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State-average calculations based on a mixture of states are increasingly being exploited across chemistry
and physics as versatile procedures for addressing excitations of quantum many-body systems. If not too
many states should need to be addressed, calculations performed on individual states are also a common
option. Here we show how the two approaches can be merged into one method, dealing with a generalized
yet single pure state. Implications in electronic structure calculations are discussed and for quantum

computations are pointed out.
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Determining properties of the excitations in quantum
many-body systems is a fundamental problem across
almost all sciences. For instance, to explain the mechanism
of photosynthesis [1,2], human vision [3], or photovoltaics
[4], one should take into account that they are mainly light-
induced excited-state processes. The fluctuation properties
of quantum spectra play also a crucial role in the charac-
terization of quantum chaos [5,6], new states of matter [7],
and more generally in the understanding of the temporal
evolution of isolated many-body quantum systems [8]. Yet,
while ground-state properties of a wide range of systems
can nowadays be determined by rather accurate and
computationally manageable methodologies [9,10], meth-
odological developments to efficiently target excited states
are highly in demand [11-17].

When interested in studying the energy gaps between
the ground and low-lying excited states (the optical gap
and multiple neutral excitations being prominent exam-
ples thereof) we may focus on the first M eigenstates
{lwo)s s lwp—1)} of a Hamiltonian H and work with

pw) = 3wl (1)
=0
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The real positive weights w; are nothing else but convenient
auxiliary quantities. By minimizing the average energy
E(w) = Tr[Hp(w)| we can determine the individual states
and compute all the relevant properties. The advantage of
such a state-average calculation lies in the fact that the
orthogonality of the individual states can be fulfilled
automatically, but the individual states are optimal only
on the average. Similarly, by mixing states with different
particle numbers, calculation of electron affinities, ioniza-
tion potentials, and fundamental gaps can be performed.
Such ensemble calculations are increasingly being used
in traditional and emerging electronic structure methods
[18-23]. They are also at the center of (time-independent)
density functional [24-32] and density matrix functional
[33-37] approaches to excited states.

Alternatively, state-specific calculations are also a valid
option [38—41]. But addressing states one by one, requires us
to satisfy extra orthogonality conditions against previously
determined states. If not particularly computationally
demanding, these extra conditions can imply a nonhomo-
geneous degradation of accuracy. When this happens,
comparisons between different states get unbalanced.

Aiming at merging the advantages of state-average and
state-specific calculations in one approach, here we show
how a state-average calculation can be transmuted into a
generalized yet single state-specific calculation. The ena-
bling idea is to map the targeted mixed state, p(w), into a
pure state

pw) = [0(w)) = Z VWi lwj) @ 1) (2)
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belonging to a “double” Hilbert space H ® H such that
E(w) = (0(w)|H|0(w)). When the statistical weights are
chosen as w; = eP1/ 37 e7PFi, the state in Eq. (2) is the
well-known thermofield, introduced by Matsumoto and
Umezawa [42,43]. Central to many modern developments
in quantum sciences, this purification of the thermal state
plays an important role in quantum gravity [44-47], non-
equilibrium phenomena [48-53], quantum information
[54-56], and quantum chemistry [57,58].

As the key result presented in this Letter, we construct a

w-field such that

E(w) = mSin(0|e‘S(W)H(w)eS(W)|0>, (3)
where |0) stands for the vacuum (in the double Hilbert
space), S(w) is an anti-Hermitian “matrix,” and H(w) is a
unitary transformation of the Hamiltonian H.

Crucially, we show that S(w) can be fully specified via
the unitary (U) coupled-cluster (CC) ansatz [59]. This CC
approach is particularly appealing because it handles the
treatment of both finite (like molecules) and extended (like
solids) systems [60—63]. Its unitary flavor can also help to
solve the challenge of treating equally well dynamical and
static correlations within a single approach [64]. Yet the
corresponding canonical transformation of the Hamiltonian
does not truncate which makes its variational implementa-
tion not efficient on conventional classical computers.
Remarkably, it was recently shown that the (Trotterized)
UCC operator can be prepared at a polynomial cost on a
quantum computer [65-68].

Once the minimization in Eq. (3) is performed, the
respective eigenstates |y,,) can be retrieved by projecting
|0(w)) on the noninteracting states to which |y,) can be
connected and paired to, say, [#%). Thereafter, taking the
expectation values of the appropriate physical operators on
the retrieved states, any property of individual eigenstates
can be accessed. When the focus is just on energies,
furthermore, we show below that extraction of the eigen-
states can be avoided altogether.

In this Letter, after deriving the outlined key results, we
validate the resulting approach on a model system, and
conclude touching on main perspectives.

Setting up the framework.—Let us restrict ourselves to
spinless fermions with nondegenerate spectrum, for sim-
plicity. Bosonic systems may be dealt with analogously. We
also assume that noninteracting states can be connected to
interacting states [69]. Inspired by the seminal idea of
thermofields [43], we invoke an auxiliary “tilde” space
H, i.e., a copy of the original Hilbert space H, such that
for every state |p) € H there is a copy |@) € F. For any
density matrix p(w) = >, w;|g;)(@;|, with fixed weights
w=(wy,wy,...), |@;) € Hand (¢;|p;) = J;;, there is a pure
state [0(w)) = >_; \/Wj|@;) ® |@;). Thus, the expectation
value of any physical operator A : ' — 'H can be obtained as

OW)[AI0W)) =D /W Wie(@|Algi) 6 =Tr[Ap(w)], and
one recovers the original ensemble density by tracing out all
the fictitious states: p(w) = Trz[|0(w))(0(w)|] [70]. The
field operators acting on the tilde space, i.e., the tilde
fermionic operators ¢,,, Ej,l, obey the same anticommutation
rules as their untilde counterparts [43] and satisfy the
anticommutation rules {c,,. ¢} = {Cyn. &} = 0. By def-
inition, operators acting on the physical space H do not act
on states in the tilde space ’H, and viceversa.

