PHYSICAL REVIEW LETTERS 129, 060601 (2022)

Maximal Quantum Chaos of the Critical Fermi Surface
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We investigate the many-body quantum chaos of non-Fermi liquid states with Fermi surfaces in two
spatial dimensions by computing their out-of-time-order correlation functions. Using a recently proposed
large N theory for the critical Fermi surface, and the ladder identity of Gu and Kitaev, we show that the
chaos Lyapunov exponent takes the maximal value of 27k T/, where T is the absolute temperature. We
also examine a phenomenological model that can be continuously tuned between a non-Fermi liquid
without quasiparticles and a Fermi liquid with quasiparticles. We find that the Lyapunov exponent becomes
smaller than the maximal value precisely when quasiparticles are restored.
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The study of relaxational and thermalization phenomena
in quantum many-body systems has long relied on the
quasiparticle decomposition of many-body states, and the
collisions of quasiparticles described by the Boltzmann
equation and its generalizations. However, this powerful
method is not reliable when we address similar phenomena
in non-Fermi liquids without any quasiparticle excitations.
General arguments have been presented that such dissipa-
tive phenomena cannot occur at a rate which is parametri-
cally larger than kzT /% as the absolute temperature 7 — 0
(so such a rate cannot vanish as 7%, with an exponent
a < 1), and systems without quasiparticles have a rate of
order kzT/h [1-6].

New insights into such issues have emerged from recent
advances in the study of many-body quantum chaos and
out-of-time-order correlators (OTOCs), for which the
bounds on dissipative rates can be made precise.
Inspired by holographic connections to the quantum
dynamics of black holes, Maldacena, Shenker, and
Stanford [7] established that the Lyapunov exponent, 1,
characterizing the temporal growth of the OTOC must be
smaller than 2zkzT/h. We can expect that any system
which is close to this bound as 7 — 0 cannot have a
quasiparticle description, and this conclusion is supported
by computations on the Sachdev-Ye-Kitaev (SYK) model
[8,9]. Although difficult to measure in experiments,
OTOCs have therefore emerged as an alternative to the
Boltzmann equation, and are a valuable diagnostic of the
physics of nonquasiparticle systems.

In this Letter, we address the OTOC of a class of non-
Fermi liquids most relevant to correlated electron systems
[10]. We consider a Fermi surface coupled to a U(1) gauge
field in two spatial dimensions, but our theory also
applies to Fermi surfaces coupled to other critical bosons,
as are realized near symmetry-breaking quantum phase
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transitions in metals with a zero momentum order param-
eter. The OTOC of such a system was addressed in previous
work [11] in an uncontrolled analysis: it was found that
AL = akgT/h as T — 0 with the constant a < 2z. The
present Letter will present new results on this model which
build on two recent developments: (i) Gu and Kitaev (GK)
[12] have shed new light on the structure of OTOCs in
spatially extended systems. They established a ladder
identity which shows that there is an additional contribution
to the OTOC that arises from a pole at imaginary momen-
tum, in the complex momentum plane. Provided the chaos
butterfly velocity vp is large enough, the pole contribution
dominates at large spatial distances, and the resulting
growth of the OTOC with time has exponent 1; exactly
equal to 27k T /h. (ii) A systematic approach to the study
of the two-dimensional non-Fermi liquid state has been
proposed [13,14]. This approach obtains the non-Fermi
liquid as the large N saddle point of a path integral over
bilocal Green’s functions and self energies. The new idea
here is to study an ensemble of theories with different
random couplings (but without spatial randomness), under
the hypothesis that all of them flow to the same universal
fixed point theory at low energies. Such a large N saddle
point is ideally suited to develop a systematic computation
of the OTOC, along the lines of computations on the
SYK model.

In our large N analysis of the two-dimensional non-
Fermi liquid, we find that the butterfly velocity does indeed
satisfy the needed inequality of GK. This leads to our main
result: that the Lyapunov exponent of this system equals the
maximal value of 2zT (h = kg = 1 henceforth).

