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The theory of bipartite entanglement shares profound similarities with thermodynamics. In this Letter we
extend this connection to multipartite quantum systems where entanglement appears in different forms with
genuine entanglement being the most exotic one. We propose thermodynamic quantities that capture a
signature of genuineness in multipartite entangled states. Instead of entropy, these quantities are defined in
terms of energy—particularly the difference between global and local extractable works (ergotropies) that
can be stored in quantum batteries. Some of these quantities suffice as faithful measures of genuineness and
to some extent distinguish different classes of genuinely entangled states. Along with scrutinizing
properties of these measures we compare them with the other existing genuine measures, and argue that
they can serve the purpose in a better sense. Furthermore, the generality of our approach allows us to define
suitable functions of ergotropies capturing the signature of k£ nonseparability that characterizes qualitatively
different manifestations of entanglement in multipartite systems.
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Introduction.—Thermodynamics is a framework that
deals with the ordering of abstract states connected by
abstract processes. Due to their metatheoretic character,
thermodynamic laws have withstood several paradigm
shifting scientific revolutions and evolved to encompass
general relativity and quantum mechanics. Although it
started as a phenomenological theory of heat engines, a
rigorous axiomatic framework, motivated by the seminal
work of Carathéodory [1], has been formulated initially by
Giles [2], and more recently by Lieb and Yngvason [3-5].
As thermodynamics has a deep-rooted connection with
information theory [6—11], its axiomatic formulation finds
profound similarities with the theory of quantum entangle-
ment [12—-14]. Like the second law of thermodynamics that
prohibits the complete conversion of heat (disordered form
of energy) to work (ordered form of energy) in a cyclic
process, the theory of entanglement is also governed by a
no-go that forbids the creation of entanglement among
spatially separated quantum systems under local operations
and classical communication (LOCC). This qualitative
analogy goes even deeper—in accordance with thermo-
dynamic reversibility, the interconversion among pure
bipartite entangled states is reversible under LOCC in
the asymptotic limit [15-17]. Furthermore, the rate of
interconversion is quantitatively determined by von
Neumann entropy, which has a direct relation with thermo-
dynamic entropy [18-21]. For such states, the von
Neumann entropy of the reduced marginal, in fact, serves
as the unique quantifier (measure) of entanglement [17].
Although the reversibility of entanglement theory breaks
down for mixed states [22-25], it does not cancel the
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analogy between entanglement theory and thermodynam-
ics; rather, it acts as a constitutive element [23].

In this Letter we ask the question how far the analogy
between thermodynamics and entanglement theory can go
when multipartite systems are considered. This question is
quite pertinent, since for such systems classification of
quantum states becomes much richer as compared with the
separable vs entangled dichotomy of bipartite scenario.
Depending on how different subsystems are correlated
with each other, qualitatively different classes of entangled
states are possible when more than two subsystems are
involved. Among these, the most exotic one is the genu-
inely entangled state that first appears in the seminal
Greenberger—Horne—Zeilinger (GHZ) Version of the Bell
test [26,27]. Subsequently, it has been shown that genuinely
entangled states can also be of different types [28-30].
Identification, characterization, and quantification of genu-
ine entanglement are of practical relevance, as they find
several applications [31-39], and accordingly different
quantifiers have been suggested [40—46].

In this Letter, we propose thermodynamic quantities that
capture a signature of genuineness in multipartite states.
Unlike the bipartite pure states, where entanglement is
captured through entropic quantity, our proposed measures
are defined in terms of internal energy of the system. In
particular, the ergotropic gap—the difference between the
extractable works from a composite system under global
and local unitary operations, respectively—plays a crucial
role to define these measures. We show that suitably
defined functions of this quantity—minimum ergotropic
gap, average ergotropic gap, ergotropic fill, and ergotropic
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volume—can serve as good measures of genuineness for
multipartite systems. In fact, one can come up with
measures that capture the notion of k separability for
arbitrary multipartite systems [13]. Apart from theoretical
curiosity these measures are of special interest as there are
several proposals for quantum batteries to store ergotropic
work [47-53]. By comparing strengths and weaknesses of
these newly proposed measures with the other existing
genuine measures, we show that the ergotropic measures
show superiority.

Preliminaries.—A pure state of a multipartite system
consisting of n subsystems is described by a vector
|l//>A]...A” €EQ}_| Hy,, where H, be the Hilbert space
associated with the i subsystem, and for finite dimensional
cases they are isomorphic to complex Euclidean space C%.
Such a state is called k separable if it can be expressed

as [y)¥ =|y)x lw)x, - lw)x,. where X;s* are nonzero
disjoint partitioning of n parties, ie., X; NX; = @&
U X; ={A,...,A,}. A mixed state p € D(®_, Hy,)

