
Non-Hermitian Absorption Spectroscopy

Kai Li1 and Yong Xu 1,2,*

1Center for Quantum Information, IIIS, Tsinghua University, Beijing 100084, People’s Republic of China
2Shanghai Qi Zhi Institute, Shanghai 200030, People’s Republic of China

(Received 23 January 2022; revised 14 June 2022; accepted 12 August 2022; published 26 August 2022)

While non-Hermitian Hamiltonians have been experimentally realized in cold atom systems, it remains
an outstanding open question of how to experimentally measure their complex energy spectra in
momentum space for a realistic system with boundaries. The existence of non-Hermitian skin effects
may make the question even more difficult to address given the fact that energy spectra for a system with
open boundaries are dramatically different from those in momentum space; the fact may even lead to the
notion that momentum-space band structures are not experimentally accessible for a system with open
boundaries. Here, we generalize the widely used radio-frequency spectroscopy to measure both real and
imaginary parts of complex energy spectra of a non-Hermitian quantum system for either bosonic or
fermionic atoms. By weakly coupling the energy levels of a non-Hermitian system to auxiliary energy
levels, we theoretically derive a formula showing that the decay of atoms on the auxiliary energy levels
reflects the real and imaginary parts of energy spectra in momentum space. We further prove that
measurement outcomes are independent of boundary conditions in the thermodynamic limit, providing
strong evidence that the energy spectrum in momentum space is experimentally measurable. We finally
apply our non-Hermitian absorption spectroscopy protocol to the Hatano-Nelson model and non-Hermitian
Weyl semimetals to demonstrate its feasibility.
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Measurements based on spectroscopy providing band
structure information play a key role in identifying various
topological phases in condensed matter and cold atom
systems [1–6]. In the past few years, non-Hermitian
topological physics has seen a rapid advance [7–11].
Such systems usually exhibit complex band structures with
exceptional points or rings [12–36]. In cold atom systems,
non-Hermitian Hamiltonians have been experimentally
realized by introducing atom loss [37–43]. The parity-time
(PT ) symmetry breaking has been observed by measuring
the population of an evolving state of a system through
quench dynamics [37,38,44]. However, such a method is
very hard to generalize to a generic case without PT
symmetry. In fact, while there are practical proposals on
how to realize non-Hermitian topological phases in cold
atom systems [13,45–47], such as non-Hermitian Weyl
semimetals, it remains an outstanding open question of how
to experimentally measure both the real and imaginary
parts of energy spectra in a non-Hermitian cold atom
system. Moreover, one of the most important phenomena
in non-Hermitian systems is the non-Hermitian skin effects
(NHSEs); with such effects, band structures under open
boundary conditions (OBCs) are dramatically different
from those under periodic boundary conditions (PBCs)
[48–57]. The difference naturally leads to a question of
whether the existence of NHSEs makes it impossible to
measure the energy spectra in momentum space for a
system with open boundaries. The question is important in

light of the fact that most experiments are performed in a
geometry with boundaries.
A widely used spectroscopy in cold atom systems is the

radio-frequency spectroscopy [1,6]. There, auxiliary energy
levels are weakly coupled to system energy levels so that
atoms will either be driven from occupied auxiliary levels
to empty system levels or from occupied system levels to
empty auxiliary levels, when the frequency of radio waves
or microwaves match the energy difference. By imaging the
transmitted atoms, such a spectroscopy allows us to map
out the energy band dispersion, similar to angle resolved
photoemission spectroscopy (ARPES) in solid-state mate-
rials. In the Letter, we generalize the radio-frequency
spectroscopy to a non-Hermitian system to allow for
measurements of both the real and imaginary parts of a
complex energy spectrum in cold atom systems (see Fig. 1).
For a non-Hermitian system in cold atoms, there always
exists a total loss of atoms on the system levels, making it
impossible to image any atoms on the system levels after a
long period of time. We thus consider initial preparations of
atoms on the auxiliary levels followed by measurements of
atoms on these levels instead of system levels. Using linear
response theory, we derive a formula describing the
population of auxiliary levels, based on which one can
extract not only real parts of the system’s band structure in
momentum space but also its imaginary parts. We further
prove that measurement results are independent of boun-
dary conditions in the thermodynamic limit despite the
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existence of NHSEs; this is in stark contrast to the results in
Ref. [58] showing that ARPES might be sensitive to skin
effects. Finally, we utilize the Hatano-Nelson (HN) model
and a non-Hermitian Weyl semimetal to demonstrate the
feasibility of the spectroscopy.
Momentum-resolved non-Hermitian absorption spec-

