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Inertia does not generally affect the long-time diffusion of passive overdamped particles in fluids. Yet a
model starting from the Langevin equation predicts a surprising property of particles coated with ligands
that bind reversibly to surface receptors: heavy particles diffuse more slowly than light ones of the same
size. We show this by simulation and by deriving an analytic formula for the mass-dependent diffusion
coefficient in the overdamped limit. We estimate the magnitude of this effect for a range of biophysical
ligand-receptor systems, and find it is potentially observable for tailored micronscale DNA-coated colloids.
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It is well known that inertia does not affect either the
equilibrium probabilities or dynamics in overdamped
systems [1], and especially that it does not affect the
long-time single-particle diffusion coefficient of micron-
scale particles in liquids at equilibrium [2]. Momentum
relaxation for micronscale particles occurs over a timescale
7,, = 1 us (see Supplemental Material [3], Sec. 3.1), while
particles are generally observed on much longer timescales,
where the equilibrium motion is diffusive with diffusion
coefficient independent of mass for large enough particles
[4,5]. Inertia can only affect the short-time mobility of a
particle [2,5], and it can play a role for active particles
where 7,, is comparable to the diffusive rotational time-
scale, which is experimentally accessible only in air [6]. To
our knowledge, there is currently no proposed physical
system where inertia could affect the long-time single-
particle diffusion of micronscale particles in liquids at
equilibrium.

Yet, the overdamped dynamics of particles with
ligand-receptor contacts, such as colloids functionalized
with DNA [7-9], viruses [10-13], or white blood cells
[14-16] are not fully understood. Such particles are coated
with sticky ligands that bind and unbind to receptors on
an opposing surface, changing the particle’s mobility
[8,10,17,18]. The ligand binding and unbinding rates can
be fast, in some cases comparable to 1/z,, [19,20]. One
might speculate that when binding occurs on the same
timescale as the relaxation of the ambient fluid’s momen-
tum, the coupling between binding dynamics and momen-
tum relaxation could lead to inertial effects at longer
timescales [2,4-6,21-27]. For example, bimolecular reac-
tants with inertia can show different survival probability
decay functions depending on their mass [28,29].
Furthermore, we have recently pointed out that models
of DNA-coated colloids find different long-time diffusion
coefficients when they start with the underdamped
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Langevin equation for particle motion [30] (Fig. 1, dotted
line) or from the overdamped equation [20] (Fig. 1, dashed
line). We therefore ask: could inertia affect the long-time
diffusion of particles with ligand-receptor contacts?
Here, we shift the common perspective on overdamped
systems by showing that the long-time diffusion coefficient
of particles with ligand-receptor contacts depends on mass.
We investigate a minimal model for such particles that
includes the essential ingredients of (i) inertial relaxation
and (ii) stochastic dynamics of binding and unbinding. We
consider an N-legged particle of mass m, with springlike
“legs” representing the ligands [31-33], and a “sticker” at
the tip of each leg that may transiently attach to a uniformly
Mobile sticky end
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FIG. 1. Mass changes the diffusion coefficient of a particle with
1 ligand. Top: Sketch of a particle of mass m with a single ligand
(leg); other parameters described in text. Bottom: Long-time
diffusion coefficient Dy of the particle as a function of inertia
to binding timescale ratio mgq,,/I’, obtained from stochastic
simulations of Egs. (1)—(3) and compared with analytic results, as
described in legend. Error bars are one standard devia-
tion for 20 independent simulations, with ¢,, = 0.01 k/T,
Gorr = 0.008 k/T", y =T.
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sticky surface (Fig. 1, inset). Using standard coarse-grain-
ing techniques [20,34,35], we derive an analytic expres-
sion, verified by simulations, that shows the long-time
diffusion coefficient D.g(m) decreases with mass (Fig. 1,
blue line). This inertial slowdown occurs when the binding
timescale is comparable to the inertial timescale, with a
magnitude increasing with leg stiffness and decreasing
with N, and we show it could potentially be measured in
DNA-coated colloids with targeted experiments.