The weighted sum of the spectrum of a Hamiltonian
H = h+ W, with h and W being the free (noninteracting)
and the interacting Hamiltonians, respectively, can be com-
puted by resorting to the exponential parametrization of the
configuration space [71]. To perform such a parametrization
let us express the corresponding eigensystems as H|y ;) =
E;ly;) and hlyY) = E9|y?). It is well known that one may
generate the states {|y;) } by a unitary transformation of the
set {[y9)}, as they constitute another orthonormal basis of
the same Hilbert space [72]. Indeed, one can write
lw;) = >k lwl) Uy, where the coefficients are the elements
of a unitary matrix U. As a consequence, the eigenstates can
be represented in terms of an operator transformation:
wj) = eSlw)), where S =37, Sily])(y}l and S is an
anti-Hermitian matrix. Using the freedom for the definition
of the replica states in Eq. (2) we fix |;) = |1/75?>, and obtain

0(w)) = e*|0°(w)), (4)
=Y VWilv) ® |1/7?> is the interacting and

)= 3V ) © 1) 5)

where |0(w))

10%(w)

is the free w-field double states. We will write this latter state
in terms of the single-particle states, as follows:

|00 éi \/ — Wy + \/mcmcm)l‘» (6)

where > w, ,, > 0isthe weight assigned to the single mode
m, \0) is the vacuum of the double space, and w denotes the
many-mode weights w,, = [[5_; wim (1 —wy,,)' ™™,
with n,, € {0, 1}. A few comments are in order here. First,
the state |0°(w)) resembles in form the superconducting state
of Bardeen-Cooper-Schrieffer theory [73]—but here the
“double” occupation is introduced for implementing the
purification of mixed states rather than for describing a new
phase of matter. Second, the distinctive state (6) can
efficiently be prepared on a quantum computer [74], which
highlights the potential and broad scope of our proposed
method.

Further information on the noninteracting case is pro-
vided in Sec. I of the Supplemental Material (SM) [75]
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where, through the operator G = 3", 0,,(chch = Epcp)s
with cos(8,,) = /1 —w;,,., we get |0°(w)) = ¢°|0) (the
dependence of G on the weights being understood).

Going back to the interacting case, by multiplying (4) on
the left by e®e~C we get

[0(w)) = e®e Ce5eC|0) = eCe™)|0). (7)

Here, the short-hand notation O(w) = e %0e” applies.
Thus, the state-average energy of the interacting system can
be expressed as a pure state expectation value

(0(w)|H|0(w)) =

As such, this formula resembles a single-reference calcu-
lation (in the double space) in which CC theories naturally
arise [76]. This is the direction we take below.

Because the weights can be chosen in such a way that a
Ritz-like variational principle for the underlying mixed
states holds true [77-79], the state-average energy may thus
be found by optimizing the anti-Hermitian matrix S that
minimizes (0|e=5™)H(w)eS™)|0), as anticipated in Eq. (3).
Below, we give and validate an explicit form for S—please
bear with us till then.

Thereafter, eigenstates can be obtained via straightfor-
ward projections: [y;) ~ (%}|0(w)). Unlike in approaches
that use penalty terms to optimize the projection on
previously determined states, in our approach eigenstates
can be obtained individually or, in parallel, all at once.
Given orthonormal single-particle orbitals to start with,
formally, an optimization of a single pure (as opposed to a
mixed) state is all that is required.

Eigenenergies and gaps without eigenstates.—
Eigenenergies can be determined without having to recon-
struct individual eigenstates. For this, let us express £(w) as
the weighted sum of the contributions from each N-particle
sector: E(w) = >y En(w). Correspondingly, [0,(w)) =
Sy eN?|0y(w)), where

ouw) =5 [Capetep o) ®

Ew) = (0]e=50) H (w)eS™)|0).

The dependence of the state [0,(w)) on the “angle” ¢ is
detailed in Sec. I of the SM. As discussed in analogous
contexts [80-86], Eq. (8) thus operates a projection with
respect to a respective particle-number sector.

It is convenient to “normalize” the w-field as follows:

[0y (w)) = |0x(w))//D(w), with D(w) = (1 —wg,)---
(1- S‘L) As a result, the weighted sum of all the
eigenenergies reads Ey(w) = >, w,, . E, ., . where

— 1 nr 3

Waioomp, —H1 ML with Hm = Ws.m/( s,m)’ ny, €
{0,1} and >, n,, = N. Next, w! stands for the tuple w
where only the weight w ; — w1 ; is changed. The energies
of the N-particle sector can be extracted by the following

rather simple prescription:

E YL A En(w) 9)
Ry seees iy — TN N
m:l(/‘im H; )

where A;Ey(w) = Eyn(w) — Ex(w!) [87]. In Eq. (9) only
variational energies £(w) should be considered whose
weight vectors w, w) give rise to the same ordering of
“collective” many-body indexes j(n), as explained in
Sec. II of the SM.

In the calculation of electron affinities g, ionization
energies g_, and fundamental gaps g, the original ground
state is considered relative to the ground sates of the system
with one more and one less particle. For which, we get

L A; - A ENj:p(w)
g+ =) (-1)? = : (10)
p; [ (i, — 111,

and, thus, g =g_ —g,.

