/PhysRevLett.129.121101

Introduction.—The direct detection of gravitational
waves from binary black holes [1] and neutron stars [2]
has opened an new way to test gravity in the strong-field
regime [3] and explore fundamental physics [4]. An impor-
tant target of current and future observations is the meas-
urement of tidal deformations during the coalescence of
compact objects [5—15], which may shed light on the
internal structure of neutron stars [16], the nature of black
holes [17], or the existence of more exotic astrophysical
objects [18-20].

Tidal deformations affect the conservative two-body
dynamics as well as the emitted energy in gravitational
waves. They have been studied using different analytical
techniques, most notably the post-Newtonian (PN) expan-
sion [21-26], the effective one-body approach [27-29],
nonrelativistic general relativity [30-35], and the self-force
formalism [36-39] (see Ref. [40] for a review).

Another technique that has been employed to study the
gravitational two-body problem is the post-Minkowskian
(PM) method [41-49], consisting of expanding the gravi-
tational dynamics for small interactions, while keeping the
velocities fully relativistic. It has been recently subject of
great interest and activity, in particular in association with
the effective one-body approach [48,50-55], scattering
amplitude techniques [56-73], and worldline approaches
[74-88]. Tidal effects have been studied with the PM
expansion in [89-100]. These developments concern the
scattering of two bodies moving on unbounded orbits but
computed observables can be extended to the case of bound
orbits by applying the so-called “boundary-to-bound”
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(B2B) dictionary, consisting of an analytic continuation
between hyperbolic and elliptic motion [101-104].

A long-standing and, until recently, unsolved problem
was the calculation of the four-momentum radiated in gravi-
tational waves—the so-called gravitational Bremsstrahlung
—during the scattering of two spinless bodies, at leading PM
order, i.e., at O(G?). This was finally obtained very recently
in [105,106] via the amplitude-based method of [60], in [70]
using the eikonal approach, and in [107] by a classical
effective field theory worldline approach. (See also
Refs. [97,108-117] for previous work on radiation effects.
Earlier pioneering studies include [47,118—123]. Moreover,
see Refs. [124,125] for conservative and radiative effects in
QED.) Crucially, these calculations strongly benefited from
several computational tools developed in the high-energy
community [126], such as reduction to master integrals by
integration-by-parts identities [127-129] and differential
equations [130-133] to solve the latter using the near-static
regime as initial conditions.

In particular, in [107] two of us showed that it is possible
to use these tools to directly compute radiated observables
in the PM expansion without going through the classical
limit of scattering amplitudes. Indeed, the emitted four-
momentum was obtained by phase-space integration of the
graviton momentum weighted by the modulo squared of
the classical radiation amplitude [116,117], the latter being
derived by matching to the conserved stress-energy tensor
linearly coupled to gravity, generated by localized sources.
The phase-space integral was then recast as a two-loop
integral that we solved with the aforementioned techniques.

In this Letter, we use the same approach but we go
beyond the minimally coupled case, and we compute for
the first time the effect of tidal deformations on the four-
momentum radiated into gravitational waves during
the scattering of the two bodies. From this, extending
the technique recently developed in [104], we also com-
pute the tidal corrections to the emitted energy flux, which
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is valid for both open and closed orbits. We focus on the
leading tidal contributions to the orbital dynamics, i.e., to
quadrupolar deformations, but the extension to higher
multipoles can be straightforwardly obtained using the
same approach.

This Letter is organized as follows. We first define the
Feynman rules in the case of tidal couplings, which will
allow us to derive the stress-energy tensor linearly coupled
to gravity, and the waveform in direct space, at leading PM
order. From the stress-energy tensor, we compute, using
reverse unitarity, the total four-momentum radiated into
gravitational waves, and from this the emitted flux. We then
use the B2B dictionary [101-104] to check our results with
PN derivations [26].