The model.—Our results are obtained within the “patch”
theory of the two-dimensional non-Fermi liquid [15,16],
which describes the low energy properties of the Fermi
surface without quasiparticles. Each point on the Fermi

© 2022 American Physical Society
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FIG. 1. Antipodal patches + on the Fermi surface.

surface is characterized by a Fermi velocity vy, and Fermi
surface curvature k/vy. We introduce fermion fields v ;
(j = 1...N) defined in patches () near antipodal points,
using the coordinate system shown in Fig. 1. The
dispersion of the fermions in this coordinate system is
& = tupk, + (k/2)k%, and we will henceforth use length
scales in which vy =1 and x = 2. These fermions are
coupled to bosons ¢; (I = 1...M), which is the transverse
component of the gauge field, or a symmetry breaking
order parameter. The universal properties of the critical
Fermi surface in this patch theory are then described by the
Lagrangian density

N
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Here s = 0 for the nematic order parameter, and s = 1 for
the gauge field; the value of s will not be important for any
results here. The large N limit [13] is taken at fixed M/N,
and for an ensemble of theories with spatially uniform (but
flavor random) Yukawa couplings g;;;, which have zero

mean and root mean square value g (|g;y|* = ¢g*). The
scaling limit of the boson [D(k)] and fermion [G, (k)]
Green’s functions can be computed exactly in the large N
limit [k = (K., ko) = (k. k. ko), where k is an imaginary
Matsubara frequency]

lky |* + cp|ko| +m?’
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where H,3(z) = ¢(1/3) = ¢(1/3,z24 1) the analytically
continued harmonic number function of order 1/3, and ¢/
and ¢, are coupling dependent constants:
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We have also introduced a finite but small mass m? in
the boson Green’s function as an infrared regulator, and
u(T) = ¢*T/(3v/3m*3). We will eventually take the
m — 0 limit, and obtain a finite answer for the OTOC.
To solve for the OTOC we use retarded and Wightman
Green’s functions, the forms of which we discuss in the
Supplemental Material [17]. For simplicity, we will also
henceforth consider only the + patch on the Fermi surface
and drop the patch indices [18]: in the Supplemental
Material [17], we show that the interactions between
antipodal patches do not change the behavior of the OTOC.

The OTOC.—We will be interested in the OTOC con-
tained within the squared anticommutator of fermionic
operators

C.(1,0) = %9(0 D Trle 2y (x.1).u(0)

x e P2y (x, 1)y} (0)} ] (4)

The function in (4) contains the OTOC
(wilx, t)u/;(O)u/,T(x, )y ;(0)) (up to insertions of e#H/2),
which describes chaos in the system and grows exponen-
tially as ~e*’+ ..., We are interested in the spatial
structure of (4) in the long time limit at large |x|. After
Fourier transforming the spatial arguments to momentum
space, and considering 4 distinct times for the fermion
operators (see Fig. 1 in the Supplemental Material [17]), we
generalize the construction of Kitaev and Suh [9] to argue
that the early time OTOC can be written using a single
mode ansatz

OTOCp(tl , 1, t3, t4;k,k/)

e P)(tith—t-1)/2
~ o) Y5 (ti, k)Y (134, k). (5)

Here the Y’s are vertex functions which only modify the
overall magnitude of the OTOC. It was later shown by GK
that the behavior of C(p) is important for determining 4; .
As we review in the Supplemental Material [17], C(p) has
the important factor

C(p) ~ cos /11;‘(713) , (6)

which vanishes at the maximal value of 4; (p) = 2zT. The
resulting pole in (5) will ultimately be responsible for the
maximal chaos in the non-Fermi liquid.
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Now we can transform back to position space and obtain

1
OTocx(tl,tz,t3,t4)~u(x )

/kk’ Tg(t127k)’rg(t34vkl)v (7)

where t = (t; +t, — 13 — t4)/2 and

e/lL(p)t+ip~x
u(x, t) N/pCOSML(P)/(“T)]' (8)

In the previous work [11], the chaos exponent was
identified with 1;(0). GK performed a careful evalu-
ation of the integral in (8) in one spatial dimension,
and gave conditions under which it was dominated by
the saddle point [4)(p = p,)f+ix =0] or the pole
[A(p = p1) = 2zT]. Both the saddle point and the pole
appear for purely imaginary values of momenta, with
p =i|p|- When |p,| > |p;|, GK showed that the pole
dominates, leading to a region of spacetime in which

—iky — 2T —i(w — ko) —
el (45
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maximal chaos occurs. Conversely, when |p,| < |p], the
saddle point dominates, and there is no maximal chaos.

At first sight, it is not clear whether this one-dimensional
analysis can be extended to the anisotropic two-dimen-
sional non-Fermi liquid theory in (1). However, the theory
in (1) has a “sliding symmetry” [16], which implies that 1
is a function only of p, + p2 This reduces the momentum
integral in (8) to effectively a one-dimensional integral, and
we can replace p - r by p,.x and directly apply the results
of GK.