Our model starts with the approach we introduced for
overdamped dynamics in Ref. [20], that, as we have shown,
reproduces the experimentally observed diffusion of certain
DNA-coated colloids. We modify the model to include a
dependence on mass. The particle’s motion is investigated
in 1D on the lateral dimension parallel to the surface. Legs
attach and detach independently to the surface with con-
stant rates ¢on, qofr- When unbound, the leg lengths /;
evolve according to

dl;, &k [2kpT
=2, -1 B, 1
dt y(j O)+ v 77/ ( )

where k is a spring constant [31-33], [, is a rest length,
and y is the friction coefficient of each leg. The 7;
are uncorrelated white Gaussian noises, such that
(nj(0)ni(2)) = 6;0(t = ') and (n;(1)) = 0, where () is
an average over realizations of the noise. Inertia of the
legs may be neglected as, in general, legs are much lighter
than the particle (see Supplemental Material [3], Sec. 2.4).
When bound, the legs are constrained to move at the same
speed as the particle, v = dx/dt, where x is the particle
position

dx dl
R 2
dt dt 2)

Finally, the particle’s velocity is governed by Newton’s law,
including friction I' and stochastic forces +/2kpT17n,
induced by the ambient fluid, as well as friction, recoil,
and stochastic forces originating from the bound legs:

d
m—U:—Fv—i-

dt
+ Z (=rv—k(l; = lp) + /2kpTyn;).  (3)
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In the absence of legs, the particle diffuses with a bare
diffusion coefficient Dy = kzT/T". The hydrodynamic
friction coefficient I' depends on the distance to the wall
and may be obtained from lubrication theory [36,37] or
from measurements [38]. Here, the #; and #, are further
uncorrelated white Gaussian noises and i is a running index
over currently bound legs. For a particle in a fluid the
relevant mass scale in Eq. (3) is m — m + m,/2, where m,
is the mass of the displaced volume of fluid [2,39].

We remark that in contrast to previous models [20,40],
here it is not necessary to project the unbound stochastic
dynamics to obtain the bound dynamics; Newton’s law is
sufficient. All parameters of the model, including the
binding rates, may depend on temperature 7, which we
assume to be constant.

The Langevin dynamics in Eq. (3) are a common starting
point to investigate the effect of inertia [25,41]. Although
these equations imply an exponential decay of momentum,
which is faster than the algebraic decay that occurs in fluids
of similar density as the particle, as envisioned here [2], we
expect our model will give a lower bound on the effect of
inertia and is therefore suited to explore the onset of inertial
effects.

Stochastic simulations of our model show that the long-
time diffusion coefficient D of the particle depends on the
particle’s mass (see simulation details in Supplemental
Material, Sec. 1, building on Ref. [42]). For example, Fig. 1
shows that D for a 1-legged particle continuously
decreases with mass, by more than an order of magnitude,
from the overdamped [20] to the underdamped [30]
regimes.

To further understand how this decrease depends on
model parameters (m, N, k, Gon,> Gorr> 7> 1), We derive an
analytic expression for D by considering the overdamped
limit of the combined particle and leg dynamics. We
introduce the five nondimensional scales:

x—L.X, li—lo—>L7i, t—tt, v—=VDd, m— M.

Here, L = \/kgT/k is the characteristic length of leg
fluctuations, while L, and 7 are respectively the length
scale and timescale for the long-time motion of x. The
latter two scales are not determined a priori by intrinsic
scales [35,43], but rather are chosen large enough that
coarse graining will lead to diffusive dynamics [20].
Hence, L, = L/e, where ¢ < 1 is a small nondimensional
number, and 7 = L2/D,, which corresponds to 7 = I'/ke?.
Velocity fluctuations are fast compared to diffusive
motion such that V = L, /ze. Importantly, we specify the
scale of mass by considering that the velocity autocorre-
lation time in the absence of recoil forces, 7, = 7, = M/,
is small compared to the observation time, 7, = 7,, = €.
This is the usual scaling to obtain overdamped, or
more generally long-time diffusive, dynamics [34].
Finally, we observe the system at sufficiently long times
that the remaining timescales are much shorter: y/k~
T'/k~qs) ~ gk, so that g, — (7/€?)§o, and similarly
for g

We use these scalings to coarse-grain Egs. (1)-(3).
Standard coarse-graining techniques [20,30,34,35,44]
(see Supplemental Material, Sec. 2) show that the particle
diffuses at long times with diffusion coefficient
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Deg(m) =

kT N kT
pu— n ) 4
Feff(m) ;p Fn(’") ( )

where Pn = (g){qgnqyfgn/KQOn + QOff>N]} is the probabil—
ity to have n bonds and T',(m) are the effective friction
coefficients for a state with n bonds. The {I',} satisfy a
linear system of equations that is reported in Eq. (S2.23) in
the Supplemental Material [3] and that depends on para-
meters (m, N, k, Gon» qofr» ¥, I'). Importantly, Eq. (4) pre-
dicts up to order of magnitude changes on the effective
diffusion D,y depending on the specific microscopic
parameter values.