is called k separable if it can be expressed as the convex
mixture of k-separable pure states, i.e., p[k] =
S pilw) 8wy |; D(x) denotes the set of density operators
acting on the Hilbert space. Note that partitionings of the
pure states appearing in the convex decomposition of pl¥
need not to be fixed. Denoting the convex set of k-separable
states as Sk, we have the set inclusion relations
S gSh-c...cSPICD. The set of states D\SK
are called k nonseparable, and 2 nonseparable states, i.e.,
states in D\SP?, are also called n-partite genuinely
entangled. To be a good quantifier or measure of k non-
separability, a function E¥ : D — R is supposed to satisfy
the following properties: (i) EW(p) =0, V p e SH;
(i) E* }( )>0. ¥ peS\SH; Gii) EN(Y; pipi) <
S piEM(p;), where {p;} is a probability distribution
and p; € SW; and (iv) EW(p) > EX(5) whenever the state
o can be obtained from the state p under the LOCC operation
with all of the subsystem being spatially separated.
Condition (ii) can be relaxed as E¥(p) > 0, and in such a
case the measure is not faithful. For £ = 2 we will use the
notation E¥ = EC, an it captures genuine entanglement.
Two such measures E and E’ are said to be equivalent
whenever E(p) > E(c) & E'(p) > E'(c) for all pairs
of p, o. For a detailed review of such measures we refer
to Refs. [54-58]. In the following we rather briefly recall the
concept of ergotropy that will be relevant for us to define
thermodynamic measures of multipartite entanglement.
The study of work extraction from an isolated quantum
system under a cyclic Hamiltonian process dates back to
the late 1970s [59,60]. The aim is to transform a quantum
system from a higher to a lower internal energy state,
extracting the difference in internal energy as work.
The optimal work, termed as ergotropy, is obtained when
the system evolves to the passive state [61]. Given the

system Hamiltonian H = Y%, e;]e;)(e;|, with |e;) being
energy eigenstate having the energy eigenvalue e;, and
given the initial state p € D(C?) of the system, ergotropic
work extraction is given by

W(p) = Tr(pH) — minTr(UpU"H) = Tr[(p — p) H]
where the passive state p”, being the minimum energetic
state, takes the form p? = >"¢  4le;) (e, with 4; > 4,4,
where ¢; <e;.; V i €{l,...,d}. During the recent past
the study of ergotropy received renewed interest for
multipartite quantum systems [62-73]. For such systems
different kinds of ergotropic works can be extracted.
For instance, from a bipartite state p,z € D(C% @ C9)
one can extract global and local ergotropic works W(p4p)
and W.(p,p) respectively by applying joint unitaries and
product unitaries on the system. The difference of these two
ergotropic works is termed as ergotropic gap Ay z(pag)
which for pure bipartite states has been established
as an independent LOCC monotone rather than von
Neumann entropy, and furthermore it has been shown to
satisfy the criteria of a bipartite entanglement measure
[68,70,71].

Ergotropy and multiparty entanglement.—For multipar-
tite systems different subgroups of the parties can come
together, and accordingly different types of ergotropic
works can be extracted from the system (see Fig. 1). For
an n-party system we can define the fully separable

ergotropic gap Al which is the difference between

A \ 1A,
global ergotropy WY obtained when the parties can apply

joint unitary all together and fully local ergotropy W, Al 1Ay

obtained through local unitaries on the respective sub-
systems. For a system governed by the Hamiltonian

gL
a

(a)

e -

©
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FIG. 1.
from a multipartite entangled quantum state: (a) local ergotropic

AlB|C
work W, 18]

X € {A, B, C}, and (c) global ergotropic work W¥. In general,

Different amounts of ergotropic work can be extracted

= Wi, (b) biseparable ergotropic work Wf‘xc, with

Wi < WX‘X < WY, where strict inequalities hold for genuinely

entangled states.
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Hy, ., = > ﬁA[ (HA[
prepared in a pure state |y)4

= Hdl...dH ® HA,' ® ]Idi+]--~d,,) and
e, €O C%, it turns out

that
n
A () = S T(of Hy). (1)
i=1
where /’Z,- is the passive state of the corresponding

subsystem. Here and throughout the Letter, without loss
of any generality, we associate zero energy to the lowest
energetic state |¢g). Passive state energy being the LOCC

monotone makes the quantity Ag)‘ T LOCC monotone
(see the Supplemental Material [74]). Furthermore, it can
be defined as a measure of multipartite entanglement by
generalizing it for the mixed state through convex roof
extension. For instance, expressing a 3-qubit pure state
in generalized Schmidt form [29], |w),pc = 40/000) +
21€]100) + A,|101) + A3]110) + A4|111), with 1; >0 &
3142 =1;0 < ¢ < 7, we obtain

3) _1noe 2) @
AA|B\C(|‘/’>) ) (AA\BC + AB\CA + AC|AB)'

Here Ag‘g c

the A[BC cut, i.e., Aypc = Wi — (mutatis mutandis
for the other terms). The explicit expressions read as

denotes the biseparable ergotropic gap across
W?\BC

2
Afe=1-\1-481- B+ (20)
Ajen = 1= /1 4B + ) +al.  (2b)
2
Ay =1 \1-43(B+ ) +dl.  (20)
where a = |(1;44€" — A,43)|. It is also immediate that
Afﬁm ¢ 18 zero for fully product state.

Ergotropy and genuine entanglement.—The quantity
A®) for tripartite systems and more generally A" for
n-partite systems, despite capturing the signature of multi-
partite entanglement, does not capture genuineness. In fact,
A™ can take a maximum value for some nongenuine
entangled states (see the Supplemental Material [74]). At
this point the biseparable ergotropic gap A} becomes
crucial which for an arbitrary n-partite system can be

defined as A( ) = wi — f‘xc, where WZ‘XC

Xjxe =
ergotropic work obtained across X |XC cut with X being a
nonzero subset of the parties and XC denoting the comple-
ment set of parties. For a pure state [y), ., €E®] Cé a
straightforward calculation yields

denotes the

A o (1v)) = Tr(pfHy) + Tr(ploHye).  (3)

where H, and p} denote the Hamiltonian and the passive
state of the corresponding partition. Although the bise-

parable ergotropic gap turns out to be a LOCC monotone, it
@)

does not capture genuineness, as A, xo can take a nonzero
14y

value even when the state is separable across some Xz\Xg
partition, where X; # X,. However, this quantity leads us
to define several genuine entanglement measures as
listed below.