troscopy.—We start by considering a generic translation-
invariant non-Hermitian system described by a
Hamiltonian Ĥs ¼

P
iα;jβ½Hs�iα;jβĉ†iαĉjβ with ĉ†iα (ĉiα)

being either the fermionic or bosonic creation (annihilation)
operator acting on the αth degree of freedom of the ith unit
cell. We assume that the non-Hermitian Hamiltonian Ĥs is
purely dissipative, i.e., ImðλÞ < 0 for any eigenvalue λ of
Hs. To measure the system’s complex energy spectra, we
couple the first degree of freedom of each unit cell to an
auxiliary energy level by a microwave field such that the
full Hamiltonian under rotating wave approximations
becomes (ℏ ¼ 1)

Ĥ ¼ Ĥs þ Ĥa þ ðΩ=2Þ
X

j

ðĉ†j1âj þ â†j ĉj1Þ; ð1Þ

with Ĥa ¼
P

j½Jðâ†j âjþ1 þ â†jþ1âjÞ − ðω − ωaÞâ†j âj� de-

scribing the auxiliary levels, where â†j (âj) is the creation
(annihilation) operator acting on the jth auxiliary level, J is
the hopping strength between nearest-neighbor auxiliary
levels, ωa is the energy of the auxiliary level of an atom
measured relative to the first system energy level of the
atom, and ω is the frequency of the microwave field
(δ ¼ ω − ωa is the detuning). The final term depicts the
coupling between system and auxiliary levels with Ω being
the Rabi frequency of the microwave field. Note that J, ω,
ωa, and Ω are all real numbers.
To measure the energy spectrum of the system, we

first prepare a cloud of fermionic atoms on the first band
of auxiliary levels described by the many-body state

jψ ðMÞ
0 i ¼ Q

k â
†
kj0i with j0i being the vacuum state at a

low temperature. For bosonic atoms, we consider a
finite temperature ensemble (see Supplemental Material,
Sec. S-1 B [59] for detailed discussions). We then switch on
the coupling between system and auxiliary levels by shining
a microwave field on the atoms. After a long period of time,
we perform the time-of-flight measurement to obtain the
atompopulation on the auxiliary levels at eachmomentum k.
While the dynamics of a dissipative cold atom system is
usually described by the master equation, in Supplemental
Material, Sec. S-1 [59], we have proved that the atom
number on auxiliary levels at momentum k is given
by Na;k ¼ Tr½ρðtÞâ†kâk� ¼ N0;kh0jâkeiĤ†tâ†kâke

−iĤtâ†kj0i,
whereN0;k ¼ Tr½ρð0Þâ†kâk�. Here, ρðtÞ is the density matrix

evolving from either the initial state ρð0Þ ¼ jψ ðMÞ
0 ihψ ðMÞ

0 j for
fermions (N0;k ¼ 1 in this case) or a finite temperature
ensemble for bosons. The result indicates that the dynamics
is completely determined by the non-HermitianHamiltonian
Ĥ. This allows us to use a single-particle state jψk

ai ¼ â†kj0i
(jψk

ai is an eigenstate of Ĥa with eigenenergy Ek ¼
−δþ 2J cos k) on auxiliary levels as an initial state to derive
the protocol.
With an initial state prepared as jψk

ai on auxiliary levels,
we use the linear response theory [63] to derive the
population of auxiliary levels at time t under PBCs as [59]

