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Recent experiments have demonstrated the possibility of inducing superconducting pairing into
counterpropagating fractional quantum Hall edge modes. This paves the way for the realization of
localized parafermionic modes, non-Abelian anyons that share fractional charges in a nonlocal way. We
show that, for a pair of isolated parafermions, this joint degree of freedom can be read by conductance
measurements across standard metallic electrodes. We propose two complementary setups. We investigate
first the transport through a grounded superconductor hosting two interacting parafermions. In the low-
energy limit, its conductance peaks reveal their shared fractional charge yielding a three-state telegraph
noise for weak quasiparticle poisoning. We then examine the two-terminal electron conductance of a
blockaded fractional topological superconductor, which displays a characteristic e¢/3 periodicity of its zero-
bias peaks in the deep topological regime, thus signaling the presence of parafermionic modes.
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Introduction.—The most common experimental signa-
tures of the existence of Majorana zero-energy modes
(MZM) [1] are based on charge transport measurements of
hybrid superconductor-semiconductor devices [2—6]. These
measurements can probe the existence of midgap excita-
tions in topological superconductors, but do not provide a
direct proof of their topological nature. Furthermore,
transport does not allow for a readout of the fermionic
parity shared by a pair of MZM: when coupling MZM to an
external lead, electrons with energies below the super-
conducting (SC) gap tunnel into the system in a process that
continuously flips the Majorana fermionic parity. This
enables the detection of subgap states at the price of losing
the information encoded in their parity, which is the main
degree of freedom adopted in the proposals for topological
quantum computation based on MZM. In this Letter, we
show that this picture is fundamentally different when
considering a fractionalized version of MZM, the so-called
parafermionic zero-energy modes [7] (parafermions for
short). We provide a model for the tunneling spectroscopy
of two parafermionic SC devices and we show that trans-
port measurements can be used to detect their shared degree
of freedom.

Parafermions are localized topological excitations pre-
dicted to emerge in several heterostructures engineered by
suitably coupling counterpropagating edge modes of frac-
tional quantum Hall (FQH) states through an induced SC
pairing [8—13]. This is a demanding objective since the
strong magnetic fields required by FQH systems typically
suppress the coherence of the necessary SC elements.
Indeed, only very recently the combination of these two
main ingredients has been experimentally achieved in a
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graphene-based Hall device contacted with a SC NbN
electrode [14] (see also Ref. [15]). This system displayed
evidence of crossed Andreev reflection of fractional qua-
siparticles, a key feature of parafermions hybridized with
quantum Hall edge modes [16]. In the simplest case, based
on the v = 1/3 Laughlin state, the resulting parafermionic
topological superconductor is characterized by an emerging
Zg symmetry: a pair of parafermions causes a sixfold
degeneracy of its ground states, which can be distinguished
by their fractional charge Q = ge/3, with ¢ =0, ...,5,
such that Q is defined modulo the Cooper pair charge [8,9].

Building on the experimental setup of Ref. [14], we
consider devices in which two parafermions are in contact
with external electrodes (Fig. 1). The coupling between
parafermions and metallic leads allows for electrons to
tunnel in and out of the topological superconductor: the
integer part of Q is therefore not conserved, but the
fractional charge Q = ge/3 mod e is a conserved and
topologically protected quantity, which can store quantum
information and be read through transport measurements.

In the following, we present two complementary paraf-
ermion systems (see Fig. 1): First, we discuss a grounded
device with interacting parafermions, whose energy split-
ting allows us to monitor their fractional charge O based on
conductance measurements. Then, we examine a two-
terminal blockaded setup with sizable charging energy;
in the opposite limit of noninteracting parafermions, such
system displays characteristic conductance signatures
caused by these topological modes.