(i) Minimum ergotropic gap (AS, ): 1t is defined as the
minimum among all possible blseparable ergotropic gaps,

ie., for |y), .o €®L, C“

mm(ll//>) = min {Ax‘XC<|W>)}

where minimization is over all possible bipartitions {X|XC}
of the parties. Clearly, this is for any pure biseparable state
AS, = 0, whereas for pure genuine entangled states it takes
nonzero values. For a 3-qubit system, by analyzing the
expressions in Eq. (2) it turns out that AU, yields the
maximum value for the maximally entangled GHZ (in short
ME-GHZ) state and distinguishes it from the W class states
[28]. Therefore according to the criterion imposed in
Ref. [46] this measure can be called a “proper” measure
of genuineness. In fact this result is quite generic. For any n-
qubit system the canonical GHZ state |GHZ,,) = (|0)®" +
[1)®")/y/2 gives a maximum value for AC, ~(see the
Supplemental Material [74]) indicating superiority of this
state over the other classes of genuine entangled states.
Furthermore, for the (C?)®? system, it can be shown that

( ) 2)
X|XC<2 Ax\xc

across X|XC cut for X € {A, B, C}. In this case AU, is
equivalent to another genuine measure called “genuinely
multipartite concurrence” (GMC) defined as the minimum
of Ci\xC [55].

Importantly, the minimum ergotropic gap carries a
physical meaning as it quantifies the least collaborative
advantage in ergotropic work extraction when all the three
parties instead of any two of them come together. A
drawback of this measure is that the ordering imposed
by itis not ideal, as two states with an equal minimum value
can have different ergotropies in other bipartitions which
evidently tells us that the genuine entanglement of the states
must be different.

The measure A%, (Jw)) can be extended to mixed states
via convex roof extension and accordingly for a state
pa,.a, € D(®); C%), the expression for minimum ergo-
tropic gap becomes

Cxixe = ), where Cyyc is the concurrence
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Agin(pAlm = Inll’l {ij min :0] }

{pjr}

where each {p;, p;} is a decomposition of the state p, ...,
and the minimization is over all possible decompositions. A
similar convex roof extension applies for all the measures
introduced hereafter.

(ii) Genuine average ergotropic gap (A%, ): Instead of
the minimum, one can consider the average of all bisepar-
able ergotropic gaps. However it is not a genuine measure
as biseparable states can yield a nonzero value. To define a
genuine measure for an n-party pure state |y), ., E®},

C% we consider the following quantity:

<Hx |
AG () = —— 1' ()

ZAX|XC |‘/1

where X ranges over all possible bipartitions (2("~!) — 1 in
number for the n-party system) and ©(Z) = 0 for Z = 0;
otherwise, ®(Z) = 1. Once again, for the three-qubit
system this measure is “proper” as it distinguishes ME-
GHZ from the W class. Importantly, this measure is
inequivalent to AY. (see the Supplemental Material
[74]). In fact, two genuine states having the same value
for one measure can have different values for the other one.
This is a quite important observation, as for such a pair of
states the measure yielding different values puts a nontrivial
restriction on their interconvertibility under LOCC, while
the other remains silent.

(iii) Ergotropic fill (A%): Motivated by the genuine
measure of “concurrence fill” recently introduced for three-
qubit systems [46], we can define ergotropic fill for such
systems as follows:

- (D) -2 Saen)]

where X € {A, B, C}. Ergotropic fill turns out to be
independent from concurrence fill [46], GMC [55], and
genuine average ergotropic gap (see the Supplemental
Material [74]). However, there is ambiguity regarding
the monotonicity of this measure under LOCC [58].
Although this measure might be generalized for a four-
qubit system, presently we have no idea regarding its
generalization for arbitrary multipartite systems.

(iv) Ergotropic volume (A$): For an n-party state
[W)a,.a, €®L, C% we can define the normalized volume

A§ of an N -edged hypercuboid with sides AX|XC(|W>) as a

AZ(ly))

genuine measure of entanglement, i.e.,

1

A (ly)) (H Ahe(w) ) ; N=20"D—1.

Each edge of the hypercuboid being a LOCC monotone
makes the normalized volume the same. While for any pure
genuine entangled states the volume is nonvanishing, it is
zero for the nongenuine state as at least one of the edges
is zero.

Although ergotropic volume has no direct physical mean-
ing, it turns out to be the lower bound of the average ergotropic
gap,ie., A¥ < Aavg for an arbitrary multipartite state (see the
Supplemental Material [74]). Interestingly, for an arbitrary
multipartite system among the different states having the
same average ergotropic gap the state with equal entangle-
ment across all possible bipartite cuts yield the maximum
ergotropic volume and is rated as the most entangled one. This
follows from the fact that the geometric mean of a set of
numbers with a constant arithmetic mean is the maximum
when each number is equal to the arithmetic mean.

For a 3-qubit system A{; takes a maximum value of 1 for
the ME-GHZ, whereas it takes a value of % for the maximally

W state. In fact, we have obtained the expression Ag for a
generic 3-qubit pure state. It turns out that for some particular
ranges of Schmidt coefficients generalized GHZ is more
genuinely entangled than maximal W states and hence all the
W class states. On the other hand, for a certain range of
Schmidt coefficients A of extended GHZ states becomes
less than that of the maximal W state. Furthermore, with
some examples we also find that AG is an independent
genuine measure than GMC, minimum ergotropic gap,
genuine average ergotropic gap, ergotropic fill, and con-
currence fill (see the Supplemental Material [74]). More
interestingly, we discuss examples of three-qubit entangled
states where concurrence fill cannot order their genuineness
but ergotropic volume can. Although for the three-qubit
system ergotropic volume is not a smooth function with
respect to the generalized Schmidt coefficients, it turns out to
be smooth with respect to the biseparable ergotropic gaps.

