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Measurement and feedback control are essential features of quantum science, with applications ranging
from quantum technology protocols to information-to-work conversion in quantum thermodynamics.
Theoretical descriptions of feedback control are typically given in terms of stochastic equations requiring
numerical solutions, or are limited to linear feedback protocols. Here we present a formalism for continuous
quantum measurement and feedback, both linear and nonlinear. Our main result is a quantum Fokker-
Planck master equation describing the joint dynamics of a quantum system and a detector with finite
bandwidth. For fast measurements, we derive a Markovian master equation for the system alone, amenable
to analytical treatment. We illustrate our formalism by investigating two basic information engines, one

quantum and one classical.
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Introduction.—Quantum measurement and feedback
control are key elements for emerging quantum techno-
logies, enabling a wide range of applications, including
quantum error correction [1], deterministic entanglement
generation [2], atomic clocks [3], and quantum state
stabilization [4-6]. The past two decades have also wit-
nessed a large number of fundamental experiments on
feedback control of quantum systems [7—18]. Of special
interest are experiments in quantum thermodynamics [19]
—by using measurement and feedback, processes that are
otherwise forbidden by the second law of thermodynamics
may be realized, compellingly illustrated by Maxwell’s
demon [20-22]. Over the past ten years, the demon has
been realized in a wide range of experimental settings, both
in classical [23-29] and, recently, quantum systems [30—
34]. This activity has inspired further work investigating
the connection between thermodynamics and information
theory [35-37], and has resulted in generalizations of the
second law for feedback controlled systems [38-48]. A
promising platform for exploring feedback control within
quantum thermodynamics is solid-state electronic systems
[49], ranging from semiconductor quantum dots [50] to
superconducting qubits [51]. Key features in these systems
are large and fast tunability of system properties [52-54]
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and time resolved measurements [55,56]. Moreover, both
discrete [29,57,58] and continuous [6,27] feedback proto-
cols have been demonstrated experimentally.

The theoretical description of feedback control in quan-
tum systems is typically based on stochastic differential
equations [59—70]—powerful tools that can describe dis-
crete as well as continuous feedback protocols. In general,
these equations must be solved numerically, providing
limited qualitative insight. An important exception, ame-
nable to analytical treatment, is the Wiseman-Milburn
equation [63], a Markovian master equation for continuous
feedback protocols that depend linearly on the measured
signal. However, optimal control often requires nonlinear
protocols, for instance, bang-bang control [71,72] which
has promising thermodynamic applications in solid-state
architectures [27,73-75]. For such continuous, nonlinear
feedback protocols, no master equation description exists,
emphasizing a need for further analytical tools. We stress
that the word “nonlinear” here refers to the protocol’s
dependence on the measured signal, not to the system’s
dynamics.

In this Letter, we satisfy this need by developing a
general framework for continuous measurement and feed-
back control in quantum systems, able to provide analytical
insight into nonlinear feedback protocols. Our main result,
Eq. (1) below, is a quantum Fokker-Planck master equation
describing the joint dynamics of a quantum system and a
detector with finite bandwidth (see Fig. 1). This equation is
applicable to any quantum or classical system undergoing
continuous feedback control. For fast measurements,
Eq. (1) reduces to a Markovian master equation for the
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FIG. 1. Ilustration of a generic measurement and feedback
setup, consisting of an open quantum system and a detector
with finite bandwidth y. The detector continuously measures an
arbitrary system observable. The measurement strength A
determines measurement backaction. Continuous feedback is
applied using the measurement outcome D to control the
Liouville superoperator £(D) of the system. The time traces
visualize trajectories for the system state S(z) and the measure-
ment record D(t).

system alone, generalizing the Wiseman-Milburn equation
to nonlinear feedback protocols. The broad scope of Eq. (1)
suggests that our results will impact a wide variety of topics
where nonlinear, continuous feedback control can be
applied, such as quantum error correction [1], entanglement
generation [2], quantum state stabilization [6], Maxwell’s
demon [74,75], and machine learning [76].