Harnessing the framework.—Finally we exploit the above
formalism by specifying S(w) in terms of the UCC ansatz:
S =T—T7, where T is the excitation operator defined
accordingto T =T, + T, 4+ T5 + - - - [59]. Namely,

Tl = Ztmnc;lcm
mn
T2 = Ztmnrschlchw (11)

mnrs

and higher-order terms follow the same structure where
m, n, r, s index occupied or unoccupied orbitals. Thus,
S(w) =T(w) =T (w).

Because of its high accuracy for ground-state calcula-
tions, the CC ansatz is sometimes referred to as the “gold
standard of quantum chemistry” [71]. Although its “unitary”
flavor is impractical on classical computers, it recently
became clear that the UCC wave function can efficiently
be handled on hybrid quantum-classical hardware like the
variational eigensolvers [65,66]. One of the key ingredients
of such an implementation is the exact identity for each of
the different UCC factors appearing in the usual Trotter
formula, ie., exp[87 (A} — (A77))],  where
991" are variational parameters and Aal f:” are the exci-

iy
tation operators cj, - - cZ”c,] X [67,88-90]. We just

need to operate the replacements Aal = AT (w).
Validation.—Let us consider a 1D lattice model of

spinless interacting fermions with Hamiltonian [91-93]

L
H= —Z (ChCmit + ChyCm = Unyiy ). (12)

m=1

Here the operator ch (c,,) creates (annihilates) a fermion on
lattice site m, and U is the strength of the nearest-neighbor
repulsion. For L sites, the Fock space can be decomposed
in L+1 sectors: F =Hy® --- @ H;. Only L weights
w; . are needed in our prescription (one for each mode).
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FIG. 1. The spectrum of the model (12) as a function of U for
N =2,3and L =5, 8 sites. The red lines correspond to the exact
energies. Single-particle weights w, ,, were chosen decreasingly
from 0.5 with spacing —0.5/L. For ease of comparison, for L = 8
we have plotted only the lowest 25 eigenenergies.

We implemented the factorized form of the UCC with
singles and doubles (UCCSD). For the minimization of
E(w) we have used the Nelder-Mead method with toler-
ance 107 [94]. Increasing the number of Trotter steps
beyond 4 does not substantially improve our results
presented below. Further details are reported in Sec. IV
of the SM.

Let us compute the individual energies by extracting the
states via the projection |y;) ~ <1/”/?|0(w)) and compare
them with the exact diagonalization results. In Fig. 1 we
report the energies for L € {5, 8}. For L = 5 our approach
is near to be exact, due to reduced dimensionality of the
corresponding Hilbert space. For L =8, in the weakly
correlation regime, the predicted energies are also in
excellent agreement with the exact ones. Discrepancies
become noticeable for U = 6. The source of which are
mainly: (a) UCCSD cannot handle strongly interacting
states, most of all; (b) the increasing number of variational
parameters for large L in the UCCSD ansatz (i.e., 97}
that must be determined in the minimization; and (c) the
need of tighter tolerances in the minimization algorithm as
a consequence of the increase of the Hilbert space’s
dimension. Moreover, because the weights are not varia-
tional, but fixed, auxiliary parameters, the results within a
given approximations may be thus conditional on those
values. Analytically, we find that £(w) can be written as
(I =wy,)A, (W) +w,,B,(w), where A, (w) and B, (w)
do not depend on wy ,,. This linearity, however, is observed
as long as the ordering of the vector of many-body weights
does not change. Interestingly, deviation from (exact)
linearity may thus provide us with a way to sense the
quality and stability of the results.

N=2

25

2.0

15

1.0

05L7

FIG. 2. Neutral gaps of the model (12) as a function of U for
N=2,3 and L =35, 8 sites. The solid and dashed lines
correspond to the exact analytical gaps, while the red and black
dots correspond to the energies computed with the energy-
extraction method (9). We have employed weights as in Fig. 1
and w{,, = w,,, + 0.005.

Finally, through Eq. (9)—i.e., without using any of the
previously extracted eigenstates—we determine the energy
gaps between the ground state and the lowest excited state
of our model system for the same sectors of Fig. 1. The
results shown in Fig. 2 with the exact result are, again,
impressive.

Conclusions.—We have proposed a variational frame-
work for determining the eigensystem of quantum many-
body systems via the optimization of a single pure state.
Such a pure state has the form of a generalized auxiliary
thermofield, encoding excitations rather than thermody-
namics. Which, we have shown, can be determined via the
unitary couple cluster (UCC) approach. Because the UCC
is suitable for an efficient implementation on quantum
computers, our proposal may soon enable unprecedented
calculations of excitations. But the framework we have
built is general and, thus, it may be exploited to gain not
only formal but also analytical and numerical advantages—
in any type of variational methodology for excited states
based on ensemble—yet to be explored.

C.L.B.-R. thanks Alexander Eisfeld, Frank Gromann,
and Carlo Danieli for insightful discussions, and Miguel
Marques for encouragement. We acknowledge financial
support from “BiGmax,” the Max Planck Society’s research
network on big-data-driven materials science (C. L. B.-R.),
the Max-Planck Gesellschaft via the MPI-PKS visitors
program (L. C.), the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation), Grant No. SCHI
1476/1-1, the Munich Center for Quantum Science and
Technology and the Munich Quantum Valley, which is
supported by the Bavarian State Government with funds
from the Hightech Agenda Bayern Plus (C. S.), and from
the MIUR PRIN Grant No. 2017RKWTMY (S. P.).