Ergotropy and k nonseparability.—So far we have seen
that a fully ergotropic gap captures the signature of
multipartite entanglement, whereas suitably defined func-
tions of a biseparable ergotropic gap turn out to be a good
measure of genuine entanglement. As already mentioned,
for multipartite systems manifestations of quantum
entanglement can be most generally described by k non-
separability with multipartite entanglement and genuine
entanglement being the two extreme cases. To capture the
notion of k nonseparability here we propose the concept of

a k-separable ergotropic gap AW = Wi — whl X

X[
where We“ X denotes the ergotropic works when n
different parties are partitioned as X,|---|X;. For an
arbitrary state |y) 4,4, the expression for the k-separable
ergotropic gap reads as

=~

(k)
A X[ Xy |W

Z PX H X (4)
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where pf and Hy, are the passive state and the
J

Hamiltonian of the associated partition, respectively.
Clearly k=n and k=2 correspond to Eq. (1) and
Eq. (3) respectively. Note that, if the k-separable ergotropic
gap for |y) is zero for a given k partition, say the partition
Xl |Xi|Xit1] -+ - | Xy, then the (k — 1)-separable ergo-
tropic gap for the state will be zero if any two subgroups of
the parties are together, i.e., Ag(k]>"”‘xi|xi+l|"‘|Xk(|l//>) =0
implies Ay, .

rable ergotropic gap for a given k partition need not imply a
zero k-separable ergotropic gap for a different & partition.

1x, ([w)) = 0. However, a zero k-sepa-

In other words, Aﬁfr>|...| v (Jw)) can take a nonzero value even
1 k

when A;kl)‘“_‘xk
k

A‘g(l)""‘xk

However, following the same technique as done for

genuineness it is possible to define suitable functions

of the k-separable ergotropic gap that turn out to be

good measures of k nonseparability. In the Supplemental

(lw)) = 0. This fact restrains the quantity

to be a good measure of k nonseparability.

Material [74] we discuss a few such quantities—ALﬂn, Aali,]g,
(K]

and Ay’ that for k = 2 boil down to AG, ' AS,, and AY,
respectively.

Discussion.—Genuine entanglement represents proto-
typical features of multipartite quantum systems. Apart
from their foundational importance [26] they find several
applications [31-39], and they are also crucial for the
emerging technology of quantum Internet [79,80]. Here we
have proposed several measures of genuine entanglement
based on thermodynamic quantities. The correspondence
between thermodynamics and entanglement theory is not
new as information theory makes a link between bipartite
entanglement and thermodynamics through the abstract
concept of entropy. Importantly, the connection established
between genuine entanglement and thermodynamics in this
Letter is much more direct as it does not invoke entropy;
rather it is based on internal energies or ergotropic works
of the system. Ergotropic work being an experimentally
measurable quantity, even under ambient conditions, makes
this connection more interesting. In particular, we have
introduced four different measures for genuine entangle-
ment among which ergotropic volume has been inferred
to perform better than the other three as well as the
previously existing measures. Importantly, ergotropic vol-
ume also captures a physical meaning up to some degree
while still maintaining the integrity as a genuine multi-
partite entanglement measure without any ad-hoc condi-
tions. Furthermore, we have shown that based on ergotropic
quantities it is also possible to define measures of k
nonseparability that signify qualitatively different manifes-
tations of entanglement for multipartite systems.

As for the future, possible experimental realizations of
the proposed measures would be quite interesting. It would
be instructive to explore the multiqubit systems, more

particularly the three-qubit system, first. Another possible
study would be to see how the ergotropic gap decreases
when more and more restrictions are imposed on the
collaboration among the parties, as this would give an
idea whether or not the cost of coming together pays off
significant increment in work extraction. It would also
be interesting to capture the signature of entanglement
depth [81] of an multipartite state through the ergotropic
approach explored in this Letter. Finally, it would also be
interesting to see how our approach can be generalized to
study other forms of correlation in mutipartite systems; a
closely related study was recently made for bipartite
systems in Ref. [73].

M. A. and M. B. acknowledge funding from the National
Mission in Interdisciplinary Cyber-Physical systems from
the Department of Science and Technology through
the I-HUB Quantum Technology Foundation (Grant
No. [I-HUB/PDF/2021-22/008). M.B. acknowledges
support through the research grant of the INSPIRE
Faculty fellowship from the Department of Science and
Technology, Government of India, and the start-up research
grant from SERB, Department of Science and Technology
(Grant No. SRG/2021/000267).

[1] C. Carathéodory, Uber den variabilititsbereich der koeffi-
zienten von potenzreihen, die gegebene werte nicht anneh-
men, Math. Ann. 64, 95 (1907).

[2] R. Giles, Mathematical Foundations of Thermodynamics,
International Series of Monographs on Pure and Applied
Mathematics (Pergamon Press, Oxford, 1964).

[3] E. H. Lieb and J. Yngvason, The physics and mathematics
of the second law of thermodynamics, Phys. Rep. 310, 1
(1999).

[4] E. H. Lieb and J. Yngvason, The entropy concept for non-
equilibrium states, Proc. Math. Phys. Eng. Sci. 469,
20130408 (2013).

