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Violation of Bell’s inequalities shows strong conflict between quantum mechanics and local realism.
Loophole-free Bell tests not only deepen understanding of quantum mechanics, but are also important
foundations for device-independent (DI) tasks in quantum information. High-dimensional quantum
systems offer a significant advantage over qubits for closing the detection loophole. In the symmetric
scenario, a detection efficiency as low as 61.8% can be tolerated using four-dimensional states and a four-
setting Bell inequality [Phys. Rev. Lett. 104, 060401 (2010)]. For the first time, we show that four-
dimensional entangled photons violate a Bell inequality while closing the detection loophole in experiment.
The detection efficiency of the four-dimensional entangled source is about 71.7%, and the fidelity of the
state is 0.995 + 0.001. Combining the technique of multicore fibers, the realization of loophole-free high-

dimensional Bell tests and high-dimensional quantum DI technologies are promising.
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Introduction.—In 1935, Einstein, Podolski, and Rosen
(EPR) pointed out the inconsistency in quantum mechanics
if one requires the theory to be realistic and local [1]. In
quantum mechanics, nonclassical two-particle states that
exhibit correlations at a spacelike distance are referred to as
“entangled.” Because locality and reality are so fundamen-
tal to classical intuition, there was a heated debate in the
20th century about the completeness of quantum mechan-
ics. In 1964, Bell devised a way to, in principle, end the
debate experimentally by analyzing the limit of allowed
correlations between measurements done on remote par-
ticles [2]. If performed under ideal conditions, a violation of
Bell’s inequalities would rule out all possible local realistic
theories.

Since the 1970s, violations of Bell’s inequalities have
been confirmed in numerical experiments, providing strong
indication that nature is nonlocal [3—8]. However, imper-
fections in such experiments open various loopholes that
could, in principle, be exploited by a local hidden variable
model to predict the result [9]. There are three main
loopholes in Bell tests: locality loophole (or communica-
tion loophole), freedom of choice loophole, and fair
sampling loophole (or detection loophole). With the devel-
opment of quantum technology, these three loopholes have
been closed simultaneously in nitrogen-vacancy center
systems [10], photon systems [11,12], and atom systems
[13]. On one hand, loophole-free Bell tests increase under-
standing of the physical nature of quantum mechanics
and strengthen belief in the theory. On the other hand,
loophole-free Bell tests are also important foundations for
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device-independent (DI) tasks in quantum information,
such as DI quantum key distribution [14], DI random
number generation [15], and DI state certification [16].

However, all experimental Bell tests without loopholes
are focused on two-dimensional (qubit) systems, and there is
no experimental research on a high-dimensional (qudit)
system [17-22]. Thus far, none of the above loopholes have
been closed in a high-dimensional system. Meanwhile, most
physical systems in nature are in high-dimensional states
with multiple quantum levels, and most high-dimensional
states are entangled states [23]. Compared with qubit
systems, high-dimensional quantum systems have many
advantages in performing DI tasks: higher information
capacity [24,25], better security in quantum communication
26]], and larger violation of Bell inequalities [27]. Like the
qubit Bell tests, the high-dimensional Bell tests also have to
overcome the above three loopholes. The first two loopholes
can be guaranteed by keeping the spacelike separation
between Alice, Bob, and the entanglement source emission.
The third loophole can be closed by improving system
detection efficiency to a certain bound [28,29].

It is worth noting that the efficiency requirement for
closing the detection efficiency loophole in a high-dimen-
sional system is lower than that of a qubit system. For the
Clauser-Horne-Shimony-Holt (CHSH) Bell inequality
(qubit case), the threshold of the detection efficiency is
82.8% for a maximally entangled qubit pair and can be
lowered to 66.7% using partially entangled states in a
symmetric scenario [30]. For a high-dimensional system, it
has been proved that any efficiency close to 1/d can be
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FIG. 1. Scheme of the experiment. We suppose a high-dimen-
sional Bell-type scheme in which two distant parties, Alice and
Bob, can choose measurement among four measurement settings

(A,, By) with binary outcomes. Alice’s and Bob’s outcomes are
denoted by {41, —1}. There are losses in the photon distribution
and detection processes. All the lost photons are also included in
the derivation of the inequality as “undetected” (U) events. The
different terms of the inequality are photon counts recorded in the

different settings.

tolerated using a d-dimensional system and a series of d-set
Bell inequalities [31]. In the symmetric scenario, an
efficiency as low as 61.8% can be tolerated using four-
dimensional states and a four-setting Bell inequality [32].