*carlosbe@pks.mpg.de

[1] Y.-C. Cheng and G. R. Fleming, Dynamics of light harvest-
ing in photosynthesis, Annu. Rev. Phys. Chem. 60, 241
(2009).

066401-4


https://doi.org/10.1146/annurev.physchem.040808.090259
https://doi.org/10.1146/annurev.physchem.040808.090259

PHYSICAL REVIEW LETTERS 129, 066401 (2022)

[2] G. Cerullo, D. Polli, G. Lanzani, S. De Silvestri,
H. Hashimoto, and R.J. Cogdell, Photosynthetic light
harvesting by carotenoids: Detection of an intermediate
excited state, Science 298, 2395 (2002).

[3] P.J. M. Johnson, A. Halpin, T. Morizumi, V. I. Prokhorenko,
O. P. Ernst, and R. J. D. Miller, Local vibrational coherences
drive the primary photochemistry of vision, Nat. Chem. 7, 980
(2015).

[4] M. Green, A. Ho-Baillie, and H. Snaith, The emergence of
perovskite solar cells, Nat. Photonics 8, 506 (2014).

[5] O. Bohigas, M. J. Giannoni, and C. Schmit, Characteriza-
tion of Chaotic Quantum Spectra and Universality of Level
Fluctuation Laws, Phys. Rev. Lett. 52, 1 (1984).

[6] M. Haque, P. A. McClarty, and I. M. Khaymovich, Entan-
glement of midspectrum eigenstates of chaotic many-body
systems: Reasons for deviation from random ensembles,
Phys. Rev. E 105, 014109 (2022).

[7]1 G.1. Martone, A. Recati, and N. Pavloff, Supersolidity of
cnoidal waves in an ultracold Bose gas, Phys. Rev. Research
3, 013143 (2021).

[8] M. Rigol, V. Dunjko, and M. Olshanii, Thermalization and
its mechanism for generic isolated quantum systems, Nature
(London) 452, 854 (2008).

[9] J.P.E. LeBlanc et al. (Simons Collaboration on the Many-
Electron Problem), Solutions of the Two-Dimensional
Hubbard Model: Benchmarks and Results from a Wide
Range of Numerical Algorithms, Phys. Rev. X §, 041041
(2015).

[10] M. Motta, C. Genovese, F. Ma, Z.-H. Cui, R. Sawaya,
G. K.-L. Chan, N. Chepiga, P. Helms, C. Jiménez-Hoyos,
A.J. Millis, U. Ray, E. Ronca, H. Shi, S. Sorella,
E.M. Stoudenmire, S.R. White, and S. Zhang (Simons
Collaboration on the Many-Electron Problem), Ground-
State Properties of the Hydrogen Chain: Dimerization,
Insulator-to-Metal Transition, and Magnetic Phases, Phys.
Rev. X 10, 031058 (2020).

[11] G. Onida, L. Reining, and A. Rubio, Electronic excitations:
Density-functional versus many-body Green’s-function ap-
proaches, Rev. Mod. Phys. 74, 601 (2002).

[12] L. Serrano-Andrés and M. Merchan, Quantum chemistry of
the excited state: 2005 overview, J. Mol. Struct. 729, 99
(2005).

[13] H. Lischka, D. Nachtigallovd, Adélia J.A. Aquino,
P. G. Szalay, F. Plasser, F. B. C. Machado, and M. Barbatti,
Multireference approaches for excited states of molecules,
Chem. Rev. 118, 7293 (2018).

[14] M. Dash, J. Feldt, S. Moroni, A. Scemama, and C. Filippi,
Excited states with selected configuration interaction
Quantum Monte Carlo: Chemically accurate excitation
energies and geometries, J. Chem. Theory Comput. 15,
4896 (2019).

[15] D. Bombardelli, A. Cavaglia, D. Fioravanti, N. Gromov, and
R. Tateo, The full quantum spectral curve for AdS4/CFT3,
J. High Energy Phys. 09 (2017) 140.

[16] L. Pausch, E. G. Carnio, A. Rodriguez, and A. Buchleitner,
Chaos and Ergodicity across the Energy Spectrum of
Interacting Bosons, Phys. Rev. Lett. 126, 150601 (2021).

[17] A. Baiardi, A. K. Kelemen, and M. Reiher, Excited-State
DMRG Made Simple with FEAST, J. Chem. Theory
Comput. 18, 415 (2022).

[18] B.O. Roos, R. Lindh, P. A. Malmgqvist, V. Veryazov, and
P. O. Widmark, Multiconfigurational Quantum Chemistry
(Wiley, New York, 2016).

[19] S. Matsika and A.I. Krylov, Introduction: Theoretical
modeling of excited state processes, Chem. Rev. 118,
6925 (2018).

[20] H. Kawai and Y.O. Nakagawa, Predicting excited states
from ground state wavefunction by supervised quantum
machine learning, Mach. Learn. Sci. Technol. 1, 045027
(2020).

[21] K. M. Nakanishi, K. Mitarai, and K. Fujii, Subspace-search
variational quantum eigensolver for excited states, Phys.
Rev. Research 1, 033062 (2019).

[22] S. Yalouz, B. Senjean, J. Giinther, F. Buda, T. E. O’Brien,
and L. Visscher, A state-averaged orbital-optimized hybrid
quantum—Classical algorithm for a democratic description
of ground and excited states, Quantum Sci. Technol. 6,
024004 (2021).

[23] S. Yalouz, E. Koridon, B. Senjean, B. Lasorne, F. Buda, and
L. Visscher, Analytical nonadiabatic couplings and gra-
dients within the state-averaged orbital-optimized varia-
tional quantum eigensolver, J. Chem. Theory Comput.
18, 776 (2022).