Modelling of the parafermions.—We begin our analysis
by considering a SC device hosting two isolated parafer-
mions. Such a device can be fabricated based on the

© 2022 American Physical Society
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FIG. 1. Two-parafermion devices based on the SC pairing

induced between chiral edge modes [dashed black arrows in (a)]
by a NbN SC finger (light blue). (a) and (b) Top view and section
of a grounded device. The NbN finger is in contact with the edges
of a trench in a FQH liquid and defines two parafermions (red
stars). A metallic lead (brown) is put in contact with the FQH
liquid close to the left parafermion. The NbN finger is grounded
through a SC bridge shown in (b). In (a) we schematically
illustrate the tunnel couplings #,, between lead and parafer-
mions, and the parafermion overlap . (c) Coulomb blockaded
device with a floating SC island. Its induced charge is controlled
through the gate voltage V.

techniques adopted in Ref. [14]. A NbN SC thin finger is
deposited in a trench etched in the bulk of a FQH liquid
(Fig. 1). Two counterpropagating FQH edge modes appear
on either side of the trench and are gapped by the
proximity-induced superconductivity, allowed by the
strong spin-orbit coupling of NbN. Differently from
Refs. [14,16], we consider a device in which the super-
conductor is not coupled to any additional edge mode of the
FQH liquid, such that the two resulting parafermions, a;
and a,, are isolated: given the bulk gap of the FQH liquid,
they do not exchange fractional charges with the environ-
ment at low temperature.

The parafermionic operators o obey the following
rules [9]:
inf3 azal = ei”/3a1a;, (1)

o = e oy,

with a® = 1 and a] = a;'. The zero-energy parafermions
a; and @, induce a sixfold degeneracy of the ground states
of this device which can be characterized by a suitable Zg
parity [17]: e /%aja; = ¢=4/3, Here ¢ is a number
operator with eigenvalues O,...,5 counting fractional
charges (mod 6) in the segment of the counterpropagating
edge modes coupled with the superconductor and repre-
sents a joint observable of the two parafermions.

For energies below the induced SC gap, a weak coupling
€ between a; and a; lifts the ground state degeneracy,

Hy=—ee /00l o) + H.c.=—2ecos (nq/3+¢). (2)

p
€ indicates the overlap of the two modes and ¢ « uL is a
phase that depends on the chemical potential u of the chiral
edge modes and the SC finger length L [18,19].

The grounded N-SC device.—We couple this device with
an external metallic lead [see Figs. 1(a) and 1(b)] and
introduce the ladder operators [ and [T associated with
electrons at the tunnel contact (the strong magnetic field
polarizes the parafermions, therefore we consider only one
spin species). The coupling between lead and parafermions
causes both the coherent tunneling process of one electron
moving into the superconductor, and the formation of a
Cooper pair from an electron in the lead and an electron
extracted from the FQH edges. The operators @@ = (o] )? =
y; anticommute and define two localized MZM. Therefore,
in analogy with similar Majorana setups [20-24], we model
the coupling as

Ho =iy ny(etil+ e ), (3)
=12

where 77,12 is the tunneling amplitude between the lead
and the left/right parafermion [Fig. 1(a)] with {;, y;} real
and typically #; > n, (more general couplings and their
renormalization group relevance are considered in the
Supplemental Material [25]). H,. changes the charge Q
by +e and the Majorana operators y; allow us to rewrite
H,; by separating a fermionic and a fractional charge.
The number ¢ of fractional charges (modulo 6) can indeed
be expressed in terms of the parity p = iy,y; = €™ and
the fractional charge eg/3 = eq/3 mod e (i.e., g =0, 1, 2),
such that each eigenstate |¢) is recast in the form |p, )
(specifically, ¢74/3 = pe'4/3 [25]). The parafermion cou-
pling becomes H; = —i2ey,y, cos(4zg/3 + ¢), and is
thus quadratic in the Majorana operators, while the charge
eq/3 is a conserved quantity commuting with H..