Leading PM tidal effects.—We consider the scattering of
two gravitationally interacting spinless bodies with mass
my and m,, approaching each other from infinity. Using the
mostly minus metric signature, setting 7#=c =1 and

defining the Planck mass as mp; = 1//327G, the total
action describing the dynamics with tidal effects reads

S = —2]’}1%1 / d4x,/—gR + Spp + Stidal- (1)

At leading order in their size, the bodies are described by
point-particle actions,

w3

o [ drga otttz (@)
a=1,2

where 7, and Uf; = dx;/dr, (with Uiy = 1) are, respec-
tively, the proper time and the four—velocuy of body a. Note
that we have used the Polyakov-like form of the action and
fixed the einbein to unity, which simplifies the gravitational
coupling to the matter sources [77,134,135].

Tidal effects are included by augmenting the point-
particle action with nonminimal worldline couplings
involving higher-order derivatives of the gravitational field
[30]. At leading PM order, only linear tidal deformations,
1.e., those whose response is linear in the external gravi-
tational field, are relevant. These are described by cou-
plings quadratic in the Weyl tensor C,,,; evaluated at the
particle position. The Weyl tensor can be decomposed in
terms of the gravitoelectric and gravitomagnetic fields,
defined as

1
= — f
Eu = Chpt®U', By =3 €ap, CLUL,  (3)
where ¢ is the Levi-Civita tensor. At lowest order in

afyu
derivatives, and restricting to parity-even operators for

symmetry reasons, the action describing tidal deformations
is given by

/ dt, (Bl EY + cgaBLBY),  (4)
a=1,2

where ¢z and cp2 are Wilson coefficients related to the
@) and ja2 [28], respectively, as
cp =R /G, cp = (1/32)j0'R3/G, with R, the
radius of the object a. Tidal operators can be equally
defined by replacing the Weyl tensor in Eq. (3) with the
Riemann tensor: the difference can be removed by field
redefinitions; see, e.g., Refs. [24,30,136]. Here, we will use
the Riemann tensor because it leads to simpler calculations.
In full generality, one could also add to Eq. (4) operators
that include spatial derivatives, orthogonal to the worldline
of the body, of the gravitoelectric or gravitomagnetic field,
as well as time derivatives along the worldline [28]. Higher
spatial derivatives describe higher-order multipolar defor-
mations of the objects while time derivatives account for
the time dependence of the Wilson coefficients; see, e.g.,
Refs. [7,34].

Following [107,117], our first goal is to compute the stress-
energy tensor 7+ defined as the linear term sourcing the
gravitational field in the effective action [30,137,138], i.e.,

relativistic Love numbers k,;

Cloao ] = =5,

d4xT””(x)hﬂ,,(x), (5)

with h,, = mp(g,, —n,,), which includes contributions
from both the bodies and the gravitational self-interactions.
To do so, we use a matching procedure consisting in
expanding the action [Eq. (1)] for small 4, and computing
perturbatively all Feynman diagrams with one external
graviton. The stress-energy tensor is obtained by matching
this result with the one computed using Eq. (5). To proceed,
we need to introduce the Feynman rules.

Adding the usual de Donder gauge-fixing term to Eq. (1),
from the quadratic part of the gravitational action one can
extract the graviton propagator,

v loa 1
u&m’ﬁm&lﬁ = @Pﬂupo ’ (6)

where P, = (M) = (Mups/2). (The boundary con-
ditions that specify the contour of integration in the
complex k° plane are discussed in [117].) Furthermore,
expanding the Einstein-Hilbert action in Eq. (1) at cubic
order we can extract the cubic graviton vertex.

