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We theoretically demonstrate the spin swapping effect of band structure origin in centrosymmetric
ferromagnets. It is mediated by an orbital degree of freedom but does not require inversion asymmetry or
impurity spin-orbit scattering. Analytic and tight-binding models reveal that it originates mainly from
k points where bands with different spins and different orbitals are nearly degenerate, and thus it has no
counterpart in normal metals. First-principle calculations for centrosymmetric 3d transition-metal
ferromagnets show that the spin swapping conductivity of band structure origin can be comparable in
magnitude to the intrinsic spin Hall conductivity of Pt. Our theory generalizes transverse spin currents
generated by ferromagnets and emphasizes the important role of the orbital degree of freedom in describing
spin-orbit-coupled transport in centrosymmetric materials.
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Introduction.—The spin Hall effect [1–3] refers to an
electric field induced generation of a spin current due to
spin-orbit coupling. Underlying mechanisms of the spin
Hall effect are classified into intrinsic and extrinsic ones
[4]: The intrinsic mechanism corresponds to band structure
effects without resorting to impurity scatterings [5–9],
whereas the extrinsic one results from spin-orbit-coupled
scatterings from impurities [1,10–13]. The intrinsic mecha-
nism has attracted considerable interest from various
physics communities. The intrinsic spin Hall effect was
originally established for electrons in condensed matter but
has also led to extensive studies on the analogous spin Hall
effect of light [14] or in a Fermi gas [15] and a cold-atom
system [16], suggesting that intrinsic spin-orbit-coupled
transport is of broad fundamental interest. As the intrinsic
spin Hall effect does, any spin-orbit-coupled transport of
band structure origin would attract attention from various
communities within and outside of condensed matter
physics.
The spin Hall effect is always accompanied by another

spin-orbit-coupled transport, known as the spin swapping
effect [17]. In contrast to the spin Hall effect that converts a
charge current to a spin current, the spin swapping effect
converts a spin current (called primary) to another spin
current (called secondary). The symmetry of spin swapping
currents is distinct from that of spin Hall currents.
Depending on the relative directions of spin polarization
and the flow of a primary spin current, there are two types
of spin swapping current [17]:

jSSji ¼ θð1ÞSS jij for i ≠ j ðtype IÞ; ð1aÞ

jSSkk ¼ θð2ÞSS jii for i ≠ k ðtype IIÞ; ð1bÞ

where jij (jSSij ) is a primary (secondary) spin current

flowing along the j direction with spin i, and θð1Þ;ð2ÞSS are

the spin swapping angles, which satisfy θð1ÞSS ¼ −θð2ÞSS up to
first order in spin-orbit coupling. The spin swapping effect
has received great attention due to its scientific [18–24] and
technological [25–28] significance.
Ferromagnets provide ideal material platforms to explore

the spin swapping effect because an electric field naturally
generates a primary spin current polarized along the
magnetization. Previous theories have focused mainly on
extrinsic spin swapping by impurities [17,19–21,23].
Intrinsic one of band-structure origin has also been
investigated but only for noncentrosymmetric systems
[18,19,22,24], which is irrelevant to centrosymmetric 3d
transition-metal ferromagnets such as Co, Fe, and Ni.
Investigating the spin swapping effect of band structure
origin in centrosymmetric ferromagnets is of crucial
importance because they are basic materials for experi-
ments. Examining intrinsic spin transport in centrosym-
metric systems requires an explicit consideration of the
orbital degree of freedom that is currently a subject of
extensive research [7–9,29–34].
In this Letter, by treating the orbital and spin degrees of

freedom on equal footing, we derive the spin swapping
conductivity in centrosymmetric ferromagnets, whose fea-
tures are qualitatively different from that in nonmagnets.
First-principles calculations for Co, Fe, and Ni show that
the spin swapping conductivity of band structure origin can
be comparable to the intrinsic spin Hall conductivity of Pt,
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which exhibits the largest spin Hall conductivity among 5d
heavy metals.
Spin swapping effect due to orbital textures.—To provide

unique features of our theory in a simple model, we
consider a minimal p-orbital system with orbital textures
[9]. If an orbital-texture-related physics is found to exist in
a p-orbital system, it should also exist in d-orbital systems.
We assume the continuous rotational symmetry, which is a
good approximation for many cases. The Hamiltonian is
H ¼ H0 þHSO:

H0 ¼
ℏ2k2

2me
þ ηk2

2me
L2
k þ Jσ ·m; ð2aÞ

HSO ¼ α

ℏ
L · σ; ð2bÞ

where H0 consists of the kinetic term, the orbital texture
term, and the s-d exchange. Here, k ¼ jkj, k is the crystal
momentum, J is the exchange splitting,m is the unit vector
along the magnetization based on the mean-field approxi-
mation for local magnetic moments,L is the orbital angular
momentum operator, σ is the spin Pauli-matrix vector for
itinerant electron spins, Lk ¼ k̂ ·L, me is the effective
electron mass, α is the spin-orbit coupling energy, and the
η-linear term [35] describes the orbital splitting between a
radial p orbital (hL2

ki ¼ 0) and tangential p orbitals
(hL2

ki ≠ 0). The orbital splitting parameter η originates
from the difference between σ and π hopping integrals and
thus is nonzero in general. The orbital splitting term
corresponds to the crystal splitting energy, which is on
the order of eV and thus one of the largest energy scales in
solids. The s-d model ignores the quantum correlation of
localized spins but is widely used to investigate transport of
delocalized spins through a magnetized background
[21,23,36–40]. This simple model [Eq. (2)] may have a
limited quantitative prediction power but gives key insight
into a large spin swapping effect of centrosymmetric
ferromagnets as evidenced by tight-binding and first-
principle calculations in the next sections.
We first diagonalize H0 and then treat HSO pertu-

rbatively. H0 is diagonalized by the unitary transform
U†

0 ¼ eiθkLy=ℏeiϕkLz=ℏeiθmσy=2eiϕmσz=2 where the angles
satisfy v̂¼ðsinθv cosϕv;sinθv sinϕv;cosθvÞ for v̂¼ k̂ or m̂.
The diagonal components of U†