[24] E.K. U. Gross, L.N. Oliveira, and W. Kohn, Density-
functional theory for ensembles of fractionally occupied
states. I. Basic formalism, Phys. Rev. A 37, 2809 (1988).

[25] B. Senjean and E. Fromager, Unified formulation of
fundamental and optical gap problems in density-functional
theory for ensembles, Phys. Rev. A 98, 022513 (2018).

[26] M. Filatov, Spin-restricted ensemble-referenced KohnSham
method: Basic principles and application to strongly corre-
lated ground and excited states of molecules, WIREs
Comput. Mol. Sci. 5, 146 (2015).

[27] E.KTraislerand L. Kronik, Piecewise Linearity of Approximate
Density Functionals Revisited: Implications for Frontier
Orbital Energies, Phys. Rev. Lett. 110, 126403 (2013).

[28] T. Gould, G. Stefanucci, and S. Pittalis, Ensemble Density
Functional Theory: Insight from the Fluctuation-Dissipation
Theorem, Phys. Rev. Lett. 125, 233001 (2020).

[29] Tim Gould, Approximately self-consistent ensemble density
functional theory: Toward inclusion of all correlations,
J. Phys. Chem. Lett. 11, 9907 (2020).

[30] F. Cernatic, B. Senjean, V. Robert, and E. Fromager,
Ensemble density functional theory of neutral and charged
excitations, Top. Curr. Chem. 380, 4 (2022).

[31] J. Gedeon, J. Schmidt, M.J.P. Hodgson, J. Wetherell,
C. L. Benavides-Riveros, and M. A. L. Marques, Machine
learning the derivative discontinuity of density-functional
theory, Mach. Learn. Sci. Technol. 3, 015011 (2022).

[32] E. Fromager, Individual Correlations in Ensemble Density
Functional Theory: State- and Density-Driven Decomposi-
tions without Additional Kohn-sham Systems, Phys. Rev.
Lett. 124, 243001 (2020).

[33] C. Schilling and S. Pittalis, Ensemble Reduced Density
Matrix Functional Theory for Excited States and Hierar-
chical Generalization of Pauli’s Exclusion Principle, Phys.
Rev. Lett. 127, 023001 (2021).

[34] F. Castillo, J.-P. Labbé, J. Liebert, A. Padrol, E. Philippe,
and C. Schilling, An effective solution to convex 1-body
N-representability, arXiv:2105.06459.

066401-5


https://doi.org/10.1126/science.1074685
https://doi.org/10.1038/nchem.2398
https://doi.org/10.1038/nchem.2398
https://doi.org/10.1038/nphoton.2014.134
https://doi.org/10.1103/PhysRevLett.52.1
https://doi.org/10.1103/PhysRevE.105.014109
https://doi.org/10.1103/PhysRevResearch.3.013143
https://doi.org/10.1103/PhysRevResearch.3.013143
https://doi.org/10.1038/nature06838
https://doi.org/10.1038/nature06838
https://doi.org/10.1103/PhysRevX.5.041041
https://doi.org/10.1103/PhysRevX.5.041041
https://doi.org/10.1103/PhysRevX.10.031058
https://doi.org/10.1103/PhysRevX.10.031058
https://doi.org/10.1103/RevModPhys.74.601
https://doi.org/10.1016/j.theochem.2005.03.020
https://doi.org/10.1016/j.theochem.2005.03.020
https://doi.org/10.1021/acs.chemrev.8b00244
https://doi.org/10.1021/acs.jctc.9b00476
https://doi.org/10.1021/acs.jctc.9b00476
https://doi.org/10.1007/JHEP09(2017)140
https://doi.org/10.1103/PhysRevLett.126.150601
https://doi.org/10.1021/acs.jctc.1c00984
https://doi.org/10.1021/acs.jctc.1c00984
https://doi.org/10.1021/acs.chemrev.8b00436
https://doi.org/10.1021/acs.chemrev.8b00436
https://doi.org/10.1088/2632-2153/aba183
https://doi.org/10.1088/2632-2153/aba183
https://doi.org/10.1103/PhysRevResearch.1.033062
https://doi.org/10.1103/PhysRevResearch.1.033062
https://doi.org/10.1088/2058-9565/abd334
https://doi.org/10.1088/2058-9565/abd334
https://doi.org/10.1021/acs.jctc.1c00995
https://doi.org/10.1021/acs.jctc.1c00995
https://doi.org/10.1103/PhysRevA.37.2809
https://doi.org/10.1103/PhysRevA.98.022513
https://doi.org/10.1002/wcms.1209
https://doi.org/10.1002/wcms.1209
https://doi.org/10.1103/PhysRevLett.110.126403
https://doi.org/10.1103/PhysRevLett.125.233001
https://doi.org/10.1021/acs.jpclett.0c02894
https://doi.org/10.1007/s41061-021-00359-1
https://doi.org/10.1088/2632-2153/ac3149
https://doi.org/10.1103/PhysRevLett.124.243001
https://doi.org/10.1103/PhysRevLett.124.243001
https://doi.org/10.1103/PhysRevLett.127.023001
https://doi.org/10.1103/PhysRevLett.127.023001
https://arXiv.org/abs/2105.06459

PHYSICAL REVIEW LETTERS 129, 066401 (2022)

[35] J. Liebert, F. Castillo, J.-P. Labbé, and C. Schilling,
Foundation of one-particle reduced density matrix func-
tional theory for excited states, J. Chem. Theory Comput.
18, 124-140 (2022).