We also need to find the Feynman rules coming from the
interaction of gravity with the external sources, i.e., the two
bodies. These are of two types: minimal and tidal. For the
former, from Eq. (2) one sees that there is only one linear
interaction vertex. As discussed in [117] (see also
Refs. [77,78]), we isolate the powers of G by expanding
the position and velocity of the bodies around straight
trajectories, i.e.,
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X (z,) = by 4+ uhr, + W xli(z,) + ..., (7)

Ui(z,) = uly + 6Wuli(z,) + ..., (8)
where u, is the (constant) asymptotic incoming velo-
city and b, is the body displacement orthogonal to it,
b, - u, =0, while 6(Vx% and 8(Vu are respectively the
deviation from the straight trajectory and constant velocity
of body a at order G, induced by the gravitational
interaction. With this expansion we obtain the usual
Feynman rules for the leading and next-to-leading PM-
order graviton coupling in the point-particle case [117],
respectively represented by the diagrams

Ta k

Ta —> N
@ 000X » s (9)

where a filled dot denotes a minimally coupled particle
evaluated using the straight worldline and the cross
attached to the wiggly line is there to remind us that there
is no propagator attached to the straight worldline. Their
explicit expressions can be found in [107,117].

Moreover, we need to provide the Feynman rules from
tidal contributions. In this case, from Eq. (4) there is no
tidal coupling linear in the graviton. Tidal couplings of two
gravitons to the body can be directly computed from the
action using

20E¢
E, _ v o
Mﬂl/(lﬂ(f) = MT}{’Z) - nﬂnny/)uuuzfaz’ﬂ/}
(f ua) Na(u"lv)p (l’ﬂ ua)ud’//p (uMv)( f/)’
26B¢, 1
Ba p—
Mg O) = 517y = 5 aCrmtulliop (€ 40) = 0400 )
+ (@< p), (10)

where we use the flat metric 7, to raise and lower indices.
At leading PM order one obtains

62 KA
g« _ i6%Shidal _ A
Ta = 6hﬂy(€1)6hn>‘(€2) = Vuv,eA\t1,42) (11)
T
where
7 CX’, u,T, Xa
V’,{I/,Kﬂ. Z Z 4 /dfra l+f2) (ba+ a a)HﬂI/,Kﬂ’
X=E,Ba=12 1
(12)
with

;w K/I(fl’ f2) Mfﬁaﬂ(bﬂ ) X aﬂ(l’ﬁ ) (13)
On the left-hand side of Eq. (11), the square denotes a
tidally coupled particle evaluated using the straight world-
line. We have verified that our expression agrees with that
which can be read off from the four-point amplitude at
leading PM order obtained in Ref. [89].

Stress-energy tensor with tidal effects.—The stress-
energy tensor needed to compute the emitted four-
momentum is given by the sum of the point-particle and

tidal contributions, i.e.,
T =Tl + Tt (14

where the tilde denotes the Fourier transform, 7 (k) =
[ d*xT*(x)e’*~. The stress-energy tensor in the point-
particle case was computed in [107,117] (see also
Ref. [75]). Discarding the static contribution, which does
not enter the calculation, the leading-order diagrams are
represented in Fig. 1. Using the notation [, = [[d*q/(27)"]

and 3" (x) = (27)"6" (x), it can be written as

~ mim
T;;(k) = 41 2 / 5 Q1 Ul)g(QQ Uz)g( ( —q1 — l]z)
My a1 0o
“h b1+iqz-b2 w N w
X ——5 55— [tﬁ (q1,q2) + )" (q1, q2) +t: (q1,42)]
193
(15)
where #" is the contribution from diagram (a), #{” from the

same diagram but with the two particles exchanged and #”
from (b). We refer the reader to Ref. [107,117] for their
explicit expressions.

The contribution of the tidal operators to the stress-
energy tensor has no static piece. The leading PM term can
be obtained from the diagram (c) in Fig. 1 and it is
symmetric under exchange of the two particles. We obtain

~ miny
Tha = I / 5(q1- 1) (g2 u2)5W (k= q1 — q2)
Mpy Jg1.492
eiq1b1+igqyb,
XY D falan ). (16)
992 =12X=EB
k
qw k o~
q2 Q2
g2 4
7-2 [ ]
(b) ()
FIG. 1. The Feynman diagrams needed for the computation

of the stress-energy tensor: (a) and (b) are the point-particle
contributions, and (c) is the tidal one. The symmetric terms are
obtained by exchange of 1 < 2.
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with tl;(l% = _2<ch/m1)q%rl}m Uﬂnfﬂl K/l(u2u2 Kl{/z) and

an analogous formula for (1 <> 2). The explicit expressions

of 4, and £, after use of Eq. (13), as well as the calculation
1 2

of the waveform in direct space, are given in the
Supplemental Material (SM) [139].