[5] E. H. Lieb and J. Yngvason, Entropy meters and the entropy
of non-extensive systems, Proc. Math. Phys. Eng. Sci. 470,
20140192 (2014).

[6] R. Landauer, Irreversibility and heat generation in the
computing process, IBM J. Res. Dev. 5, 183 (1961).

[7] C.H. Bennett, Logical reversibility of computation, IBM J.
Res. Dev. 17, 525 (1973).

[8] R. Landauer, Dissipation and noise immunity in computa-
tion and communication, Nature (London) 335, 779 (1988).

[9] S. Toyabe, T. Sagawa, M. Ueda, E. Muneyuki, and M. Sano,
Experimental demonstration of information-to-energy con-
version and validation of the generalized Jarzynski equality,
Nat. Phys. 6, 988 (2010).

[10] A. Bérut, A. Arakelyan, A. Petrosyan, S. Ciliberto, R.
Dillenschneider, and E. Lutz, Experimental verification of
Landauer’s principle linking information and thermody-
namics, Nature (London) 483, 187 (2012).

[11] N. Cottet, Sébastien Jezouin, Landry Bretheau, Philippe
Campagne-Ibarcq, Quentin Ficheux, Janet Anders, Alexia
Auffeves, Rémi Azouit, Pierre Rouchon, and Benjamin

070601-5


https://doi.org/10.1007/BF01449883
https://doi.org/10.1016/S0370-1573(98)00082-9
https://doi.org/10.1016/S0370-1573(98)00082-9
https://doi.org/10.1098/rspa.2013.0408
https://doi.org/10.1098/rspa.2013.0408
https://doi.org/10.1098/rspa.2014.0192
https://doi.org/10.1098/rspa.2014.0192
https://doi.org/10.1147/rd.53.0183
https://doi.org/10.1147/rd.176.0525
https://doi.org/10.1147/rd.176.0525
https://doi.org/10.1038/335779a0
https://doi.org/10.1038/nphys1821
https://doi.org/10.1038/nature10872

PHYSICAL REVIEW LETTERS 129, 070601 (2022)

Huard, Observing a quantum maxwell demon at work, Proc.
Natl. Acad. Sci. U.S.A. 114, 7561 (2017).

[12] E. Schrodinger, Discussion of probability relations between
separated systems, Math. Proc. Cambridge Philos. Soc. 31,
555 (1935).

[13] R. Horodecki, P. Horodecki, M. Horodecki, and K.
Horodecki, Quantum entanglement, Rev. Mod. Phys. 81,
865 (2009).

[14] O. Giihne and G. Téth, Entanglement detection, Phys. Rep.
474, 1 (2009).

[15] C.H. Bennett, G. Brassard, S. Popescu, B. Schumacher,
J.A. Smolin, and W. K. Wootters, Purification of Noisy
Entanglement and Faithful Teleportation via Noisy Chan-
nels, Phys. Rev. Lett. 76, 722 (1996).

[16] C.H. Bennett, H.J. Bernstein, S. Popescu, and B.
Schumacher, Concentrating partial entanglement by local
operations, Phys. Rev. A 53, 2046 (1996).

[17] V. Vedral and E. Kashefi, Uniqueness of the Entanglement
Measure for Bipartite Pure States and Thermodynamics,
Phys. Rev. Lett. 89, 037903 (2002).

[18] S. Popescu and D. Rohrlich, Thermodynamics and the
measure of entanglement, Phys. Rev. A 56, R3319 (1997).

[19] P. Horodecki, R. Horodecki, and M. Horodecki, Entangle-
ment and thermodynamical analogies, Acta Phys. Slovaca
48, 141 (1998), http://www.physics.sk/aps/pubs/1998/
aps_1998_48_3_141.pdf.

[20] V. Vedral, A thermodynamical formulation of quantum
information, AIP Conf. Proc. 643, 41 (2002).

[21] M. Weilenmann, L. Kraemer, P. Faist, and R. Renner,
Axiomatic Relation between Thermodynamic and
Information-Theoretic Entropies, Phys. Rev. Lett. 117,
260601 (2016).

[22] M. Horodecki, P. Horodecki, and R. Horodecki, Mixed-
State Entanglement and Distillation: Is there a “Bound”
Entanglement in Nature?, Phys. Rev. Lett. 80, 5239
(1998).

[23] M. Horodecki, J. Oppenheim, and R. Horodecki, Are the
Laws of Entanglement Theory Thermodynamical?, Phys.
Rev. Lett. 89, 240403 (2002).

[24] G. Vidal, W. Diir, and J.I. Cirac, Entanglement Cost
of Bipartite Mixed States, Phys. Rev. Lett. 89, 027901
(2002).

[25] L. Lami and B. Regula, No second law of entanglement
manipulation after all, arXiv:2111.02438.

[26] D. M. Greenberger, M. A. Horne, and A. Zeilinger, Going
beyond Bell’s theorem, in Quantum Theory, and Concep-
tions of the Universe, edited by M. Kafatos (Kluwer,
Dordrecht, 1989), pp. 69-72 [arXiv:0712.0921].

[27] D.M. Greenberger, M. A. Horne, A. Shimony, and A.
Zeilinger, Bell’s theorem without inequalities, Am. J. Phys.
58, 1131 (1990).

[28] W. Diir, G. Vidal, and J.I. Cirac, Three qubits can be
entangled in two inequivalent ways, Phys. Rev. A 62,
062314 (2000).