To illustrate our formalism, we investigate two toy
models, a classical and a quantum two-level system,
operated via nonlinear feedback protocols. For the classical
model, we also derive a fluctuation theorem, highlighting
the role of continuous measurement and feedback in
information thermodynamics.

Fokker-Planck master equation.—A general setup for
continuous measurement and feedback is depicted in Fig. 1.
We consider an open quantum system whose dynamics, in
the absence of measurement and feedback, are described by
a Liouville superoperator £. A detector continuously
measures a system observable A. The measurement
strength 1 determines the magnitude of the measurement
backaction, the limit A - 0 (4 — oo) corresponds to a
weak, nonintrusive (strong, projective) measurement pre-
serving (destroying) the quantum coherence of the system.
Weak measurements thus reduce backaction, but increase
measurement uncertainty. To provide a realistic detector
description, we consider a finite bandwidth y, acting as a
low-pass frequency filter, eliminating high frequency
measurement noise at the cost of introducing a time delay
scaling as 1/y. Feedback control is incorporated by con-
tinuously feeding back the measurement outcome D into
the system, controlling the system Liouville superoperator
via L(D).

Our main result is the following deterministic Fokker-
Planck master equation (derivation outlined below),

atﬁt(D) = ‘C(D)ﬁr(D) + /ID[A]ﬁt(D)
2

~70p A(D)p(D) + & (D). (1)
describing the joint system-detector dynamics under con-
tinuous measurement and feedback control. The density
operator p,(D) represents the joint state of system and
detector, where p, = f dD p,(D) is the system state for
an unknown measurement outcome D, and P,(D)=
tr{p,(D)} defines the probability distribution of the meas-
urement outcome D. Note that [dDP,D)=1 and
tr{p,} = 1; see Supplemental Material (SM) [77]. The first
term on the rhs of Eq. (1) describes the feedback-controlled
evolution of the system. This term allows for feedback
protocols that are nonlinear in D. The second term, where
D[Alp =ApA—-1{A% p} (note A" =A), describes how
the system is dephased in the eigenbasis of A at a rate
proportional to A4 due to measurement backaction. The last
two terms constitute a Fokker-Planck equation describing
the detector time evolution. These terms define an
Ornstein-Uhlenbeck process [87] with a system dependent
superoperator drift coefficient A(D)p = %{A —D,p} and
diffusion constant y/81. This describes a noisy relaxation
of the measurement outcome toward a value determined by
the system state. The derivation of Eq. (1) is rather
involved; see details in SM [77]. The main text instead
aims to highlight its implications and applications.
However, we sketch the derivation at the end of the Letter.
Equation (1) is, like most formalisms for continuous
measurement and feedback, typically restricted to numeri-
cal solutions. However, when there exists a wide separation
between the system and detector timescales, Eq. (1) sim-
plifies to a Markovian master equation for the system state
D;» allowing for analytical treatment. The detector timescale
1/y appears in the last two terms in Eq. (1), and the system
timescale 1/T is determined by £(D) -+ AD[A]. The role of
A, the measurement strength, is subtle; see below. When

y > T, p, evolves, to first order in 1/y, according to

0py = Lo + DIA] + 1y Loonlpy- (2)

with zeroth order Liouville superoperator L, and
first order correction L.,,. L, is obtained by appro-
ximating the system-detector density operator as

ﬁt(D) = [Zaa’ Tad (D)Vaa’]ﬁta with

ﬂaa’(D) = 1 /41/”7/6_(4’1/7)[D_(50+£a’)/2]2’ (3)