Note that, because of scaling arguments, the tidal contri-
bution vanishes in the soft limit @ — 0. As a consequence,
at this order in G tidal fields leave no trace on the gravi-
tational wave memory. (See the SM for details.) Since the
emitted angular momentum, J™4, at O(G?) is proportional
to the gravitational wave memory [113], we conclude that
there are no tidal effects on the emission of angular mo-
mentum at this order. On the other hand, at leading-PM
order, the radiation reaction on the scattering angle is rela-
ted to the radiated angular momentum by 3™ = 3 yfes
[113,115,140], where the leading-order conservative con-
tribution to the scattering angle, ¥{%*, is of O(G). As a
consequence, y™¢ is unaffected by tidal effects at O(G?).

Radiated four-momentum.—The derivation of the emit-
ted linear momentum closely follows the procedure
presented in Ref. [107]. In particular, the emitted four-
momentum is given as an integral over phase space of the
outgoing graviton momentum k* weighted by the pro-
bability of one graviton emission, which here is given by
the square of the total stress-energy tensor from Eq. (14).
Although we use a quantum mechanical language, this
quantity is well defined classically [31,107]. Defining
5. (k%) = 0(£k°)8(k*) we obtain, for the leading-
order contribution from the tidal effects to the radiated
momentum,

=gz | 5 WRETER,, T (17
Mpy Jk

From the relation with tidal Love numbers below Eq. (4),
for R, ~ Gm,, the contribution quadratic in 74 is further
suppressed by O(G*) and is thus neglected.

Following [107], we can interpret the phase-space delta
function as a cut propagator, so that the integrand repro-
duces a vacuum-to-vacuum diagram with a cut, pictorially
represented as

34 (k)
24V ) Re [T“BIP’ o
Zm%1 abp

?“%M;««%

where, using Egs. (15) and (16) for the stress-energy tensor,
the three topologies come from considering the contribu-
tions from Re[t2Pos” tX1*], Re[t)"Pag”tX1*]. and

Re[tﬁﬂ Paﬂp"tfg*], respectively. Notice that the H diagram
1s absent, because there are no tidal interactions linear
in hy,

We can now recast the problem of computing the emitted
momentum as evaluating a cut two-loop integral followed
by a 2D Fourier transform. In particular, the emitted four-
momentum can be decomposed without loss of generality
along ity = (uy —yuh) /(1 = 1?), ity = (uh — yuy) /(1 = )
(satlsfymg U, - iy, = Oy), With y = uy - u,, and b*. By the
symmetries of the integrand, one can show that the
component along b* vanishes, so that the momentum
can be written as

Py = L FX) 4 (1< 2)].

LLEeX gt
64| a

152G3m3m3 [ X2
X LM

(19)

The functions £X and FX inside the brackets depend only
on y and can be expressed as 2D Fourier transforms of cut
two-loop integrals, Z%(y) and Z%(y). For instance,

EX(y) = [b] / 3(q- u)3(q- un)e () 2TX ().
(20)

and analogously for 7% (y). The explicit expressions of the
two-loop integrals are given in the SM.