NaðtÞ ¼ Nað0Þ expð−κtÞ ð2Þ

with κ ¼ −ðΩ2=2ÞPmððað1Þkmγkm − bð1ÞkmΔkmÞ=ðΔ2
km þ γ2kmÞÞ

and Nað0Þ being the initial occupancy of the single-particle
state of the auxiliary levels at momentum k. The result
holds for both bosons and fermions. For simplicity, we will
consider Nað0Þ ¼ 1 henceforth. Here, Δkm ¼ Ek − εkm
with εkm (−γkm) denoting the real (imaginary) part of
eigenenergies ofHs, which are labeled by the momentum k

and the band index m; að1Þkm ¼ Re½cð1Þkm� and bð1Þkm ¼ Im½cð1Þkm�
where cðαÞkm ¼ hψkα

s jukmR ihukmL jψkα
s i with jψkα

s i ¼ ĉ†kαj0i ¼
ð1= ffiffiffiffi

N
p ÞPj e

ikjĉ†jαj0i, jukmR i being the right eigen-

state of the system Hamiltonian, i.e., ĤsjukmR i ¼ ðεkm−
iγkmÞjukmR i, and hukmL j being the corresponding left one. In
the derivation, we have assumed that Ω is sufficiently small
compared with the decay rates of system states and
t ≫ 1=γkm. One can also see the similarity between
−4 ln½NaðtÞ�=ðΩ2tÞ given by Eq. (2) and the Hs’s spectral
function, Aðk;ωÞ ¼ −2ImTr½ðω −HsÞ−1� ¼

P
m 2γkm=

½ðω − εkmÞ2 þ γ2km� given the fact that
P

α c
ðαÞ
km ¼ 1.

We now briefly summarize the derivation of Eq. (2) (the
details can be found in Supplemental Material, Sec. S-2
[59]). We first write the full Hamiltonian (1) as Ĥ ¼
Ĥ0 þ V̂ with Ĥ0 ¼ Ĥs þ Ĥa. In the interaction picture,
the state at time t is given by jψ IðtÞi ¼ ÛIðt; 0Þjψk

ai where
ÛIðt;t0Þ¼1−i

R
t
t0
dt0V̂Iðt0ÞþOðΩ2Þ is the time evolution

Non-Hermitian System

Auxiliary Levels

MW

0

1
(a) (b)

FIG. 1. (a) Schematics of non-Hermitian absorption spectros-
copy where a non-Hermitian system is coupled to auxiliary
energy levels by a microwave field or a laser beam. Atoms are
initially prepared on the auxiliary levels, and their occupancy on
the auxiliary levels is finally measured after a period of time.
(b) A typical example of the measured occupancy as a function of
the detuning δ with an occupancy dip at δ ¼ δ0. The center and
the width of the dip are related to the real and the imaginary part
of an eigenenergy of a non-Hermitian system, respectively.
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operator. Through careful derivations, we find that _NaðtÞ ¼
hψ IðtÞj _̂NI

aðtÞjψ IðtÞi ¼ −κ. Considering the fact that NaðtÞ
decreases with time, we obtain _NaðtÞ ¼ −κNaðtÞ, which
yields Eq. (2) after integration. The result has also been
numerically confirmed. We note that different from
Refs. [4,64] where a non-Hermitian perturbation is added
in a Hermitian system, we here include a Hermitian
perturbation to measure a non-Hermitian system’s
properties.
Based on Eq. (2), we see that the spectral line of

− ln½NaðtÞ� as a function of −δ consists of multiple peaks
centered at −δ ¼ εkm − 2J cos k with half widths approxi-
mated by 2γkm. In fact, Eq. (2) allows us to obtain both εkm
and γkm (as well as the quantities akm and bkm) by fitting the
spectral line using this formula.
Before applying our method to several paradigmatic