and superoperators V,,p = (a|p|a’)|a)(a’|, where we used
the eigenvalues and eigenvectors of the measured operator
A=3",&,a)(a|. In this approximation, the detector is
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FIG. 2. Steady state power for classical (a) and quantum (b) toy models, varying the measurement strength A. Solid lines obtained by
numerically solving Eq. (1), dashed lines obtained analytically using the separation of timescales technique. The separation of
timescales assumption breaks down when system and detector timescales are comparable. (a) The inset illustrates a feedback protocol of
a classical two-level system coupled to a thermal reservoir. When excited (dashed arrow), the levels are flipped (solid arrows), extracting
energy. For strong measurements (4 > y), the average occupation of the bath [z (A)] sets an upper limit on extracted power, see dashed
grey line, and is only reached for fast detectors (y/T" > 1) [cf. Eq. (6)]. For weak measurements (4 < y), feedback is applied randomly
and energy is dissipated into the reservoir. (b) The inset depicts a feedback protocol for a qubit, coherently driven by an external driving
field. The protocol is identical to (a). For strong measurements, the power vanishes because of the quantum Zeno effect. For weak
measurements, no power can be extracted as feedback is applied randomly. (c) Visualization of p,(D) for the quantum toy model, with
stationary matrix elements p,;,(D) = (a|p,(D)|b). Here we use g/A = 0.01 and y = A = A. Top panel: diagonal elements of p,(D).

Bottom panel: real and imaginary part of py; (D).

always in a system dependent stationary distribution
7,0 (D). This is justified for y > I', where changes of
the system occur with a rate much smaller than the inverse
detector relaxation time. Inserting this approximation in
Eq. (1) results in Ly = [dDL(D)]> .0 Taa(D)Vaul.
describing the system dynamics for a detector with zero
delay time. The first order correction y~! L., accounts for
the lag of the detector due to its finite response time y~!. As
usual in linear response theory, this correction can be
written in terms of time-integrated correlation functions;
see SM [77]. Note that A plays a special role in the
separation of timescales since it appears in both the first
and second line of Eq. (1). In general, Eq. (2) is thus only
justified for A < y. Here we keep A/y arbitrary as there are
scenarios where Eq. (2) also holds for strong measure-
ments; see below.

We emphasize that Eq. (2) describes arbitrary feedback
protocols, both linear and nonlinear in D. As a consistency
check, we recover the Wiseman-Milburn equation [63]
from Eq. (1) by employing the separation of timescales
approximation to first order in 1/y, using a linear feedback
Liouville superoperator L£(D)p = Lp — iD[F,p], with
feedback Hamiltonian F, and taking the infinite bandwidth
limit (see SM [77]). Our formalism thus generalizes the
important earlier work of Ref. [63] to nonlinear feedback
protocols.

In the following, we highlight the usefulness of Eq. (1)
by studying protocols for power production in two toy
models.

Classical toy model.—By classical system, we refer to a
situation with discrete energy levels, but where the density
matrix remains diagonal in the energy basis at all times.

This can be achieved either by suppressing quantum
coherence by environmental noise or by decoupling the
diagonal and off-diagonal elements of p, (see SM for details
[77]). Under these conditions, [p,(D),A] =0 and the
backaction term in Eq. (1) has no influence on the
dynamics. To facilitate a comparison between the classical
and quantum models, we use the same notation. We
consider a classical two-level system, with states |0) and
[1), coupled to a thermal reservoir at temperature 7'; see
inset of Fig. 2(a). The system and reservoir exchange
energy quanta with energy A at rate I'. The state of the
system is continuously monitored by measuring the observ-
able A = 4,, with Pauli-Z operator &, = |1)(1] —[0)(0],
such that whenever the measurement outcome D < 0
(D > 0) for an ideal detector (low noise and delay), the
system resides in |0) (|1)). Feedback is incorporated by
flipping the levels according to the solid arrows in Fig. 2(a)
when an excitation is detected, i.e., when D changes sign,
thereby extracting energy from the reservoir. The
Hamiltonian is given by H(D) = [1 —(D)]A|1)(1]+
6(D)A|0)(0|, where 6(D) is the Heaviside step function.
Note that [H(D),A] =0, ensuring that j,(D) remains
diagonal in the energy basis. The feedback protocol is
represented by the Liouville superoperator,

£(D) = [1 - 0(D))L_ + (D)L, 4)

where £_p =Tng(A)D[6"]p + I'[ng(A) + 1]D[6]p is the
protocol applied for D <0, and L p=T[ng(A)+

1]D[67]p + Tng(A)D[6]p is the protocol applied for
D >0, with system ladder operator & =0)(1|, and
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Bose-Einstein distribution ng(x) = [exp(x/kgT) — 1]7!,
with x denoting energy and kp the Boltzmann constant.