[36] C. Liebert and J. Schilling, Functional theory for excitations
in boson systems, arXiv:2204.12715.

[37] J. Liebert, Reduced density matrix functional Theory for
Bosons: Foundations and Applications, Master’s thesis,
Ludwig Maximilian, University of Munich, 2021.

[38] K. Choo, G. Carleo, N. Regnault, and T. Neupert, Sym-
metries and Many-Body Excitations with Neural-Network
Quantum States, Phys. Rev. Lett. 121, 167204 (2018).

[39] S. Pathak, B. Busemeyer, J.N.B. Rodrigues, and
L. K. Wagner, Excited states in variational Monte Carlo
using a penalty method, J. Chem. Phys. 154, 034101 (2021).

[40] J. Lee, W. J. Huggins, M. Head-Gordon, and K. B. Whaley,
Generalized unitary coupled cluster wave functions for
quantum computation, J. Chem. Theory Comput. 15, 311
(2019).

[41] H. G. A. Burton, Energy Landscape of state-specific elec-
tronic structure theory, J. Chem. Theory Comput. 18, 1512
(2022).

[42] H. Matsumoto, Y. Nakano, H. Umezawa, F. Mancini, and
M. Marinaro, Thermo-field dynamics in interaction repre-
sentation, Prog. Theor. Phys. 70, 599 (1983).

[43] Y. Takahashi and H. Umezawa, Thermo field dynamics, Int.
J. Mod. Phys. B 10, 1755 (1996).

[44] W. Israel, Thermo-field dynamics of black holes, Phys. Lett.
A 57, 107 (1976).

[45] J. Maldacena, Eternal black holes in anti-de Sitter, J. High
Energy Phys. 04 (2003) 021.

[46] J. Maldacena and X.-L. Qi, Eternal traversable wormhole,
arXiv:1804.00491.

[47] M. Van Raamsdonk, Building up spacetime with quantum
entanglement, Gen. Relativ. Gravit. 42, 2323 (2010).

[48] L. Chen and Y. Zhao, Finite temperature dynamics of a
Holstein polaron: The thermo-field dynamics approach,
J. Chem. Phys. 147, 214102 (2017).

[49] D. Tamascelli, A. Smirne, J. Lim, S.F. Huelga, and
M. B. Plenio, Efficient Simulation of Finite-Temperature
Open Quantum Systems, Phys. Rev. Lett. 123, 090402
(2019).

[50] T. Shi, E. Demler, and J. I. Cirac, Variational Approach for
Many-Body Systems at Finite Temperature, Phys. Rev. Lett.
125, 180602 (2020).

[51] I. de Vega and M.-C. Baiiuls, Thermofield-based chain-
mapping approach for open quantum systems, Phys. Rev. A
92, 052116 (2015).

[52] R. Borrelli and M. F. Gelin, Finite temperature quantum
dynamics of complex systems: Integrating thermo-field
theories and tensor-train methods, WIREs Comput. Mol.
Sci. 11, e1539 (2021).

[53] Z. Xu, A. Chenu, T. Prosen, and A. del Campo, Thermofield
dynamics: Quantum chaos versus decoherence, Phys. Rev.
B 103, 064309 (2021).

[54] B. Swingle and J. McGreevy, Mixed s-sourcery: Building
many-body states using bubbles of nothing, Phys. Rev. B
94, 155125 (2016).

[55] S. Chapman, J. Eisert, L. Hackl, M. P. Heller, R. Jefferson,
H. Marrochio, and R.C. Myers, Complexity and

entanglement for thermofield double states, SciPost Phys.
6, 034 (2019).

[56] X.-D. Yu, T. Simnacher, N. Wyderka, H. C. Nguyen, and
O. Giihne, A complete hierarchy for the pure state marginal
problem in quantum mechanics, Nat. Commun. 12, 1012
(2021).

[57] G. Harsha, T. M. Henderson, and G. E. Scuseria, Thermo-
field theory for finite-temperature quantum chemistry,
J. Chem. Phys. 150, 154109 (2019).

[58] G. Harsha, T. M. Henderson, and G. E. Scuseria, Thermo-
field theory for finite-temperature coupled cluster, J. Chem.
Theory Comput. 15, 6127 (2019).

[59] A.G. Taube and R.J. Bartlett, New perspectives on unitary
coupled-cluster theory, Int. J. Quantum Chem. 106, 3393
(2006).

[60] T. Gruber, K. Liao, T. Tsatsoulis, F. Hummel, and
A. Griineis, Applying the Coupled-Cluster Ansatz to Solids
and Surfaces in the Thermodynamic Limit, Phys. Rev. X 8,
021043 (2018).

[61] I.Y. Zhang and A. Griineis, Coupled cluster theory in
materials science, Front. Mater. 6, 123 (2019).

[62] J. McClain, Q. Sun, G. K.-L. Chan, and T. C. Berkelbach,
Gaussian-based coupled-cluster theory for the ground-state
and band structure of solids, J. Chem. Theory Comput. 13,
1209 (2017).

[63] A. Pulkin and G.K.-L. Chan, First-principles coupled
cluster theory of the electronic spectrum of transition metal
dichalcogenides, Phys. Rev. B 101, 241113(R) (2020).

[64] C.L. Benavides-Riveros, N.N. Lathiotakis, and
M. A.L. Marques, Towards a formal definition of static
and dynamic electronic correlations, Phys. Chem. Chem.
Phys. 19, 12655 (2017).