models, we wish to prove that our conclusion is indepen-
dent of boundary conditions in the thermodynamic limit,
although we derive the results under PBCs. Here, we
briefly summarize the proof; the detailed one can be found
in Supplemental Material, Sec. S-3 [59]. We first prove that
D ¼ hkαje−iĤot − e−iĤptjk0α0i ∝ 1=N where jkαi is the k-
space basis vector, and letters “o” (“p”) are used to denote
quantities under OBCs (PBCs). Assuming the hopping
range is finite, we obtain hkαjB̂jk0α0i ¼ fαα0 ðk; k0Þ=N
where B̂ ¼ Ĥp − Ĥo and fαα0 ðk; k0Þ is independent of N.
We then prove that each term in Dn ¼ hkαjðĤp − B̂Þn −
ðĤpÞnjk0α0i is proportional to 1=N and thus con-
clude thatD ¼ P∞

n¼1ðð−itÞn=n!ÞDn ∝ 1=N. Since _Nb
aðtÞ¼

ðΩ2=4ÞR t
0dt

0Γbðt;t0ÞþH:c: and Γbðt; t0Þ ¼ −
P

qq̃ ×

hψk
ajeiĤb

atjψq
aihψq1

s je−iĤb
s ðt−t0Þjψ q̃1

s ihψ q̃
aje−iĤb

at0 jψk
ai (b ¼ o,

p), we derive that ðΓo − ΓpÞðt; t0Þ ∝ 1=N, yielding
_No
aðtÞ − _Np

aðtÞ ∝ 1=N. Taking the infinite size limit, we
obtain No

aðtÞ ¼ Np
aðtÞ, implying that the result is indepen-

dent of boundary conditions in the thermodynamic limit.
Hatano-Nelson model.—To demonstrate the feasibility

of our spectroscopy protocol, we apply it to the HN model
[65] (the simplest model that supports NHSEs):

ĤHN
s ¼

X

j

½ðJs þ gÞĉ†j ĉjþ1 þ ðJs − gÞĉ†jþ1ĉj − 2iγĉ†j ĉj�;

ð3Þ

where Js and g are real parameters describing the hopping
strength between nearest-neighbor sites. When g ≠ 0, the
NHSE occurs due to the asymmetric hopping. Here, we add
an on-site dissipation term −2iγ

P
j ĉ

†
j ĉj with γ > jgj to

ensure that ĤHN
s is purely dissipative. The full Hamiltonian

with each system site coupled to an auxiliary level is
given by ĤHN¼ĤHN

s þP
j½Jðâ†j âjþ1þ â†jþ1âjÞ−δâ†j âjþ

ðΩ=2Þðĉ†j âjþ â†j ĉjÞ�. Since jukRi ¼ jukLi ¼ jψk
si for the

HN model, we obtain ak ¼ 1, bk ¼ 0 and thus

− ln½NaðtÞ� ¼
Ω2t
2

γk
ð−δþ 2J cos k − εkÞ2 þ γ2k

; ð4Þ

which is exactly the spectral function Aðk;ωÞ up to a
constant factor.
To verify our theory, we numerically calculate NaðtÞ

with respect to δ and find that the results under PBCs agree
very well with Eq. (4) [see Fig. 2(a)]. For open boundaries,
while the numerical results slightly deviate from the
theoretical ones, the deviation becomes smaller as the
system size increases, which is in agreement with our
proof that NaðtÞ under OBCs approaches the result under
PBCs as we increase the system size even when the system
exhibits NHSEs.
With each NaðtÞ as a function of δ, one can extract the

energy information by fitting the function based on Eq. (4).
Figures 2(b)–2(d) illustrate the extracted energy spectra
under PBCs and OBCs in comparison with the momentum
space energy spectra of the system Hamiltonian ĤHN