Making use of reverse unitarity [141-144], we can use
integration-by-parts identities to express the two-loop inte-
grals Z% , as linear combinations of simpler master inte-
grals. We perform this reduction using the MATHEMATICA
package LITERED [145,146], finding that the three integrals
defined in Egs. (4.13)—(4.15) of Ref. [107] form a complete
base. (In the minimally coupled case, we need a fourth
integral, defined in Eq. (4.16) of this reference. This comes
from the H diagram, which here is absent.) These integrals
can be solved wusing differential equation methods
[126,130-133,147,148]. Eventually, we find that

y+1 arccosh(y
fx+f210g< 5 >+ %(T(l), (21)

with f¥, fX, fX, and FX given in Table .

From Eq. (19), one can compute the radiated energy in the
center-of-mass frame from tidal effects, AE;y = Pyq - U m -
Defining the total mass m =m; 4+ m,, the symme-
tric mass ratio v=mm,/m> and h(v,y)=E/m=

1+ 2u(y — 1), where E is the incoming energy of the
two-body system, this reads
152G"m3?
d = V7, SX, fX 5 22
= e E @)
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TABLE 1.

Functions specifying the radiated four-momentum in Eq. (19).

= {1/2(y + 1)3/7 = 1]}[937y° + 1551y — 24637 — 5645y5+20415y° + 65965y* — 349541y + 53505752 — 360356y + 92160]

fB {(r-
=30y — 12174 = 1492 +9)
f3=210(7 = 1)2(1 4 37%), ff =

—fX[r2r* =3)/4(* - 1)]

)/[4(;/—1—1) V72 =1]}1559y8 +3716y" —1630y° —11660y° —28288y* + 155292y — 543442y + 535212y — 180775

={3(y = D?/[(y + 1)>/7* = 1]}[42y® + 21077 + 315y° — 105y° — 944y*—1528y> + 22011y* — 33201y + 16272]
FB = —{3(y — 1)*(105y° + 630y* + 1840y° + 3690y> — 17769y + 15984)/[(y + 1)*\/7* = 1]}

where

G(EX F¥) =Y ke + de (F¥ = €M), (23)
X

and we have introduced the dimensionless parameters [95]

1 Cx2my Cx2my
Ay = ! : , 24
x? G4m5( m + m, ) (24)

1 Cx2  Cx2
— [+ 2. 25
G*m* (ml * mz) (25)

Expanding for small velocities v = \/y> — 1/y, we find

Kx2 =

2143 14542

E_ 3 5 7 9
EF =288 + TVt + O(v”),
EB = —981° + %1)7 + 0(1°),
3027
FE =2880% +3360° + TU7 + 0(1°),
FB =_2100° - @07 +O0(%), (26)

which shows that the current (magnetic) quadrupole is 1PN
order higher than the mass (electric) one, as expected.

Finally, the emitted energy from a two-body encounter
can be used to derive the energy loss for closed orbits by the
use of the B2B relation [101-104], AECed)(y J) =
AE©P) (y J) — AE©PN) (y —J), where the emitted energy
on the right-hand side must be expressed in terms of
the angular momentum J = |b|muv+/y* — 1/h(v,y) (with
h = E/m) and analytically continued to bound orbits with
h < 1, corresponding to y = 1+ [(h* = 1)/2¢] < 1. This
yields

15ﬂG7m15D9(1 _},2)7/2 o
AT GEX.FX)., (27)

(closed) __
AEticdoss: _

where & = 26X and F¥ = —2FX, with &% and F¥
subject to the replacement (y> — 1)"/? — (1 — y?)"/2. In the
following we show that this expression is consistent with
known results in the PN approximation.

Radiated flux.—The instantaneous flux is defined as
F = dE/dt. Focussing on the tidal correction, Fy 4, and
integrating this relation for half of the scattering trajectory,
we obtain

AEqq(y) = AlooﬂFtid(r’ 7)- (28)

I

We have assumed that the expression of the flux is in
isotropic gauge; thus, we have dropped the dependence on
Jin F 4. From Eq. (22), the leading-order tidal contribution
to the flux scales as G’ so that its dependence on r is fully
determined: Fyq(r,7) « 8. By integrating the right-hand
side of Eq. (28) with this ansatz, and using 7 for straight
orbits at this PM order, we find

G'md3\/y? -1

Fia(r,y) = 8 4/’136

G(EX, FY),  (29)

where £=E|E,/E, and E, is the initial asymptotic
energies of body a =1, 2. This result extends the one
for point-particles computed in [104]. As discussed there,
due to the absence of a term higher in G, the leading PM
computation is insufficient to reconstruct the leading PN
flux but it provides the full velocity—or reduced-energy—
series to order G>.