Let us analyze in detail a N = 1-legged particle. The
friction coefficients can be obtained analytically as

Ty(m) 1+ Mmdon Veft
L r Yefr T I+ m(‘]on + qoff) 7

Ly(m) PRC I'+ mqen (5)
L r F+m(QOn+qoff).

Here, yeit = v + k[(1/qott) + (7/k)(qon/ Gott)] 1s the effec-
tive friction from the leg, including the leg’s bare friction y

and recoil forces from the tethered spring. The coefficients
satisfy Iy < T'; as, when it is bound, the leg exerts addi-
tional recoil forces on the particle, as was observed in a
variety of systems, from rubber [45] to muscle friction [46]
to virus motion on mucus [12]. We compare our analytic
result for D¢ with direct stochastic simulations over a wide
range of parameters and find excellent agreement (Fig. 1
and Fig. S1 in the Supplemental Material [3]). Overall, the
effective friction [, increases with mass, and therefore the
particle’s diffusion slows down with increased mass.
Equation (5) gives insight into what controls both the
onset of the diffusion slowdown and the magnitude of the
effect. Diffusion begins to decrease when the binding and
unbinding times 7., = ¢5., Toff = ¢5 become comparable
with the relaxation time of inertia, 7,, = m/I". This is
apparent in Fig. 1, where the transition between limit
regimes occurs for mq,,/I" ~ 1. For shorter binding times,
Ton ~ Tof <K Ty, 1nertial effects matter, and the friction
coefficients for m > '/ q.,, ['/qo converge to

I 0 I 1 Veff
— =1 = 6
T - r - P1 r ( )

The friction coefficients are the same, regardless of the state
(bound or unbound) of the particle. This is coherent: since
the particle has significant inertia, it does not have time to
accelerate or decelerate to a different dynamical regime
upon changing state. Binding and unbinding happen too
rapidly for the particle to sense the difference. Equation (6)
was also obtained in Ref. [30] starting from the under-
damped equations.

Reciprocally, if binding timescales are long compared to
inertial relaxation (z,, ~ 7.4 > 7,,) We expect inertia to

play a negligible role: the particle has time to accelerate
and reach an overdamped limit motion before any
further change of state occurs. In this case the friction
coefficients are

m=0
o 1, = : (7)
r r r
Equation (7) was also obtained in Ref. [20], starting with
overdamped equations for the particle.

We therefore find that the onset of inertial effects is
governed by the ratio of timescales, z,,, ~ 7, compared to
7,,. A posteriori, it is natural that this onset is controlled by
timescales, yet it was not obvious which of the diversity of
timescales would matter. For example, the timescale for
relaxation of leg fluctuations k/y does not control the
occurrence of inertial slowdown.

However, k/y does control the magnitude of the inertial
slowdown, via y.s. The relative slowdown between the
underdamped and the overdamped regime is

m=co Veff
Deff _ 1 + r

-0 .
Deir 1+ 58 popy

(8)

If the leg is very stiff (k > I'q.s, implying y.q > T'), then
diffusion can be significantly slowed for massive particles,
D= < D=0, Indeed, stiff legs greatly reduce motion in
the bound state, I'; > I'. Since a heavy particle does not
have the time to accelerate while its leg is unbound, we also
have increased friction in the unbound state I'§’=* > I" and
the particle’s overall mobility is decreased, by up to orders
of magnitude (as seen in Fig. 1). For an overdamped
particle, on the contrary, even with a stiff leg, the particle
can still move when it is unbound, as it has time to
accelerate (F(’)”:0 = 1), and its diffusion coefficient remains
finite.