s . We
see that the results under PBCs agree perfectly well with
the system’s complex energy spectra. For open boundaries,
while the extracted energy spectra are slightly different
from the theoretical results, the discrepancy becomes
smaller as the system size becomes larger. We thus
conclude that non-Hermitian absorption spectroscopy
allows us to extract both real and imaginary parts of
complex energy spectra of a non-Hermitian system in
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FIG. 2. (a) The spectral lines of the HN model at k ¼ π=2 with
the yellow line obtained from Eq. (4) and the dashed black and
solid blue lines numerically computed for a system under PBCs
and OBCs, respectively. Energy spectra in the complex energy
plane (b), real (c), and imaginary parts (d) of energies with respect
to k, where k denotes the Bloch momentum as we consider a
Bloch state as an initial state. The energies are extracted by fitting
the numerically calculated spectral lines under PBCs (dashed
black lines) and OBCs (solid blue lines) based on Eq. (4) in
comparison with the theoretical result, εk ¼ 2Js cos kþ
2ig sin k − 2iγ (the yellow lines). Here, Js ¼ −1, J ¼ −0.02,
g ¼ −0.5, γ ¼ 0.6, Ω ¼ 0.1, and t ¼ 200.
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momentum space even when the non-Hermitian system has
open boundaries and NHSEs.
To further confirm that the spectroscopy measures the

energy spectra in momentum space, we study the non-
Hermitian Rice-Mele model [66] with NHSEs induced by
on-site dissipations in Supplemental Material S-4 [59],
which is more relevant to cold atom experiments (also see
the proposals in Refs. [45,46]). We show that the boundary
effects can always be significantly reduced by increasing
system sizes.
Non-HermitianWeyl semimetal.—Next, we study a three-

dimensional Weyl semimetal with on-site dissipations [13]:

ĤNHWS
s ¼

X

k

ĉ†khkĉk; ð5Þ

where ĉ†k ¼ ðĉ†k↑ĉ†k↓Þ and hk ¼ 2tSOðsinkxσxþ sinkyσyÞþ
½mz −2tz coskz− 2t1ðcoskxþ coskyÞ�σzþ iγðσz − σ0Þ with
tSO, tz, t1, and mz being real system parameters, γ depicting
the atom loss rate on a hyperfine level [13], and fσνg (ν ¼ x,
y, z) being a set of Pauli matrices. Without on-site dis-
sipations (γ ¼ 0), this model [67–69] has been experimen-
tally realized in cold atom systems [70]. When γ > 0, each
Weyl point develops into a Weyl exceptional ring consisting
of exceptional points on which hk is nondiagonalizable [13].
For example, the Weyl point at ðkx; ky; kzÞ ¼ f0; 0;
arccos½ðmz − 4t1Þ=ð2tzÞ�g deforms into a Weyl exce-
ptional ring which can be approximated by k2x þ k2y ¼ γ2=
ð4t2SOÞ and kz ¼ arccos½ðmz − 4t1Þ=ð2tzÞ þ t1γ2=ð8tzt2SOÞ�
when γ ≪ 2tSO.
To measure the Weyl exceptional ring, we cou-

ple the spin down degree of freedom of each atom
to an auxiliary level. Since the measurement protocol
is independent of boundary conditions, we consi-
der the Hamiltonian under PBCs, which reads
ĤNHWS ¼ P

k ĉ
†
khkĉk þ ðΩ=2Þðĉ†k↓âk þ â†kĉk↓Þ − δâ†kâk.

For each initial state jψk
ai, the full Hamiltonian in k space is

a 3 × 3 matrix in the basis βk ¼ fĉ†k↑j0i; ĉ†k↓j0i; â†kj0ig.
Figures 3(a) and 3(b) show the extracted energy spectra

in the ðkx; kyÞ plane by fitting the results of − lnNaðtÞ
versus δ, where a Weyl exceptional ring at k2x þ k2y ¼
γ2=4t2so is highlighted as a green circle. We see that the
eigenenergies are approximately purely real (imaginary) up
to a constant −iγ outside (inside) the Weyl exceptional ring.
Such features can also be clearly observed in the sectional
view [see Figs. 3(c) and 3(d)] of the fitted energy spectra on
the blue planes in Figs. 3(a) and 3(b). The sectional view
further reveals the existence of exceptional points at
k2x þ k2y ¼ ð0.05Þ2, the positions of which are highlighted
by vertical dashed lines. The figure illustrates that the fitted
(measured) energy spectra are in excellent agreement with
the eigenenergies of hk.
Site-resolved non-Hermitian absorption spectro-

scopy.—We have shown that the energy spectra in

momentum space can be extracted by performing time-
of-flight measurements of atoms on auxiliary levels. In this
section, we will demonstrate that topological edge modes,
such as zero-energy modes, in non-Hermitian systems can
also be measured by probing the local occupancy Na;j after
a period of time t [71]. We expect that the amount of
absorbed atoms at boundaries exhibits a peak near δ ¼ 0 for
a topological system with zero-energy edge modes.
To demonstrate our method, we consider the non-