[29] A. Acin, A. Andrianov, L. Costa, E. Jané, J.1. Latorre,
and R. Tarrach, Generalized Schmidt Decomposition and
Classification of Three-Quantum-Bit States, Phys. Rev.
Lett. 85, 1560 (2000).

[30] F. Verstraete, J. Dehaene, B. De Moor, and H. Verschelde,
Four qubits can be entangled in nine different ways, Phys.
Rev. A 65, 052112 (2002).

[31] M. Hillery, V. BuZek, and A. Berthiaume, Quantum secret
sharing, Phys. Rev. A 59, 1829 (1999).

[32] D. Leibfried, M.D. Barrett, T. Schaetz, J. Britton, J.
Chiaverini, W. M. Itano, J. D. Jost, C. Langer, and D.]J.
Wineland, Toward heisenberg-limited spectroscopy with
multiparticle entangled states, Science 304, 1476 (2004).

[33] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum-
enhanced measurements: Beating the standard quantum
limit, Science 306, 1330 (2004).

[34] Z. Zhao, Y.-A. Chen, A.-N. Zhang, T. Yang, H. J. Briegel,
and J.-W. Pan, Experimental demonstration of five-photon
entanglement and open-destination teleportation, Nature
(London) 430, 54 (2004).

[35] D. Gottesman and I. L. Chuang, Demonstrating the viability
of universal quantum computation using teleportation and
single-qubit operations, Nature (London) 402, 390 (1999).

[36] S. Agrawal, S. Halder, and M. Banik, Genuinely entangled
subspace with all-encompassing distillable entanglement
across every bipartition, Phys. Rev. A 99, 032335 (2019).

[37] S. Rout, A.G. Maity, A. Mukherjee, S. Halder, and M.
Banik, Genuinely nonlocal product bases: Classification and
entanglement-assisted discrimination, Phys. Rev. A 100,
032321 (2019).

[38] S. Rout, A.G. Maity, A. Mukherjee, S. Halder, and M.
Banik, Multiparty orthogonal product states with minimal
genuine nonlocality, Phys. Rev. A 104, 052433 (2021).

[39] S.S. Bhattacharya, A. G. Maity, T. Guha, G. Chiribella, and
M. Banik, Random-receiver quantum communication, PRX
Quantum 2, 020350 (2021).

[40] A.R.R. Carvalho, F. Mintert, and A. Buchleitner,
Decoherence and Multipartite Entanglement, Phys. Rev.
Lett. 93, 230501 (2004).

[41] V. Coffman, J. Kundu, and W. K. Wootters, Distributed
entanglement, Phys. Rev. A 61, 052306 (2000).

[42] A.Miyake, Classification of multipartite entangled states by
multidimensional determinants, Phys. Rev. A 67, 012108
(2003).

[43] A. Osterloh and J. Siewert, Constructing n-qubit entangle-
ment monotones from antilinear operators, Phys. Rev. A 72,
012337 (2005).

[44] A. Sen(De) and U. Sen, Channel capacities versus entan-
glement measures in multiparty quantum states, Phys. Rev.
A 81, 012308 (2010).

[45] B. Jungnitsch, T. Moroder, and O. Giihne, Taming Multi-
particle Entanglement, Phys. Rev. Lett. 106, 190502 (2011).

[46] S. Xie and J.H. Eberly, Triangle Measure of Tripartite
Entanglement, Phys. Rev. Lett. 127, 040403 (2021).

[47] G.M. Andolina, M. Keck, A. Mari, M. Campisi, V.
Giovannetti, and M. Polini, Extractable Work, the Role
of Correlations, and Asymptotic Freedom in Quantum
Batteries, Phys. Rev. Lett. 122, 047702 (2019).

[48] D. Rossini, G. M. Andolina, D. Rosa, M. Carrega, and M.
Polini, Quantum Advantage in the Charging Process of
Sachdev-Ye-Kitaev Batteries, Phys. Rev. Lett. 125, 236402
(2020).