Employing the separation of timescales technique, using
y > I" with Egs. (2) and (3), the system evolves, to zeroth
order in 1/y, according to the feedback Liouville super-
operator,

Lo=[(1=n)Lo+nLiVoo+ L+ (1-n)Li V1. (5)

where we introduced the feedback error probability n =

[1 —erf(2+/2/7)]/2 for a single feedback event, where
erf(-) is the error function and 0 <5 < 1/2. Feedback is
applied incorrectly when the measurement outcome does
not reflect the true system state. Note that weak (strong)
measurements yield high (low) detector noise and increase
(decrease) the error probability.

To zeroth order in 1/y, the average power production
reads

P =TA[(1 —n)ng(A) —nlng(A) +1]], (6)

where P > 0 corresponds to extracting energy from the
bath. For strong measurements (y — 0), feedback is con-
sistently applied correctly and energy is only extracted
from the reservoir. The maximum extraction rate P =
['Ang(A) is limited by the coupling I' and the average
occupation ng(A) of the bath. For weak measurements,
feedback errors together with the asymmetry between
excitation and deexcitation rates lead to a net dissipation
of energy. Interestingly, the maximum dissipation rate P =
—I'A/2 is independent of ngz(A). Equation (6) is plotted
with a black, dashed line in Fig. 2, illustrating the behavior
for weak and strong measurements. Additionally, we
computed the power by (i) numerically solving Eq. (1)
(solid colored lines) and (ii) using the separation of time-
scales technique to first order in 1/y (dashed colored lines)
(see SM for details [77]). As y decreases, the extracted
power decreases because the detector can no longer resolve
fast changes in the system, missing opportunities to extract
energy. The separation of timescales approximation gradu-
ally breaks down as y and I become comparable.

Following Ref. [88], in the longtime limit, Eq. (5)
implies the detailed fluctuation theorem,

P(=m) _

m(A/kgT—=In[(1=n)/n)) 7
Pim) ¢ ’ )

for the number of extracted energy quanta m, where m > 0
(m < 0) corresponds to extracting (dissipating) energy
from the bath. The term A/T is the entropy change in
the bath related to the exchange of a single quantum. The
information term In[(1 —#)/n] is given by the log-odds of
not making an error and can be interpreted as the difference
in information content between correctly and incorrectly
applying feedback. Note that most information from the

continuous measurement is discarded—it is only the
information during a change in the system state that
matters. In the error-free limit, 7 — 0, the information
term diverges, illustrating absolute irreversibility; i.e., all
excitations are extracted. See SM for a derivation of
Eq. (7) [77].

Quantum toy model.—We consider a qubit coherently
driven by an external driving field; see inset of Fig. 2(b).
Measurement and feedback are identical to the classical toy
model, now extracting energy from the driving field. The
feedback protocol is described by £,(D)p = —i[H,(D), p]
with Hamiltonian

H,(D)=[1-0(D)]A[1){1]+0(D)A[0) (0] + geos(An)5,,
(8)

where A is the qubit level spacing, g the strength of the
qubit-driving field coupling, and 6, the Pauli-X operator.