Hermitian Su-Schrieffer-Heeger (SSH) model [48,49] with
two sublattices A and B described by

ĤNHSSH
s ¼

X

j

½ðJsþgÞĉ†jAĉjBþðJs−gÞĉ†jBĉjA

þJ2ðĉ†jBĉjþ1AþH:c:Þ−iγðĉ†jAĉjAþ ĉ†jBĉjBÞ�: ð6Þ

We couple the A site of each unit cell to an auxiliary level
and calculate the local occupancy Na;j in a nontrivial
regime with two topological zero-energy modes localized
at both edges. The site-resolved spectrum in Fig. 4 displays
an absorption peak around δ ¼ 0 at the left boundary,
which does not exist in the bulk sites, revealing the
existence of zero-energy modes. Such a feature is further
illustrated by the amount of local absorbed atoms on each
auxiliary level when δ ¼ 0 (see the insets), showing that
only the left boundary has a significant response (the right
edge state can be probed if we couple B sites to the
auxiliary levels; see Supplemental Material S-6 B [59] for

FIG. 3. Real (a) and imaginary (b) parts of the extracted
eigenenergy of ĤNHWS

s in the ðkx; kyÞ plane obtained by fitting
the numerically simulated spectral lines based on Eq. (2). The
Weyl exceptional ring is highlighted as a green circle. (c),(d) The
sectional view (blue circles) of the fitted energy spectra on
the blue planes in (a) and (b), respectively. The black lines refer to
the eigenenergies of hk. The locations of exceptional points are
marked out by vertical dashed lines. Without loss of generality,
we here set J ¼ 0 in light of the fact that nonzero J only cau-
ses a shift of the spectral line by 2J

P
i¼x;y;z cos ki. Here,

t1 ¼ tz ¼ tSO ¼ 1, mz ¼ 4, γ ¼ 0.1, and kz ¼ arccosð1=800Þ.
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details). We also find that by turning on J, the topological
zero modes can be detected in a wider range near the left
boundary (j < 50) as shown in Fig. 4(b). We attribute this
to the hopping between boundary sites which balances the
particle distribution, while the bulk is unaffected and agrees
with the results for periodic boundaries.
In summary, we have generalized the widely used radio-

frequency spectroscopy to a non-Hermitian quantum sys-
tem and demonstrated that it can be employed to measure
both real and imaginary parts of complex energy spectra.
We theoretically prove and numerically confirm that such
measurement results are independent of boundary condi-
tions even when a non-Hermitian quantum system exhibits
NHSEs, thereby providing strong evidence that band
structures in momentum space are experimentally measur-
able in a generic non-Hermitian system. In cold atom
systems, we may consider either bosonic atoms, such as
87Rb atoms, or fermionic atoms, such as 173Yb or 40K (see
Supplemental Material, Sec. S-1 C [59] for more details).
Our methods are in fact not limited to cold atom systems,
but can also be used in other quantum systems, such as
trapped ions [44] or solid-state spin systems [72–74]. Such
a spectroscopy may also be generalized to a dissipative
interacting system (see Supplemental Material S-7 [59] for
detailed discussions). Given the similarity between the
radio-frequency spectroscopy and ARPES in solid-state
materials, our results may also have important implications
in condensed matter systems.

We thank T. Qin, Y.-L. Tao, and J.-H. Wang for helpful
discussions. This work is supported by the National Natural
Science Foundation of China (Grant No. 11974201) and
Tsinghua University Dushi Program.

Note added.—Recently, we became aware of a related work
where topological edge states are experimentally measured
in ultracold atoms [75].
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