Here, we report a high-dimensional path entangle-
ment source with high detection efficiency. The fidelity
of the four-dimensional maximally entangled state is
0.995 £+ 0.001, and the detection efficiency of both photons
is greater than 70%. For the first time, we realize the
violation of four-dimensional Bell inequality without
detection loophole. The new high-dimensional entangled
photon source is in the communication band (1550 nm).
Combined with the existing high-dimensional entangle-
ment distribution and manipulation technologies [33-35],
this raises the hope of closing all the loopholes of high-
dimensional Bell tests at the same time.

Protocol.—The threshold detection efficiency can be
significantly lowered using qudits [32]. As shown in Fig. 1,
we consider a Bell-type scheme with two distant parties,
Alice and Bob, who can choose measurement among four
measurement settings with binary outcomes. Alice’s set-
tings are denoted by A, with x € {1,2,3,4}, and her
output is denoted by a € {41, —1}; similarly, for Bob we
have B, with y € {1,2,3,4}, and his output is denoted by
b € {+1,—1}. The experiment is characterized by the set
of joint probabilities P(A, = a, B, = b) to get outcomes a
and b when A, and B, are measured. All these probabilities
are determined by the following subset of probabilities:
P(AB,) = p(A,=1,B,=1), P(A;) = P(A, = 1), and
P(B,) = P(B, = 1), which are thus sufficient to consider.

We consider the Bell inequality /4,,, < 0 introduced in
Ref. [36], which can be rewritten as

12:12 3,434 2,143 4321
11422:151}1 >+IEZH )_I(CH )_I(CH )
— P(A;) — P(A4) — P(B,) — P(By), (1)

where  I5™") = P(A;,B,,) + P(A;,B,,) + P(A;, B,)~
P(A;,B,) — P(A;) — P(B,,). In experiment, one records
measurements of single counts (S) (number of detection
events on one side) and coincidence counts (C) (number of
detected pairs). Let C(A,,B,) denote the coincidence
counts for Alice and Bob when they measured in setting
A,, By, and S(A,) [S(By)] denotes the single counts for
Alice (Bob) when she (he) measured in setting A, (By).
Then, we can rewrite the inequality Ji422 <0 as

Ty = Nx IEF 4 N x 188534 _ N 12]43)
432.1
— N x I(CH ) _ S(Ay) — S(As) — S(B,) — S(By),

(2)

where NxI%™" =C(A;,B,)+C(A;,B,)+C(A;,B,)~
C(A;.B,)—S(A;)—S(B,,), and N denotes the total number
of entanglement pairs. Remarkably, Alice and Bob each
need only one detector to test the Clauser-Horne (CH)
inequality. We consider the symmetric case, in which the
detection efficiency of Alice and Bob is 4, = ng = 1. The
correlation term in the inequality should be corrected
according to C(A;,B;) - n*C(A;, B;), S(A;) = nS(A;),
and S(B;) — nS(B;). Inserting these terms into Eq. (2),
we obtain the detection-efficiency-dependent Bell inequal-
ity Jaum(n) <O.

Similar to the two-dimensional Bell test without detec-
tion loophole, the maximally entangled state is not the
best choice to close the detection loophole. The four-
dimensional entangled state is written in the Schmidt form
as [32]

1-¢€

3

lw) = (10)10) + 1)1} +12)[2)) +€[3)[3),  (3)
with € € [0, 1]. In the limit € — 0, the inequality J4,,,(17) <
0 is violated if 7 > (v/5 — 1)/2 ~ 0.618. For the maximally
entangled state (e = %), an efficiency of 77.0% can be
tolerated. These results represent a significant improvement
over the best values for qubit systems [30].