The Lyapunov exponent.—The remaining missing ingre-
dient in determining whether the saddle point or the pole
dominates for the critical Fermi surface is a knowledge of
A; (p) for imaginary p. For this we need to solve the Bethe-
Salpeter equation for the squared anticommutator C in
Fig. 2, with an imaginary external momentum. This leads to
the following eigenvalue equation, extending the previ-
ously obtained equation [11] to an imaginary external
momentum p, = i|p,|
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(kPP 4 m?)? + ¢ (ko — kiy)*
dkydko (ikr + (—ikoy)?*(i(kos — w)))

C(k, @, i|p.|)

3V3 N (2”)2 koy (i(koy

We note that the factors of M /N on the rhs of (9) cancel
with those in the definition of ¢ 1 inthe m — O limit, up to a
rescaling of p, — (N/M)p,. Therefore, considering M #
N will not affect any of our conclusions, and we will
henceforth consider M = N for simplicity.

Maximal chaos.—Upon solving the eigenvalue equa-
tion (9), we obtain the Lyapunov exponent as a function of
the external imaginary momentum p, = i|p,|. From Fig. 3,
the values of the pole (p; =i|p;|) and saddle point
(ps = i|ps|) momenta can be obtained. The pole follows
from A; (p = p,) = 2zT, whereas for the saddle point, one
needs to consider an additional condition, since the saddle

e
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FIG. 2. The Bethe-Salpeter equation for C(ky, @, i|p,|), which
is exact at large N. Solid lines are fermion propagators, wavy
lines are boson propagators, and dashed lines are averaging over
the flavor random couplings. The horizontal lines represent the

retarded Green’s functions and vertical lines are Wightman
propagators.
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FIG. 3. Plotofthe Lyapunov exponent 4; /T as a function of | p,,|.
|p| is presented in units of g*/3T?%/3. We find |p,| ~ 0.65¢*/3T?/3
and | p,| =~ 1.04¢*3T?/3, Since | p,| > |p, |, the butterfly velocity is
given by vg = 27T/ |p| = 9.67g~*/3T"'/3 (slope of the black solid
line). We also find the value of the velocity at the saddle point
v, = 9.01g7*/3T"/3 (slope of the blue solid line). As expected from
previous work [11], we find 4, (0) = 2.48T.
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point equation 4, (p = py)t + ix = 0 does not define the
value of |p,|. This condition follows from the fact that the
ansatz (7) is valid only in the regime where initial corre-
lations and nonlinear effects can be ignored, which is when
OTOC,(ty,ty,13,14) > 1/N, and therefore u(x,z)~ 1.
This gives the condition on the saddle point value 1; (p =
ps)t+ip,x =0 [12]. Combining this equation with the
saddle point equation, we can then obtain |p,| from the
graphical solution of 4 (p = p,) = 2.(p = p,)/|p;l-

As shown in Fig. 3, |p,| is significantly smaller than
|ps|. Specifically, we find |p,|~0.65¢*3T%*/ and |p,|~
1.04¢g*3T%3 > | p,|, which confirms the dominance of the
pole contribution according to GK. The chaos wavefront
therefore travels with a butterfly velocity vy = 22T/|p,]
set by the pole contribution. We note that ; (p,) does not
depend upon the coupling g, as g can be removed by
rescaling the external momentum p, — p./g¢*/?. With no
other dimensionful parameters in (9), this also implies that
Ay 1s proportional to temperature.

Phenomenological models.—We extend our analysis to
non-Fermi liquids with dynamical critical exponent
2 <z <3, in which quasiparticle excitations are still
absent, and compute the Lyapunov exponents. For those
theories, the boson Green’s function has the form [13]

_ [y
\ky |© 4 cplko| +m?*’

D(k)

and the fermion self energy scales as X ~ isgn(ko)|ko|*/*
(z =3 for the original theory discussed earlier). Since
|Z| > |ko|, quasiparticle excitations are not well defined in
terms of the fermion spectral function.