As a result, the conductance of the two-terminal device
in Figs. 1(a) and 1(b), between the normal lead and the
grounded SC electrode, is derived through the correspond-
ing two-Majorana setup [22] and is estimated by applying
the Weidenmiiller formula [37] for each value of the
conserved fractional charge eg/3 separately [25]. In the
low-energy approximation defined by H = H; + H., valid
when the SC gap and the lead bandwidth are the largest
energy scales, the zero-temperature conductance reads

G — 22 E2(n} + 3 + 2303 cos 27) )
7 (EZ—AE(fI)—(ﬂv/mnz sin)?)2>2 + B2 _Hﬁ)z'

7,

Here v; is the lead density of states and E = eV, repre-
sents the bias voltage V. A.(§) = 4ecos(4xq/3 + ¢) is
the parafermion energy splitting and 7 = y, — ;. When the
lead is coupled to a single parafermion (3, = 0) and the
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FIG.2. Conductance of the grounded device as a function of V,,
(a) and parafermion overlap & (b),(c),(d) for v, = 1.727 (meV)~!,
n = 0.084 meV, 1, = 0.0082 meV, and 7 = 0. (a) Conductance
peaks for ¢ = 0.1 meV. (b),(c),(d) System conductance vs & for
g =0, 1, 2, respectively.

parafermions are not interacting (¢ = 0), we observe a zero-
bias peak for all values of §. For € # 0 two conductance
peaks appear at E = +A,(§). Moreover, for 7y =0 the
peaks are quantized at G = 2¢%/h, analogously to two-
Majorana devices [22,38].

This result can be generalized to finite temperature T
[25]: In Fig. 2, choosing typical material parameters and
T =20 mK, we show results for the different fractional
charges eg/3. We choose ¢ = 0.19 for optimal splitting
of the degeneracies in H, and we emphasize that to read
the degree of freedom § from a conductance measure-
ment, the parafermion coupling must be sufficiently large,
e > T,n;,n, such that the different peaks are clearly
resolved, as in Fig. 2(a).

If the two parafermions are not sufficiently isolated from
other fractional modes, decoherence will affect §. Consider,
for example, events in which the system is poisoned by
fractional quasiparticles from the bulk or the external edges
of the FQH liquid. If the poisoning rate is sizable compared
with the current measurement time, the stationary state of
the parafermion device becomes a statistical mixture of the
three values of the parameter §, such that the transport
readout displays all three peaks in Fig. 2(a) at the same time
with suitable weights.

In this case, the resulting three-peak differential con-
ductance would be hardly distinguishable from an analo-
gous system hosting three nontopological subgap states,
such as Andreev states which may form between the
superconductor and the metallic lead. The observation of
the conductance patterns in Fig. 2 is indeed not sufficient to
establish the presence of parafermions. For weak poison-
ing, however, there is a crucial distinction between trivial
bound states and parafermion systems. The former can be
described by a simple scattering matrix approach and their
transport is dictated by a single Landauer-Biittiker out-of-
equilibrium steady state with a well-defined conductance.

There is no possibility of changing their fractional charge
for energies below the SC gap. An isolated two-parafermion
system, instead, displays three different steady states labeled
by g. If the poisoning rate is sufficiently weak compared to
the current measurement time, the conductance at suitably
chosen values of V, will be affected by a three-state
telegraph noise, similar to FQH interferometers [39,40].
The corresponding sudden jumps cannot be obtained with-
out fractional subgap states and constitute a strong signature
of the quasidegenerate parafermion states, without counter-
part in Majorana devices.

The weak poisoning requirement may be hard to meet in
experiments. Therefore, we next address complementary
devices which, instead, display their main parafermion
signatures at stronger poisoning rates and in the truly
topological regime ¢ — 0.

The Coulomb blockaded device.—For intermediate frac-
tional quasiparticle poisoning, different signatures of the
parafermions can be sought in the transport features of
Coulomb blockaded SC islands. In the past years, several
tunneling spectroscopy experiments have examined the
onset of MZM through the two-terminal conductance of
analogous devices [41-44]. Their topological phases can be
distinguished by a different periodicity of the zero-bias
conductance peaks as a function of the induced charge n,
[21,45,46]: 2e and le periodic patterns are observed in the
trivial and topological phases, respectively.