Experimental scheme.—The experimental setup 1is
shown in Fig. 2. First, a continuous-wave (cw) laser with
a wavelength of 775 nm and a power of 300 mW is
separated to four paths to pump a 6.3-mm-thick beamlike
cut p-barium-borate (BBO) crystal to generate a two-
photon four-dimensional state |®,) = C;|00) + C,|11) +
C53|22) + C4|33) (no normalization) [37]. Then, this two-
photon state is distributed to Alice and Bob and measured
locally. Beam displacers (BDs) operating at 775 nm intro-
duce a 4 mm separation between the horizontally and
vertically polarized photons.

Generally, owing to momentum conservation in sponta-
neous parametric down-conversion, a decrease in momen-
tum uncertainty of the pump beam can lead to a higher
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FIG. 2. Experimental setup. (a) Four-dimensional entanglement source with high detection efficiency. The pump light is a 775 nm cw
light with a power of 300 mW. Four parallel pump beams are generated by operating a half wave plate (HWP) and beam displacers
(BD1-BD3). By adjusting the angles of the HWPs, the energy of the pump beam can be divided into any proportion. Then, four beams
of light effect spontaneous parametric down-conversion of the beamlike cut BBO crystal (|H)775 nm = 1H)1550 am @ |V ) 1550 nm)- We
encode each path from top to bottom as (|0),|1),]2),|3)) and can thus obtain the four-dimensional entangled state |®,) =
C1]00) + Cy|11) + C3|22) + C4|33) (C? + C3 + C3 + C5 = 1). (b),(c) Measurement setup. The measurement setup consists of a half
wave plate array (HWPA), HWPs, BDs, and a polarizing beam splitter (PBS). The HWPA consists of 0° and 45° HWPs intervals and is
used to modulate the polarization state of the four paths. Through the polarization control of the HWPs and BD4-BDS5, different
projection measurements can be performed as described in detail in the Supplemental Material [38]. BD4 and BDS5 can shift the beam by
4 and 8 mm, respectively. To reduce the loss of 1550 nm light, the material used in measurement setup is H-ZF13 glass with low
absorption at 1550 nm. The waist spot diameter of the pump light and the collection system on the crystal are 1.20 and 0.56 mm,

respectively, to ensure effective matching between the pump system and the collection system.

collection efficiency [39]. Therefore, a larger pump beam
waist could result in a high collection efficiency. However,
an excessively large pump beam waist will rapidly reduce
the brightness of photon pairs. Thus, there is a trade-off
between the collection efficiency and the photon bright-
ness. Consequently, the pump beam waist was chosen as
1.20 mm in our experiment. In the above case, we estimated
the effect of walk-off of down-converted 1550 nm photons
in the BBO crystal. This walk-off comes from the constant
parametric down-conversion of the pump light during
crystal propagation, which cannot be effectively compen-
sated. The walking distance is about 400 ym in a 6.3-mm-
thick BBO crystal. We calculated the overlap between the
walk-off wave packet and the standard Gaussian wave
packet, which exceeded 0.95; thus we can conclude that the
walk-off has a limited impact on the detection efficiency. To
match with the pump system, we selected a collecting lens
with a focal length of 40 cm, and the waist spot diameter on
the crystal was 0.56 mm. A bandpass filter (1550 £ 15 nm)
and a long-pass filter (1200 nm) were used to remove the
small sidebands. The transmittance of the two filters were
both more than 0.99. The working temperature of the
superconducting detector was 2.2 K, and the photon
detection efficiency was 90%. We obtained a two-photon
count rate of 350 Hz/mW and a detection efficiency of
75.2 £ 0.1% in the case of direct coupling.