070601-6


https://doi.org/10.1073/pnas.1704827114
https://doi.org/10.1073/pnas.1704827114
https://doi.org/10.1017/S0305004100013554
https://doi.org/10.1017/S0305004100013554
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1016/j.physrep.2009.02.004
https://doi.org/10.1016/j.physrep.2009.02.004
https://doi.org/10.1103/PhysRevLett.76.722
https://doi.org/10.1103/PhysRevA.53.2046
https://doi.org/10.1103/PhysRevLett.89.037903
https://doi.org/10.1103/PhysRevA.56.R3319
http://www.physics.sk/aps/pubs/1998/aps_1998_48_3_141.pdf
http://www.physics.sk/aps/pubs/1998/aps_1998_48_3_141.pdf
http://www.physics.sk/aps/pubs/1998/aps_1998_48_3_141.pdf
http://www.physics.sk/aps/pubs/1998/aps_1998_48_3_141.pdf
http://www.physics.sk/aps/pubs/1998/aps_1998_48_3_141.pdf
https://doi.org/10.1063/1.1523779
https://doi.org/10.1103/PhysRevLett.117.260601
https://doi.org/10.1103/PhysRevLett.117.260601
https://doi.org/10.1103/PhysRevLett.80.5239
https://doi.org/10.1103/PhysRevLett.80.5239
https://doi.org/10.1103/PhysRevLett.89.240403
https://doi.org/10.1103/PhysRevLett.89.240403
https://doi.org/10.1103/PhysRevLett.89.027901
https://doi.org/10.1103/PhysRevLett.89.027901
https://arXiv.org/abs/2111.02438
https://arXiv.org/abs/0712.0921
https://doi.org/10.1119/1.16243
https://doi.org/10.1119/1.16243
https://doi.org/10.1103/PhysRevA.62.062314
https://doi.org/10.1103/PhysRevA.62.062314
https://doi.org/10.1103/PhysRevLett.85.1560
https://doi.org/10.1103/PhysRevLett.85.1560
https://doi.org/10.1103/PhysRevA.65.052112
https://doi.org/10.1103/PhysRevA.65.052112
https://doi.org/10.1103/PhysRevA.59.1829
https://doi.org/10.1126/science.1097576
https://doi.org/10.1126/science.1104149
https://doi.org/10.1038/nature02643
https://doi.org/10.1038/nature02643
https://doi.org/10.1038/46503
https://doi.org/10.1103/PhysRevA.99.032335
https://doi.org/10.1103/PhysRevA.100.032321
https://doi.org/10.1103/PhysRevA.100.032321
https://doi.org/10.1103/PhysRevA.104.052433
https://doi.org/10.1103/PRXQuantum.2.020350
https://doi.org/10.1103/PRXQuantum.2.020350
https://doi.org/10.1103/PhysRevLett.93.230501
https://doi.org/10.1103/PhysRevLett.93.230501
https://doi.org/10.1103/PhysRevA.61.052306
https://doi.org/10.1103/PhysRevA.67.012108
https://doi.org/10.1103/PhysRevA.67.012108
https://doi.org/10.1103/PhysRevA.72.012337
https://doi.org/10.1103/PhysRevA.72.012337
https://doi.org/10.1103/PhysRevA.81.012308
https://doi.org/10.1103/PhysRevA.81.012308
https://doi.org/10.1103/PhysRevLett.106.190502
https://doi.org/10.1103/PhysRevLett.127.040403
https://doi.org/10.1103/PhysRevLett.122.047702
https://doi.org/10.1103/PhysRevLett.125.236402
https://doi.org/10.1103/PhysRevLett.125.236402

PHYSICAL REVIEW LETTERS 129, 070601 (2022)

[49] J. Monsel, M. Fellous-Asiani, B. Huard, and A. Auffeves,
The Energetic Cost of Work Extraction, Phys. Rev. Lett.
124, 130601 (2020).

[50] E. Strambini et al., A josephson phase battery, Nat. Nano-
technol. 15, 656 (2020).

[51] T. Opatrny, A. Misra, and G. Kurizki, Work Generation
from Thermal Noise by Quantum Phase-Sensitive Obser-
vation, Phys. Rev. Lett. 127, 040602 (2021).

[52] J. Joshi and T.S. Mahesh, NMR investigations of quantum
battery using star-topology spin systems, arXiv:2112.15437.

[53] C. Cruz, M. F. Anka, M. S. Reis, R. Bachelard, and A.C.
Santos, Quantum battery based on quantum discord at room
temperature, Quantum Sci. Technol. 7, 025020 (2022).

[54] V. Vedral, M.B. Plenio, M. A. Rippin, and P.L. Knight,
Quantifying Entanglement, Phys. Rev. Lett. 78, 2275 (1997).

[55] Z.-H. Ma, Z.-H. Chen, J.-L. Chen, C. Spengler, A. Gabriel,
and M. Huber, Measure of genuine multipartite entangle-
ment with computable lower bounds, Phys. Rev. A 83,
062325 (2011).

[56] Y. Hong, T. Gao, and F. Yan, Measure of multipartite
entanglement with computable lower bounds, Phys. Rev. A
86, 062323 (2012).

[571 Y. Guo and L. Zhang, Multipartite entanglement measure
and complete monogamy relation, Phys. Rev. A 101,
032301 (2020).

[58] Y. Guo, Y. Jia, X. Li, and L. Huang, Genuine multipartite
entanglement measure, J. Phys. A 55, 145303 (2022).

[59] W. Pusz and S.L. Woronowicz, Passive states and KMS
states for general quantum systems, Commun. Math. Phys.
58, 273 (1978).

[60] A. Lenard, Thermodynamical proof of the Gibbs formula for
elementary quantum systems, J. Stat. Phys. 19, 575 (1978).

[61] A.E. Allahverdyan, R. Balian, and T. M. Nieuwenhuizen,
Maximal work extraction from finite quantum systems,
Europhys. Lett. 67, 565 (2004).

[62] J. Aberg, Truly work-like work extraction via a single-shot
analysis, Nat. Commun. 4, 1925 (2013).

[63] P. Skrzypczyk, A. Short, and S. Popescu, Work extraction
and thermodynamics for individual quantum systems, Nat.
Commun. 5, 4185 (2014).

[64] M. Perarnau-Llobet, K.V. Hovhannisyan, M. Huber, P.
Skrzypczyk, N. Brunner, and A. Acin, Extractable Work
from Correlations, Phys. Rev. X 5, 041011 (2015).

[65] P. Skrzypczyk, R. Silva, and N. Brunner, Passivity, complete
passivity, and virtual temperatures, Phys. Rev. E 91, 052133
(2015).

[66] A. Mukherjee, A. Roy, S.S. Bhattacharya, and M. Banik,
Presence of quantum correlations results in a nonvanishing
ergotropic gap, Phys. Rev. E 93, 052140 (2016).

[67] G. Francica, J. Goold, F. Plastina, and M. Paternostro,
Daemonic ergotropy: Enhanced work extraction from
quantum correlations, npj Quantum Inf. 3, 12 (2017).

[68] M. Alimuddin, T. Guha, and P. Parashar, Bound on
ergotropic gap for bipartite separable states, Phys. Rev. A
99, 052320 (2019).