[65] A.Peruzzo,J. McClean, P. Shadbolt, M.-H. Yung, X.-Q. Zhou,
P.J. Love, A. Aspuru-Guzik, and J. L. O’Brien, A variational
eigenvalue solver on a photonic quantum processor, Nat.
Commun. 5, 4213 (2014).

[66] S. McArdle, S. Endo, A. Aspuru-Guzik, S.C. Benjamin,
and X. Yuan, Quantum computational chemistry, Rev. Mod.
Phys. 92, 015003 (2020).

[67] L. Xu,J. T. Lee, and J. K. Freericks, Decomposition of high-
rank factorized unitary coupled-cluster operators using
ancilla and multiqubit controlled low-rank counterparts,
Phys. Rev. A 105, 012406 (2022).

[68] A. Anand, P. Schleich, S. Alperin-Lea, P. W. K. Jensen,
S. Sim, M. Diaz-Tinoco, J.S. Kottmann, M. Degroote,
A.F. Izmaylov, and A. Aspuru-Guzik, A quantum comput-
ing view on unitary coupled cluster theory, Chem. Soc. Rev.
51, 1659 (2022).

[69] In the numerical validation provided below, we explicitly
handle some cases of level crossing as well.

[70] It may be insightful to rewrite the w vacuum as
[0(w)) = (\/p(w) ® 1)|®), where |®)=]|0(1,...,1))=
> lw;) ® |i;) is the maximally entangled state between
each state and the corresponding auxiliary one [52,54].

[71] T. Helgaker, P. Jgrgensen, and J. Olsen, Multiconfigura-
tional self-consistent field theory, in Molecular Electronic
Structure Theory (John Wiley & Sons, Ltd, New York,
2000), Chap. 12, pp. 598-647.

[72] R. Yaris, Linked cluster theorem and unitarity, J. Chem.
Phys. 41, 2419 (1964).

066401-6


https://doi.org/10.1021/acs.jctc.1c00561
https://doi.org/10.1021/acs.jctc.1c00561
https://arXiv.org/abs/2204.12715
https://doi.org/10.1103/PhysRevLett.121.167204
https://doi.org/10.1063/5.0030949
https://doi.org/10.1021/acs.jctc.8b01004
https://doi.org/10.1021/acs.jctc.8b01004
https://doi.org/10.1021/acs.jctc.1c01089
https://doi.org/10.1021/acs.jctc.1c01089
https://doi.org/10.1143/PTP.70.599
https://doi.org/10.1142/S0217979296000817
https://doi.org/10.1142/S0217979296000817
https://doi.org/10.1016/0375-9601(76)90178-X
https://doi.org/10.1016/0375-9601(76)90178-X
https://doi.org/10.1088/1126-6708/2003/04/021
https://doi.org/10.1088/1126-6708/2003/04/021
https://arXiv.org/abs/1804.00491
https://doi.org/10.1007/s10714-010-1034-0
https://doi.org/10.1063/1.5000823
https://doi.org/10.1103/PhysRevLett.123.090402
https://doi.org/10.1103/PhysRevLett.123.090402
https://doi.org/10.1103/PhysRevLett.125.180602
https://doi.org/10.1103/PhysRevLett.125.180602
https://doi.org/10.1103/PhysRevA.92.052116
https://doi.org/10.1103/PhysRevA.92.052116
https://doi.org/10.1002/wcms.1539
https://doi.org/10.1002/wcms.1539
https://doi.org/10.1103/PhysRevB.103.064309
https://doi.org/10.1103/PhysRevB.103.064309
https://doi.org/10.1103/PhysRevB.94.155125
https://doi.org/10.1103/PhysRevB.94.155125
https://doi.org/10.21468/SciPostPhys.6.3.034
https://doi.org/10.21468/SciPostPhys.6.3.034
https://doi.org/10.1038/s41467-020-20799-5
https://doi.org/10.1038/s41467-020-20799-5
https://doi.org/10.1063/1.5089560
https://doi.org/10.1021/acs.jctc.9b00744
https://doi.org/10.1021/acs.jctc.9b00744
https://doi.org/10.1002/qua.21198
https://doi.org/10.1002/qua.21198
https://doi.org/10.1103/PhysRevX.8.021043
https://doi.org/10.1103/PhysRevX.8.021043
https://doi.org/10.3389/fmats.2019.00123
https://doi.org/10.1021/acs.jctc.7b00049
https://doi.org/10.1021/acs.jctc.7b00049
https://doi.org/10.1103/PhysRevB.101.241113
https://doi.org/10.1039/C7CP01137G
https://doi.org/10.1039/C7CP01137G
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1038/ncomms5213
https://doi.org/10.1103/RevModPhys.92.015003
https://doi.org/10.1103/RevModPhys.92.015003
https://doi.org/10.1103/PhysRevA.105.012406
https://doi.org/10.1039/D1CS00932J
https://doi.org/10.1039/D1CS00932J
https://doi.org/10.1063/1.1726280
https://doi.org/10.1063/1.1726280

PHYSICAL REVIEW LETTERS 129, 066401 (2022)

[73] J. Bardeen, L. N. Cooper, and J.R. Schrieffer, Theory of
superconductivity, Phys. Rev. 108, 1175 (1957).

[74] L. M. Sager and D. A. Mazziotti, Cooper-pair condensates
with nonclassical long-range order on quantum devices,
Phys. Rev. Research 4, 013003 (2022).

[75] See  Supplemental Material at  http://link.aps.org/
supplemental/10.1103/PhysRevLett.129.066401 for: (i) def-
inition and workings of the non-interacting w-fields; (ii) ex-
traction of the energies for interacting w-fields without
extracting wave functions; (iii) the exact diagonalization of
the fully-polarized Fermi-Hubbard model; and (iv) the
UCCSD calculations.