Consistency check.—We can compare our result for
small velocities to the emitted flux and energy in one
period derived in the PN expansion in the large eccentricity
limit, i.e., to leading order in large J.

The tidal effects on the gravitational wave energy flux for
spinless bodies has been computed up to the next-to-next-
to-leading PN order in [26] (see Refs. [24,25] for a
derivation of the equations of motion and Hamiltonian
in this case, respectively; see also Ref. [97] for a calculation
of the PM Hamiltonian and the emitted energy for
quasicircular orbits at leading PN order, with interactions
cubic in the curvature and tidal effects). Although in that
reference the results were given only for quasicircular
orbits, their authors have kindly provided us with an
expression of the flux F t(ld and the conserved energy E
and angular momentum J for generic orbits, written in

terms of r, , and [p, respectively the two-body distance,
the radial velocity, and the angular velocity in the
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center-of-mass frame. We have used the expressions for £
and J to replace i = i(r,E,J) and ¢ = ¢(r, E,J) in the
flux and we have computed the emitted energy for generic
closed orbits by integrating it in the variable r over one
period.

The resulting energy reduces to that given in [26] for
circular orbits. Moreover, it is consistent with the expansion
Eq. (26) [taking into account the factor of —2 according to
Eq. (27)]. Since all the powers of y in Table I intervene in
this expansion, this is a rather nontrivial check of our
calculation. Moreover, the PN flux F t(il;N) coincides with the
low-velocity expansion of Eq. (29), up to total derivatives
in the balance equations—the so-called Schott terms.
Although the two fluxes are written in different gauges
[in harmonic and isotropic gauge, respectively, in Ref. [26]
and in Eq. (29)] the gauge difference is 2PM orders higher
and can be neglected. For the reader’s convenience, we
report the explicit expression of the PM flux in the ancillary
file submitted with the arXiv version of this article.

High-energy limit.—Going back to the energy loss for
hyperboliclike orbits, Eq. (22), for large y we find EXz=
(ax+bxlogy)y’+O(y?) and Fip=cxy®+dxr*+0O(r?),
with ap =937/2 —9451og2, ag = 1559/4 —9451og?2,
brp =bg =315, cg=126, cp=0, dr=-504, and
dp = —315. While EE; and EB; scale in the same
way with y, FK; and FP¥; behave differently. Our
perturbative expansion is valid for y(Gm/|b|) <1
[54,149,150] (see also Ref. [122]). In this regime
AEg < AE ~ (Gm/|b|)*(m/h)y® < E.

Conclusion.—We have computed the four-momentum
and the flux emitted in gravitational waves by the scattering
of tidally interacting bodies at leading order in the post-
Minkowskian approximation. Our computation uses the
worldline effective field theory approach and the results
obtained are, to our knowledge, new. We focused on
electric and magnetic-type quadrupolar effects but our
computations can be straightforwardly extended to higher
multipoles or to higher orders in the curvature fields.

We have derived the emitted energy for bound orbits
using the B2B dictionary and verified that it is consistent
with PN results for eccentric orbits. Considering the
ultrarelativistic limit of the energy loss, we observe that
the contributions of the electric and magnetic component
scale differently unlike the case of the conservative scatter-
ing angle. It would be interesting to use the derived PM flux
to study the corresponding modifications of the waveform.
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with expressions of the flux, conserved energy, and angular
momentum for generic orbits. We also thank Thibault
Damour, Enrico Herrmann, Gregor Kilin, Alessandro
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