The form of the eigenvalue equation for the OTOC
changes slightly, and is discussed in the Supplemental
Material [17]. As we show in the Fig. 4, for each of these
theories the butterfly velocity is also given by
vg = 2xT/|p;|, and the Lyapunov exponent is maximal.
To show this, we first solve the eigenvalue equations up to
the pole momentum p;. We then compare the instantaneous
slope at p;, which we call »,, and the velocity
vy = 2xaT/|p,|. For each plot we obtain v; > v,. Since
each of the curves in Fig. 4 is a positive, monotonically
increasing, and convex function, this implies that
|ps| > |p1], and the pole contribution therefore dominates
with maximal chaos just like in the z = 3 case. We can
further find the behavior of the exponent in the Fermi liquid
case of 1 < z <2, in which quasiparticles are present. In
this regime, || ~ |ky|** < |ko|, and therefore the quasi-
particle peak in the fermion spectral function is well
defined. Similar to the discussion above, we can compute
the Lyapunov exponent as a function of external momen-
tum on imaginary axis and explicitly find |p,| and |p,|. For
a particular case of z = 3/2 [19], we find that the saddle
point dominates as |p,|~4.32, which is smaller than
|p1| ~7.84. The resulting butterfly velocity in this case

0 z
22242628 3
P2 |

3
FIG. 4. Main plot: resulting plots of the Lyapunov exponent
A1 /T as a function of |p,|, for different values of the dynamical
critical exponent 2 < z < 3. The slopes of the black dashed lines
are the butterfly velocities vp. Inset: difference between v; = vp
and the instantaneous slopes at p, = p; (i.e., v,). The difference
is always positive, i.e., A (i|p1])/|p1| > 4, (i|p1|), which shows
that the value of |p,|, where A, (i|p,|)/|ps| = A, (i|p,|), must be
larger than |p,|, leading to maximal chaos according to GK.

is vp = 0.8vp, where vy = 1 is the Fermi velocity. This
result is expected from a general point of view: for a free
fermion theory the exponent is a simply linear function of
the external momentum A; (i|p,|) = |p,| leading to the
saddle point contribution at |p,| = 0. We therefore expect
that for any theory with quasiparticles, the pole contribution
is negligible compared to a saddle point contribution, and
the maximal chaos is no longer present (Supplemental
Material [17]).

Discussion.—It is quite remarkable that the generic low
energy theory of Fermi surfaces without quasiparticles in
two spatial dimensions displays maximal chaos in the large
N limit. Other spatially extended models connected to the
SYK model (e.g., [20,21]), and certain conformal field
theories [22-24], have been shown to display maximal
chaos, but none of them have spatially dependent Green’s
functions and live in more than one spatial dimension. It is
also remarkable that the critical Fermi surface displays
maximal chaos without the presence of conformal sym-
metry, which also sets it apart from the previously men-
tioned examples that have conformal symmetry.

We believe that the maximal chaos of the Fermi surface
is linked to the local nature of the singular self energy of
the fermion at large N, i.e., the self energy is frequency
dependent, but independent of momentum, a feature the
Fermi surface theory shares with the SYK model (along with
the local frequency-only dependence of the fermion pairing
vertex [13]). There are small contributions to the fermion
anomalous dimension at 3-loop order [16], which are
expected to make the self energy nonlocal, and it remains
to be seen if such effects could reduce the maximal
Lyapunov exponent. However, since |p,| —|p,| is O(1)
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FIG. 5. (Adapted from GK) Maximal chaos is present in the
spacetime region denoted by R, which is bounded by the three
solid lines. Here v, = 4, (i|p|), and #,, ~In N. As z is reduced
from 3 to 2, v, approaches vz = v from below (Fig. 4), and the
size of the maximally chaotic region R is therefore squeezed to
zero by the falling slope of the black line as z — 2. For z < 2,
there is consequently no maximally chaotic region.

at large N (Fig. 3), we expect that the small O(1/N)
corrections to this quantity will not immediately be able
to change its sign and thus reduce the maximal Lyapunov
exponent.

We also examined a phenomenological model of a
critical Fermi surface with dynamic critical exponent
7 < 3; quasiparticles reemerge in such a model for
z < 2. We found that the maximal chaos was retained
for precisely the regime where quasiparticles are absent,
2 < z £ 3, although the size of the spacetime region for
which it occurs shrinks to zero as z — 2 (Fig. 5). It is also
remarkable that the acceleration of chaos to the maximal
rate by the butterfly effect is tied to the destruction of
quasiparticles in this model. When quasiparticles are
present, we found that the saddle-point contribution domi-
nated with A, ~ T>? < T, which is parametrically smaller
than the maximal rate (Supplemental Material [17]).
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