The measurement setup for high-dimensional ent-
angled states needs more optical elements than the

two-dimensional detection loophole-free experiment
[28,29], so we need to optimize each optical element. In
addition to coating each optical element with a broadband
1550 nm high-transmittance film, we selected H-ZF13
glass with very low absorption at 1550 nm as the substrate
of the optical elements. We arrive at a final detection
efficiency of 71.8 = 0.1% in Alice’s arm and 71.6 +0.1%
in Bob’s arm, sufficient to violate a Bell inequality without
detection loophole. These efficiencies represent a ratio of
coincidence events divided by single counts (i.e., total
events measured in one detector) measured directly over the
entire system and not corrected for any losses. We attribute
these imperfect detection efficiencies to various possible
effects, including optical losses in the source, coupling, fiber
splices, optical elements, and detectors. The HWP before
each BD can control the amplitude of each path. We can
adjust the angles of these HWPs to prepare the entangled
states required by the experiment. Meanwhile, the phase
difference between each path subspace can be realized by
tilting BDs and HWPs. Taking |0) and |1) subspaces as an
example, the phase difference can be confirmed by meas-
uring the (|0) + |1))/v/2 and (|0) — |1))/+/2 bases. Thus,
we can prepare the required entangled states accurately.
The four-dimensional maximally entangled quantum state
and four-dimensional state (3) with ¢ = 0.219 generated
by our scheme can be characterized via the quantum
state fidelity witness [20]. The fidelities of these four-
dimensional entangled states both are 0.995 4 0.001.
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FIG. 3. Detection efficiency threshold for the symmetric Bell

test without detection loophole. Threshold efficiency # as a
function of the degree of entanglement e for ' = 0.995. The four-
dimensional quantum state (d = 4) is defined in the Schmidt form
as Eq. (3) (red dotted line) for the 13422 inequality [32], and the
qubit quantum state (d = 2) is defined in the Schmidt form as
[w2) = V1 —€2|0)]|0) + €[1)|1) (blue dotted line) for the CHSH
inequality [30]. The yellow area is the area that can be effectively
violated in our case. After numerical optimization, the violation
of I4,,, is greatest when ¢ = 0.219. The red solid line represents
very partially entered states (¢ — 0). The efficiency drops to
61.8% when the fidelity is F = 1 in the four-dimensional case.

For the two-dimensional subspace, the visibility of the
computational basis ({|0),[1)}) is 0.999 £+ 0.001, and

the visibility of the Fourier basis [{1/v/2(|0) 4 [1)),
1/+/2(|0) = [1))}] is 0.995 + 0.001.

The optimal value for e can be obtained according to the
fidelity of entangled states and the photon detection effi-
ciency. As shown in Fig. 3, the existing experimental setup
can get effective violation in the region ¢ € [0.083,0.351].
To simplify the experimental setup, we define Alice’s
and Bob’s measurement settings with the following four-
dimensional unit vectors [32]:

Ay = (—u,—u,py), Az = (u,u, py),
Ay = (—v.v. ), Ay = (v,-v, py),
By = (-u,u,qy), By = (u,~u,q),
By = (—v.—v.4), By = (v.v.42), (4)

where p, ¢ are two-dimensional vectors, and p; =
(pit» Pi2)s i = (qi1, qin) for i = 1, 2. The most statistically
significant violation of local reality for our system can be
optimized according to the state fidelity and detection
efficiency (see the Supplemental Material [38]). We set the
state with a value of 0.219 for €. Alice and Bob selected the
following measurement basis:

0.161 ~0.510
0.161 ( 0.510)

A= . A= . (5
0.044 0.308
0.973 ~0.621
0.161 0.510
0.161 ~0.510

37 —0.044 | A“( 0.308)’ (©6)
~0.973 ~0.621
~0.161 0.510
0.161 (0.510)

By = . By= . ()
0.044 0.308
~0.973 0.621
0.161 0.510
~0.161 0.510

Ba=1 ooaa |" B 0308 ®
~0.973 ~0.621

Experimental result.—After recording for a total of 500 s
per setting (Table I), we divided our data into 10 s blocks
and calculated the standard deviation of the resulting 50
different J3,,, values. To reduce the statistical error of data,
we average the measured four single counts of A;(B;) as

the calculation data in I3,,,. Thus, we selected S(A;) =
41 S(A;]A;B;)/4 and S(B)) = >}, S(B;|A;B;)/4 [29].
This yielded o =602 for the average J,,, value of