In the following, we analyze the two-terminal conduct-
ance through a setup in which the NbN finger is floating
and constitutes a SC island with strong charging energy. Its
induced charge n, can be varied by a top gate voltage V,
[Fig. 1(c)] and we consider two noninteracting metallic
leads in proximity to the parafermions. The Hamiltonian of
the floating SC island is modeled by

HSC(NC’ Ne’ N/’ 9 ng) = pr(q) + NeAe + NIAE/S
+Ec(2N¢c+N,+N'/3+q/3 —n,)*. (5)

Here we label the system states by the occupation numbers
INc,N,.,N', q), where N refers to Cooper pairs in the SC
island, N, to quasielectron excitations in the device, N’ to
fractional quasiparticle excitations, and eq/3 is the charge
of the localized parafermions as before. Hgc is determined
by the following energy scales: the island charging energy
E., the parafermion coupling ¢, the energy gap of a
quasielectron in the paired FQH edge modes A,, and the
energy gap for an e/3 quasiparticle excitation A,/3. To
estimate &, A,, and A3, we model the system as a
Luttinger liquid, describing the counterpropagating frac-
tional edge modes beneath the SC finger [9]. Their
proximity-induced SC pairing is treated at a mean-field
level by introducing a crossed Andreev interaction A
between the chiral modes [25], which is proportional to
the SC gap of the NbN finger; it decays with its width [15]
and decreases with magnetic field. The fractional
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FIG. 3. Blockaded device coupled to two metallic leads with strengths 1, = 5z = 0.052 meV [25]. (a) Based on realistic parameters

(Eqn = 1.72 meV, v = 10° m/s, L = 1 um), & (blue) and A, (orange) are compared with the charging energy E- = 0.5 meV (green)
and temperature 7 = 0.15 K (red). (b) Sequential tunneling zero-bias conductance G, as a function of A and n, [from Eq. (7) and
[25]]. (c) Resonant parafermion-mediated zero-bias conductance G [Eq. (7) and [25] ]. This is typically the dominant contribution
from moderate to large A. A sixfold pattern is observed for A < 0.3 meV and evolves into an e/3-periodic pattern with increasing A.
(d) Log scale summary of energies adopted in (b) and (c), including the dot energy level spacing 6. Ranges of € and A, are indicated by
blue and orange. (e¢) Main properties of the discussed transport regimes.

quasiparticle gap is estimated through a semiclassical
analysis: these quasiparticles can be described as solitons
in a sine-Gordon model [18,25,47] and their mass results in

A3 =4/ 8AEQH/3713 as a function of A and the bulk gap

Eqy of the FQH state with typical value Eqgy ~2 meV
[25,48]. The results in Ref. [14] suggest a rough estimate
A <1 meV. In the following, we adopt A as the main
parameter to distinguish the system regimes and we exploit
a simplified low-energy description. We approximate the
behavior of both fractional and electron quasiparticles with
noninteracting dynamics [25] and we minimize the qua-
sielectron gap by A, =3A, 3. Finally, the parafermion
energy splitting ¢ is [18]

e = \/7/2A, )3 exp [~/ 2a/3(LA 3 /h0)].  (6)

where v the velocity of the chiral edge modes [see
Fig. 3(a)].

Analogously to Majorana devices [42,46,49], transport
across the system can be modeled by considering two main
processes: (i) resonant tunneling of electrons mediated by
parafermions, corresponding to electron teleportation medi-
ated by the y; = @} MZM [21], and (ii) single-electron
incoherent sequential tunneling across gapped chiral states.
A third process—sequential Andreev tunneling of Cooper
pairs—is of less practical relevance and is discussed in the
Supplemental Material [25].