Let us now consider a particle with many legs involved
in the binding process, say, N = 100-1000, as in
some DNA-coated colloids at low temperatures [47,48].
When the average number of bonds is large, N =
[Gon/ (Gon + Gote)]N > 1, the {I',} can be approximated
by the averaged value I'y (see Supplemental Material [3],
Sec. 2.3.4), yielding

Cep(m) ~ T + Ny )
N>1

The diffusion coefficient no longer depends on the mass of
the particle. Stochastic simulations, as well as numerical
solutions of the linear system satisfied by the {I', }, confirm
this result: the diffusion coefficient when N is large
converges to a value independent of mass (Fig. 2).
Interestingly, the transition to the slowed-down diffusion
regime occurs when 7,/7,, x N (see Supplemental
Material [3], Sec. 2.3.3).
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FIG. 2. [Inertial slowdown vanishes with numerous legs. D
versus number of legs N, for large mass (black, mqo,/I" = 100) FIG. 3. [Inertial effects in biophysical systems. Ashby chart

and small mass (red, mgq,,/I" = 0.01), from stochastic simula-
tions (markers) and from Eq. (4) (solid lines, solving numerically
for {T",, }). Top inset: D versus inertia to binding timescale ratio
for various N. Bottom inset: Schematic of an N-legged particle
including n surface-bound legs. Error bars are one standard
deviation for 100 independent simulations, with y = 0.1T,
qoit = 0.8 k/T', and ¢, = k/T.

Why do inertial effects vanish with a large number of
legs? For a heavy particle, the friction coefficients for each
bond state are equal [as in Eq. (6)]: I~ =1~ = ... =
M=% =T+ Ny, (see Supplemental Material [3],
Sec. 2.3.2), because the particle does not have time to
accelerate between bond state changes, and hence is only
sensitive to the average configuration. The difference is that
now an average of N legs exerts extra recoil forces. For a
very light particle, friction coefficients for each bond state
are different, but their sum in Eq. (4) is dominated by the
most likely state, which is N when this average is large,
leading to I ~ I'%=" =T + Ny.;. Numerous legs can
thus be thought of as self-averaging, and hence transitions
between states do not matter as much as when there are a
small number of bound legs.

We now explore the possible emergence of such inertial
effects in biological or biomimetic systems where a small
average number of bound legs N ~ 1 is inherent, or can be
achieved, e.g., with temperature control [48]. To observe
inertial effects, the binding times (7o, = gor, Tott = o)
have to be faster than the inertial relaxation time
7,, = m/T. As typical adhesive systems have g, < 10¢,,,
we focus on ¢,,. We report in Fig. 3 the orders of
magnitude for the momentum relaxation time z,, = m/I’
and binding times 7, = ¢, for a variety of particles with
ligand-receptor contacts using data available in the liter-
ature [13,19,32,47-80] (recapitulated in Supplemental
Material [3], Sec. 3.2).

Numerous ligand-receptor systems have binding kinetics
that are too slow to observe inertial effects, with
Gon <100 s7! (blue dashed circle in Fig. 3), e.g., spike
proteins on the Influenza A virus [49,50], molecular motors
transporting cargos [81], and pili adhesion of Escherischia
Coli [65-67].

comparing the inertia and binding timescales for various systems.
The height and width of the filled ellipses represent the range of
values found in the literature (see Supplemental Material [3],
Sec. 3). All data is from measurements at room temperature,
except for DNA-coated colloids whose parameters are taken at
their respective melting temperatures [48]. Large dashed circles
represent global categories of systems. The shaded orange area
represents parameter values where inertial effects could be
important.

Other systems have fast binding kinetics (g, = 10* s71),
but not fast enough to incur inertial effects on the lighter
systems they are connected to (gray dashed circle in Fig. 3).
These often correspond to smaller particles, and since
m/T" « R?, this decreases the maximum binding timescale
required to observe inertial effects. Examples include Sars
CoV 1 and 2 viruses [79,80], DNA-coated nanocolloids
[53], and protein transporters in the nuclear pore com-
plex [73].

Inertial effects may occur for two systems with a specific
combination of large particles and fast binding kinetics
(orange dashed circle in Fig. 3): (i) micron-sized
DNA-coated colloids near their melting temperature and
(i1) white blood cells with adhesion mediated by L-selectin.
For both systems, typical existing experimental de-
signs possess an inertia to binding timescale ratio
mq,,/T" ~ 1073 — 10~!, which is close to the range where
we predict inertial slowdown.

DNA-coated colloids offer a promising route to probe
such inertial slowdown, as they may be finely tuned by
changing their size, coating density, ligand length, material
composition, etc., and to observe diffusion over several
degrees [20,51]. We speculate that inertial effects could be
observed by solving the challenge of building such colloids
with different cores [54,82] but keeping the surface DNA
coatings the same: using a gold [47] or a polystyrene [48]
core to make a heavy or a light particle, respectively.