[69] E. Bernards, M. Kleinmann, O. Giihne, and M. Paternostro,
Daemonic ergotropy: Generalised measurements and multi-
partite settings, Entropy 21, 771 (2019).

[70] M. Alimuddin, T. Guha, and P. Parashar, Structure of
passive states and its implication in charging quantum
batteries, Phys. Rev. E 102, 022106 (2020).

[71] M. Alimuddin, T. Guha, and P. Parashar, Independence of
work and entropy for equal-energetic finite quantum sys-
tems: Passive-state energy as an entanglement quantifier,
Phys. Rev. E 102, 012145 (2020).

[72] A. Touil, B. Cakmak, and S. Deffner, Ergotropy from
quantum and classical correlations, J. Phys. A 55, 025301
(2022).

[73] G. Francica, Quantum correlations and ergotropy, Phys.
Rev. E 105, L052101 (2022).

[74] See  Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.129.070601 for de-
tailed calculations and additional Refs. [75-78].

[75] M. A. Nielsen, Conditions for a Class of Entanglement
Transformations, Phys. Rev. Lett. 83, 436 (1999).

[76] P. Rungta, V. Buzek, C.M. Caves, M. Hillery, and G.J.
Milburn, Universal state inversion and concurrence in
arbitrary dimensions, Phys. Rev. A 64, 042315 (2001).

[77] X.-F. Qian, M. A. Alonso, and J. H. Eberly, Entanglement
polygon inequality in qubit systems, New J. Phys. 20,
063012 (2018).

[78] Wikipedia contributors, Inequality of arithmetic and geo-
metric means—Wikipedia, the free encyclopedia (2022)
(accessed  19-April-2022),  https://en.wikipedia.org/w/
index.php?title=Inequality_of_arithmetic_and_geometric_
means&oldid=1079829113.

[79] H.J. Kimble, The quantum internet, Nature (London) 453,
1023 (2008).

[80] S. Wehner, D. Elkouss, and R. Hanson, Quantum internet: A
vision for the road ahead, Science 362, 303 (2018).

[81] A.S. Sgrensen and K. Mglmer, Entanglement and Extreme
Spin Squeezing, Phys. Rev. Lett. 86, 4431 (2001).

070601-7


https://doi.org/10.1103/PhysRevLett.124.130601
https://doi.org/10.1103/PhysRevLett.124.130601
https://doi.org/10.1038/s41565-020-0712-7
https://doi.org/10.1038/s41565-020-0712-7
https://doi.org/10.1103/PhysRevLett.127.040602
https://arXiv.org/abs/2112.15437
https://doi.org/10.1088/2058-9565/ac57f3
https://doi.org/10.1103/PhysRevLett.78.2275
https://doi.org/10.1103/PhysRevA.83.062325
https://doi.org/10.1103/PhysRevA.83.062325
https://doi.org/10.1103/PhysRevA.86.062323
https://doi.org/10.1103/PhysRevA.86.062323
https://doi.org/10.1103/PhysRevA.101.032301
https://doi.org/10.1103/PhysRevA.101.032301
https://doi.org/10.1088/1751-8121/ac5649
https://doi.org/10.1007/BF01614224
https://doi.org/10.1007/BF01614224
https://doi.org/10.1007/BF01011769
https://doi.org/10.1209/epl/i2004-10101-2
https://doi.org/10.1038/ncomms2712
https://doi.org/10.1038/ncomms5185
https://doi.org/10.1038/ncomms5185
https://doi.org/10.1103/PhysRevX.5.041011
https://doi.org/10.1103/PhysRevE.91.052133
https://doi.org/10.1103/PhysRevE.91.052133
https://doi.org/10.1103/PhysRevE.93.052140
https://doi.org/10.1038/s41534-017-0012-8
https://doi.org/10.1103/PhysRevA.99.052320
https://doi.org/10.1103/PhysRevA.99.052320
https://doi.org/10.3390/e21080771
https://doi.org/10.1103/PhysRevE.102.022106
https://doi.org/10.1103/PhysRevE.102.012145
https://doi.org/10.1088/1751-8121/ac3eba
https://doi.org/10.1088/1751-8121/ac3eba
https://doi.org/10.1103/PhysRevE.105.L052101
https://doi.org/10.1103/PhysRevE.105.L052101
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.070601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.070601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.070601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.070601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.070601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.070601
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.070601
https://doi.org/10.1103/PhysRevLett.83.436
https://doi.org/10.1103/PhysRevA.64.042315
https://doi.org/10.1088/1367-2630/aac3be
https://doi.org/10.1088/1367-2630/aac3be
https://en.wikipedia.org/w/index.php?title=Inequality_of_arithmetic_and_geometric_means&oldid=1079829113
https://en.wikipedia.org/w/index.php?title=Inequality_of_arithmetic_and_geometric_means&oldid=1079829113
https://en.wikipedia.org/w/index.php?title=Inequality_of_arithmetic_and_geometric_means&oldid=1079829113
https://en.wikipedia.org/w/index.php?title=Inequality_of_arithmetic_and_geometric_means&oldid=1079829113
https://en.wikipedia.org/w/index.php?title=Inequality_of_arithmetic_and_geometric_means&oldid=1079829113
https://en.wikipedia.org/w/index.php?title=Inequality_of_arithmetic_and_geometric_means&oldid=1079829113
https://doi.org/10.1038/nature07127
https://doi.org/10.1038/nature07127
https://doi.org/10.1126/science.aam9288
https://doi.org/10.1103/PhysRevLett.86.4431