Similarly to long grounded systems, the resonant tun-
nelling (i) accounts for transitions between ¢ and g + 3
mod 3 caused by the couplings of neighbouring lead and
parafermion [analogous to Eq. (3) setting n, =0 [25]].
Concerning the sequential tunneling (ii), we assume instead
that electrons from the leads hop in and out of the island
causing transitions between N, =0 and N, =1. We
neglect scattering processes of the quasielectrons into
fractional particles [25], such that N’ is conserved. We

phenomenologically capture the quasiparticle poisoning
from the external environment by considering a thermal
equilibrium distribution of the states |No,N,,N',q) at
temperature 7 < E.. Hence, we estimate the total differ-
ential conductance by

G= GR + Gle
= Z Z_le_HSC(Nc,Ne,N',q,ng)/T
NeN.N' g
x Z Gd(ng_[2NC+N6+(N/—|—q)/3D, (7)
a=R,le

where the indices R and le represent resonant and
sequential tunneling, respectively, and Z is the partition
function. The conductances G, are estimated based on rate
equations, analogously to the Majorana devices [46] (see
the Supplemental Material [25] for details), and the
resulting G, are exemplified in Figs. 3(b) and 3(c).

For a realistic parameter choice, we can distinguish three
main conductance patterns as a function of the SC pairing
A, which we label as quantum dot, sixfold, and topological
regimes [see table in Fig. 3(e)]. For A — 0, the gaps
A,./3,4,, and ¢ vanish, thus the system behaves as a
blockaded dot for fractional quasiparticles [50,51]. The
electron sequential tunneling dominates and results in a
complex set of zero-bias conductance peaks alternating
with a 2e periodicity in the induced charge n,. The location
of these peaks depends on a further energy scale,
6 = vh/2L. In the example depicted in Fig. 3(b), the dot
energy level spacing ¢ is comparable with E, thus yielding
twelve irregular peaks in each 2e period for A — 0.
Systems with §,A, < E, instead, would display an e/3
periodic pattern (not shown).

For intermediate pairing, the resonant tunneling becomes
relevant and the most common zero-bias pattern displays
only six dominant peaks repeating with 2e periodicity: We
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call this regime sixfold [left side of Fig. 3(c), for
0.005 meV < A < 0.3 meV]. Such pattern emerges when
A, becomes larger than 7.

Finally, for strong induced pairing (A — Eqy) in suffi-
ciently long islands, the parafermion splitting drops, € <
E- < A, [Eq. (6) and Fig. 3(a)]. Therefore, the system is
deeply in the topological regime and the zero-energy
parafermions yield zero-bias G peaks repeating with a
characteristic e¢/3 periodicity [Fig. 3(c), right side], analo-
gously to the Majorana-mediated electron teleportation
[21,46,52].

In conclusion, for typical experimental parameters
(L =1 pum, E- = 0.5 meV), this e¢/3 periodicity signals
the onset of the topological phase with strongly localized
parafermions. Only for devices with negligible quasielec-
tron excitation energy (dot regime with 6, A, < T < E(),
an additional e/3-periodic pattern may appear [table in
Fig. 3(e)].

Conclusions.—We showed that parafermions in FQH
setups with induced superconductivity [14] can be inves-
tigated through electronic transport measurements. In
suitable two-terminal devices they give rise to conductance
peaks analogously to MZM. In contrast with MZM,
however, the ground states of isolated pairs of interacting
parafermions can be distinguished through a current read-
out. The different values of their shared fractional charge
yield different low-energy resonances in the conductance
between a metallic electrode (tunnel coupled to the paraf-
ermions) and the SC background. This distinguishes our
setup from devices characterized by the transport of frac-
tional quasiparticles [53-59]. In the presence of weak
quasiparticle poisoning we expect to observe a three-state
telegraph noise, discriminating between parafermion and
trivial electronic subgap states.

Complementary signatures of the parafermions are
obtained from the analysis of blockaded devices. We
studied the two-terminal conductance across a floating
fractional superconductor as a function of its induced
charge. For intermediate SC pairing and low temperature,
the zero-bias conductance is characterized by a six-peak
pattern repeating with 2e periodicity. The zero-bias peaks
evolve towards an e/3-periodic pattern for strongly local-
ized parafermions (similarly to fractional quasiparticle
transport [54]).

The electronic tunneling spectroscopy we presented
can be generalized to devices including additional leads
or quantum dots, as recently proposed [60] for non-
topological Z, parafermions [61-63], and it can be inte-
grated with additional fractional quasiparticle elements to
develop novel topological quantum computation platforms
based on parafermions.
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