Separating system and detector timescales to first order
in 1/y results in system Liouville superoperator (details in
SM [77]),

[Lo + AD[6.] + 7™ Leonlp = —igcos(A1)[6,. p] + AD[6.]p

2A
- —gDO cos(At)é,, 9)
4

with effective dephasing rate 1= A+ A?In(2)/2y, and
coefficient Dy = 2+/A/mwy,F5(1/2,1/2;3/2,3/2;-44/7),
where , F,(-) is a generalized hypergeometric function. The
first term on the rhs of Eq. (9) represents the coherent drive,
while the second term describes dephasing due to meas-
urement and feedback. The third term is a source for
quantum coherence, stabilizing the coherence in the long-
time limit. We emphasize that the first order correction is
essential to compute the power as the steady state coher-
ence vanishes to leading order, and hence, no power can be
extracted. Note that the third term, which goes beyond
leading order, can lead to negativities in p,, which is of no
concern in the separation of timescales regime where the
term is small. We stress that this term is trace preserving as
6, is traceless.

The average power of the system is given by
P(t) = t{[0,H(D)]p,}, where power is extracted [dissi-
pated] when P(z) > 0 [P(t) < 0]. Over one driving period
7 =2x/A, the time averaged power reads

2¢°A A2

P = D S
YN EWYE

(10)

For strong measurements A>>y, the power vanishes
because of the quantum Zeno effect. For weak measure-
ments 1 <Ky, large detector noise leads to completely
random feedback, and the power goes to zero because of
the symmetric driving. This is highlighted in Fig. 2(b),
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where we plot Eq. (10) as dashed lines. The solid lines were
computed numerically by solving the full Eq. (1). The
corresponding steady state matrix elements of p,(D) are
visualized in Fig. 2(c) (details in SM [77]). Similar to
the classical toy model, the separation of timescales
assumption breaks down when system and detector time-
scales are comparable.

Outline derivation main result.—To outline the main
steps in the derivation of Eq. (1), we start by describing the
continuous measurement. For a single instantaneous meas-
urement, the system state p, transforms as

A

Pi(z) = K(2)p,K'(2), (11)

where K(z) is the measurement operator for obta-
ining outcome gz, obeying the completeness relation
[dzK'(z)K(z) = 1, tr{p,(z)} is the probability of obta-
ining z, and [ dzp,(z) is the system state for an unknown
measurement outcome. Stressing that temporal coarse
graining results in Gaussian noise for any measure-
ment operator [89], we consider Gaussian measurement
operators [89,90],

N 24681\ /4 ;
K(Z) = <_> e—lﬁt(z—A)z’ (12)

T

where ot is the time between measurements. A weak
continuous measurement is obtained by repeatedly meas-
uring the system, taking the limit A6t — 0 for a fixed
measurement strength A. In this limit, the sequence of
outcomes becomes a continuous signal z(7).

The detector bandwidth y is introduced through a low-
pass frequency filter [1,12,91-95],

D(r) = /_t dsye 7=5)z(s), (13)

(o8]

such that the measurement outcome D(¢) is a smoothened
version of the signal z(7). The filter reduces the high
frequency measurement noise and introduces a detector
delay. This provides a realistic detector model, but the filter
is also necessary for nonlinear feedback protocols because
higher orders of z(¢) are ill defined due to its white noise
spectrum which includes diverging frequencies [1,12,93].

Feedback is incorporated by controlling the system time
evolution in between measurements, i.e., making the
Liouville superoperator £(D) dependent on the frequency
filtered measurement outcome D. Combining time evolu-
tion due to measurements and due to the Liouvillian, we
find Eq. (1) in the continuous limit 6t — 0. The derivation
can be carried out either in the framework of stochastic
calculus following the methods outlined in Refs. [68,89] or
under the rules of conventional calculus. See details in
SM [77].

Conclusions.—We have derived a Fokker-Planck master
equation for continuous feedback control, describing the
joint system-detector dynamics for detectors with finite
bandwidth. By separating system and detector timescales,
we obtain a Markovian master equation for the system
alone, opening a new avenue for analytical modeling of
nonlinear feedback protocols. The Markovian description
further implies fluctuation theorems, providing insight into
the connection between thermodynamics and information
theory. With two simple toy models, we highlighted the
usefulness of our formalism, showing that it can be applied
to a large variety of systems in both the classical and
quantum regimes. Future endeavors include extensions of
the formalism to include non-Markovian effects and state-
estimation feedback [61,96].
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