[76] 1. W. Bulik, T.M. Henderson, and G.E. Scuseria, Can
single-reference coupled cluster theory describe static
correlation?, J. Chem. Theory Comput. 11, 3171-3179
(2015).

[77] E. K. U. Gross, L. N. Oliveira, and W. Kohn, Rayleigh-Ritz
variational principle for ensembles of fractionally occupied
states, Phys. Rev. A 37, 2805 (1988).

[78] R.G. Parr, W. Yang, and Yang Yang Weitao, Density-
Functional Theory of Atoms and Molecules (Oxford
University Press, New York, 1994).

[79] E. Engel and R. M. Dreizler, Density Functional Theory: An
Advanced Course, Theoretical and Mathematical Physics
(Springer, Berlin, Heidelberg, 2011).

[80] K. Dietrich, H.J. Mang, and J. H. Pradal, Conservation of
particle number in the nuclear pairing model, Phys. Rev.
135, B22 (1964).

[81] P. W. Anderson, The Josephson effect and quantum coher-
ence measurements in superconductors and superfluids,
in Progress in Low Temperature Physics, edited by
C.J. Gorter (Elsevier, New York, 1967), Vol. 5, pp. 1-43.

[82] K. Tanabe and H. Nakada, Quantum number projection at
finite temperature via thermofield dynamics, Phys. Rev. C
71, 024314 (2005).

[83] H. Nakada and K. Tanabe, New Bardeen-Cooper-Schrieffer-
type theory at finite temperature with particle-number
conservation, Phys. Rev. C 74, 061301(R) (2006).

[84] J.L. Stuber, Symmetry structured correlation in projected
Hartree-Fock wavefunctions, J. Chem. Phys. 130, 201101
(2009).

[85] T. Shen, Y. Liu, Y. Yu, and B.M. Rubenstein, Finite
temperature auxiliary field quantum Monte Carlo in the
canonical ensemble, J. Chem. Phys. 153, 204108 (2020).

[86] G. Harsha, T.M. Henderson, and G.E. Scuseria, Wave
function methods for canonical ensemble thermal averages
in correlated many-fermion systems, J. Chem. Phys. 153,
124115 (2020).

[87] See Sec. I of the Supplemental Material for the expression
using derivative w.r.t. the weights for the noninteracting case
[see Eq. (S6)]. Along the lines of Ref. [32], this may be
generalized to the interacting case. Numerically, however,
we found more handy to use the expression above based on
finite energy differences.

[88] F. A. Evangelista, G. K.-L. Chan, and G. E. Scuseria, Exact
parameterization of fermionic wave functions via unitary
coupled cluster theory, J. Chem. Phys. 151, 244112 (2019).

[89] J. Chen, H.-P. Cheng, and J. K. Freericks, Flexibility of the
factorized form of the unitary coupled cluster Ansatz,
J. Chem. Phys. 156, 044106 (2022).

[90] A.F. Izmaylov, M. Diaz-Tinoco, and R. A. Lang, On the
order problem in construction of unitary operators for the
variational quantum eigensolver, Phys. Chem. Chem. Phys.
22, 12980 (2020).

[91] E. van Nieuwenburg, Y. Baum, and G. Refael, From Bloch
oscillations to many-body localization in clean interacting
systems, Proc. Natl. Acad. Sci. U.S.A. 116, 9269 (2019).

[92] M. Schulz, C. A. Hooley, R. Moessner, and F. Pollmann,
Stark Many-Body Localization, Phys. Rev. Lett. 122,
040606 (2019).

[93] W. Morong, F. Liu, P. Becker, K.S. Collins, L. Feng,
A. Kyprianidis, G. Pagano, T. You, A. V. Gorshkov, and
C. Monroe, Observation of Stark many-body localization
without disorder, Nature (London) 599, 393 (2021).

[94] F. Gao and L. Han, Implementing the Nelder-Mead simplex
algorithm with adaptive parameters, Comput. Optim.
Applic. 51, 259 (2012).

066401-7


https://doi.org/10.1103/PhysRev.108.1175
https://doi.org/10.1103/PhysRevResearch.4.013003
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.066401
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.066401
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.066401
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.066401
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.066401
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.066401
http://link.aps.org/supplemental/10.1103/PhysRevLett.129.066401
https://doi.org/10.1021/acs.jctc.5b00422
https://doi.org/10.1021/acs.jctc.5b00422
https://doi.org/10.1103/PhysRevA.37.2805
https://doi.org/10.1103/PhysRev.135.B22
https://doi.org/10.1103/PhysRev.135.B22
https://doi.org/10.1103/PhysRevC.71.024314
https://doi.org/10.1103/PhysRevC.71.024314
https://doi.org/10.1103/PhysRevC.74.061301
https://doi.org/10.1063/1.3146904
https://doi.org/10.1063/1.3146904
https://doi.org/10.1063/5.0026606
https://doi.org/10.1063/5.0022702
https://doi.org/10.1063/5.0022702
https://doi.org/10.1063/1.5133059
https://doi.org/10.1063/5.0074311
https://doi.org/10.1039/D0CP01707H
https://doi.org/10.1039/D0CP01707H
https://doi.org/10.1073/pnas.1819316116
https://doi.org/10.1103/PhysRevLett.122.040606
https://doi.org/10.1103/PhysRevLett.122.040606
https://doi.org/10.1038/s41586-021-03988-0
https://doi.org/10.1007/s10589-010-9329-3
https://doi.org/10.1007/s10589-010-9329-3