J44, (average) = 8688, a 14¢ violation. The total coinci-
dence number of the 10 s photon source is C = 946 790,

TABLE

I. Measurement results. A total measurement time is
500 s per setting.

Settings Singles (A) Coincidences Singles (B)
A B, 4203 655 2014238 4297946
AB, 4181758 2553313 14038 231
AB; 4245350 2067573 4282990
ABy 4206615 133104 14286 595
AsB, 13907 983 2491274 4298 855
A>B, 14 199 547 69 098 14 057 509
AyB; 13 883 568 111561 4318151
AyBy 14 118259 82190 14318967
A3B, 4232556 2069013 4312923
A3B; 4246 346 125051 14111767
A3Bs 4223718 2018391 4282947
A3By, 4231994 2530176 13936418
A4B, 14251918 109 579 4289505
A4B, 13 948 666 71746 13998 204
AyBs 13943 370 2490319 4290286
A4B, 13937483 61194 14 488 876
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when the photon detection efficiencies of Alice and Bob are
combined. We estimate the number of produced pairs as
N = 1842716 per applied setting. Thus, we can calcu-
late the violation of the normalized inequality to be
14,5, (average) = 0.004 72 £ 0.00033. Our results agree
well with those predicted using our entangled state and
photon detection efficiency after we account for the
measured background and fluorescence noise.

As shown in Fig. 3, the four-dimensional entangled state
has a higher detection efficiency tolerance than the two-
dimensional entangled state under the same fidelity. It is
worth noting that, in the case of our experimental fidelity
and detection efficiency, the violations cannot be achieved
in the two-dimensional case [30], but can be effectively
violated in the four-dimensional case [30].

Discussion.—We have presented new high-dimensional
entangled photon pair generation, collection, and measure-
ment technologies with high detection efficiency. We have
experimentally implemented a four-dimensional entangled
source with a detection efficiency of about 71.7% and, for
the first time, successfully violated a high-dimensional Bell
inequality (I%,,,) without detection loophole.

Eliminating all loopholes from the Bell inequality test
requires not only closing the detection loophole, but also
introducing spacelike separation to avoid potential commu-
nication between Alice, Bob, and the entangled source
emission event. The two-dimensional Bell inequality with-
out loopholes has been realized in solid-state, atomic, and
photonic systems. Compared with two-dimensional sys-
tems, high-dimensional quantum systems have many advan-
tages, but the structure is more complex. First, we need to
achieve long-distance and high-quality high-dimensional
entangled state distribution. Second, we need a high-speed
random number generator, high-speed high-dimensional
measurement system, and precise timing. Therefore, imple-
menting a high-dimensional loophole-free Bell test requires
high-dimensional entanglement distribution and high-speed
operations. The degrees of freedom (DOF) needed to
achieve high-dimensional entanglement in photonic sys-
tems are orbital angular momentum (OAM) [17], time bin
[18] and path DOF [19,20,35]. However, for the DOF of
OAM and time bin, the drawback is low state fidelity and
postselected measurement, respectively. Therefore, the most
promising way to close the three loopholes simultaneously
is the path DOF with existing technology [38]. It is worth
noting that the high-dimensional path entanglement source
we developed is in the communication band (1550 nm) and
can be distributed through optical fibers with low loss. Of
course, both the entanglement distribution and high-speed
high-dimensional operation will introduce photon loss, so
the detection efficiency of the system needs to be further
optimized. EPR steering only needs to ensure that the
detection loophole is closed on one side, so the threshold
detection efficiency is significantly lower than that of a Bell
test [40]. Therefore, high-dimensional loophole-free EPR

steering will probably be realized first. With the develop-
ment of high-dimensional system operation in recent years,
the prospect of implementing a high-dimensional loophole-
free experiment seems very promising.
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