To maximize inertial effects, one must increase both
mq,,/T, to reach the transition between the noninertial and
inertial regimes, and y.¢ /I, to increase the magnitude of
the slowdown; see Eq. (8). The latter ratio, in DNA-coated
colloids, is typically dominated by the term k/I"q.g. This
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points to the dual role of certain parameters. For example,
while increasing the particle radius increases mq,, /I" (since
m o R? and T ~ R), it decreases k/T'q.y, and hence an
optimal particle radius is needed. Furthermore, while
shorter polymer lengths increase stiffness k, they also
increase hydrodynamic friction I' through lubrication
effects [36,37] and hence an optimal polymer length is
also required. We elaborate in detail on the role of various
experimental parameters in Sec. 4 of the Supplemental
Material [3], and we provide a predictive tool for the rapid
exploration of different material designs [83].

We estimate the change in diffusion coefficient as a
function of temperature that using different cores would
induce (Supplemental Material, Sec. 4), computing D
using Eq. (4). We compute the temperature dependence of
N and g using a mean-field model that has been validated
experimentally [31,48,84-86], observing that ¢q,,, v, I" do
not change significantly with temperature [52]. The differ-
ence between the diffusion coefficients of gold and poly-
styrene colloids is maximal at intermediate temperatures
where colloids form only a few bonds (N = 1-10) with the
surface (Figs. S3-S6 in Supplemental Material [3]).
Drawing parameters from existing particle systems, we
predict the difference in diffusion coefficients to be 1%—2%
(Fig. S3 in Supplemental Material [3]). While this is a small
effect at the single-particle level, mass discrepancies
between numerous particles, and hence diffusion coeffi-
cient discrepancies, could accumulate to impact collective
properties such as nucleation, annealing (as was seen in a
different context [87]) or trigger mass-dependent phase
separations. Fine-tuning particle coatings, e.g., reducing
the ligand length with commercially available ligands,
could increase the difference in single-particle diffusion
coefficients to 6%—7% (Figs. S4 and S5 in Supplemental
Material [3]), which is well within experimental accuracy
[20]. Exploiting further advanced experimental conditions
such as changing the solvent [88,89] increases the discrep-
ancy to 10%—-20% (Fig. S6 in Supplemental Material [3]).

In summary, our model predicts that inertia could modify
the diffusion coefficient of particles in fluids with ligand-
receptor contacts, inducing a diffusion slowdown with
increased inertia. The onset of the slowdown occurs when
the binding timescale 7, = g5, is faster than the timescale
for the inertial relaxation, which is z,, = m/I" in our model,
a lower bound on the actual timescale since momentum
decays algebraically in most fluid systems [2,5]. The
magnitude of the inertial slowdown is increased with stiff
ligands and fewer bound legs. Improvements to our model
could include, among other things, fluid memory kernels to
investigate the algebraic decay of momentum [2] or ligand
density inhomogeneities to probe subdiffusive dynamics
that are observed at low temperatures [47]. As the main
principles inducing mass-dependent dynamics are essential
to the account of ligand receptors, namely binding and
unbinding and altered motion when bound, it is reasonable

to assume that mass-dependent diffusion should persist in
any ligand-receptor model. We predict the diffusion
slowdown could be probed experimentally by fine-tuning
DNA-coated colloids.

Our analysis thus provides a key principle to investigate
the onset of inertial effects in other micronscale particles in
liquids. When there exists a physical timescale in the
system that is fast, and comparable to the relaxation of
inertia, inertial effects could arise. This criterion is repeat-
edly observed in other contexts [2,4-6,21-27]. However, in
general inertial effects do not necessarily imply that the
diffusion coefficient depends on mass. For example, when a
particle has an inertial relaxation time comparable to the
relaxation time of the solvent, then the particle’s velocity
autocorrelation function decays algebraically instead of
exponentially, but its diffusion coefficient remains inde-
pendent of inertia [2]. Hence, an overdamped equilibrium
system where single-particle diffusion depends on mass
remains surprising.

Targeted experiments, especially on particles with
ligand-receptor contacts, could identify other inertial
effects beyond diffusion slowdown. For DNA-coated col-
loids, one could envision that such inertia-modified dynam-
ics could also impact collective properties such as
crystallographic alignment into self-assembled structures
[40,90]. Understanding the dynamics of such complex
micronscale particles is a key step to pave the way toward
controlled design at the microscale, e.g., to improve
synthesis of materials with advanced optical properties
[91,92].
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