0H0U0 give the energy
eigenvalues

Eð0Þ
krs ¼

ℏ2k2

2me
þ sJ; Eð0Þ

kts ¼ ð1þ ηÞℏ
2k2

2me
þ sJ; ð3Þ

where the subscript r (t) refers to the radial (tangential)
orbital band and s ¼ �1 refer to the spin bands. The
corresponding eigenstates are jψkrsið0Þ ¼ U†jml ¼ 0; si
and jψktsið0Þ ¼ U†jml ¼ �1; si for s ¼ �1, where jml; si

is the eigenstate of Lzσz with hml;sjLzσzjml;si¼ℏmls.
Despite degenerate tangential bands, the nondegenerate
perturbation theory can be applied sinceHSO has no matrix
element mixing them. Due to its complexity, we do not
present perturbed eigenstates jψknsi and perturbed eigen-
values Ekns explicitly.
In the presence of an electric field applied along the

x direction, the spin-i conductivity flowing to the j direction
is given by the Kubo formula: σijx ¼

P
knsðσijxÞkns where

ðσijxÞkns¼
ℏe2

V
Im

X

n0s0

fkns−fkn0s0

Ekns−Ekn0s0

½vij�knskn0s0 ½vx�kn
0s0

kns

Ekns−Ekn0s0 þiℏ=τ
; ð4Þ

f is the Fermi-Dirac distribution, V is the system volume, e
is the electron charge, vi ¼ ð1=ℏÞ∂H=∂ki is the velocity
operator,vij ¼ fσi; vjg=2 is the spinvelocity operator,ℏ=τ is
the level broadening, and ½� � ��kn0s0kns ¼ hψkn0s0 j � � � jψknsi.
The type I and II spin swapping conductivities are given

by σð1ÞSS;kns ¼ ðσxzxÞkns for m ¼ ẑ and σð2ÞSS;kns ¼ ðσzzxÞkns for
m ¼ x̂, respectively [23], which have different geometries
from the spin Hall conductivity σSH ¼ σyzx. We calculate the
conductivities for radial orbital bands [ðn; sÞ ¼ ðr;�Þ]
since tangential bands exhibit similar features. Up to first
order in α, we obtain

σð1ÞSS;kr� ¼ −σð2ÞSS;kr� ¼ α

J
ηΔk

2Δk ∓ η
σSP;kr�; ð5Þ

where σSP;krs½¼ ðσixxÞkns ¼ ð∂EfknsÞℏ2k2e2τ=3m2
eV� cor-

responds to the primary spin-polarized conductivity for
î ¼ m̂ and Δk ¼ 2meJ=ℏ2k2. Equation (5) gives the spin
swapping conductivity of band structure origin, which
originates from a concerted action between the orbital
texture (η) and the exchange interaction (Δk), both of
which are intrinsic in ferromagnets. We note that our model
does not include spin-orbit scattering by impurities
[∝ σ · ðk × ∇VÞ where V is the impurity potential], which
drives extrinsic spin swapping effects [19–21,23].
Equation (5) is an intraband contribution [41] originating
from the anomalous velocity from the orbital texture term
in Eq. (2a), which is completely different from the orbital
Hall effect [42].
When 2Δk ≈�η is satisfied, Eq. (5) yields particularly

large contributions to the spin swapping conductivity. This

condition is equivalent to Eð0Þ
kt� ≈ Eð0Þ

kr∓, i.e., two bands with
different spins and different orbitals are nearly degenerate.
We call the k values satisfying this condition hot spots,
which would be present as points or lines in the k space.
The standard nondegenerate perturbation theory breaks
down at these hot spots, but the spin swapping conductivity
does not diverge as shown by a degenerate perturbation
theory [43]. The spin swapping angles [Eq. (1)] at the hot
spots are mostly determined by a single-band property
since j2Δk ∓ ηj−1 ≫ j2Δk � ηj−1 for 2Δk ≈�η so that
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θð1ÞSS ¼ −θð2ÞSS ≈ αηΔk=Jð2Δk ∓ ηÞ. It is notable that the
orbital-mediated spin swapping current may travel long
distance without suffering from strong spin dephasing
because the Fermi wave vectors for the spin majority
and the spin minority bands are very close to the hot
spots, in stark contrast to the conventional transverse spin
current [47].
The hot-spot feature is widely valid for the following

reasons. Since the spin-orbit coupling Hamiltonian
includes terms ∝ LþS− þ L−Sþ, any pair of bands satisfy-
ing the selectionlike rule Δml þ Δs ¼ 0 with a small
energy difference introduces hot spots. Since the orbital
splitting and the exchange interaction are both on the order
of eV, hot spots would appear in wide ranges of ferro-
magnets. Note that the selectionlike rule makes sense only
when the orbital and spin degrees of freedom are taken into
account on equal footing, instead of integrating out one of
them first [9,48]. This is a clear difference from spin-orbit-
coupled transport in centrosymmetric nonmagnets for
which the orbital and spin degrees of freedom can be
considered separately [8,9] (see the Supplemental Material
[43] for model details).
Tight-binding model calculation.—The spin swapping

effect of band structure origin in centrosymmetric ferro-
magnets is not limited to the toy model including the ad hoc
orbital splitting term ηL2

k. To demonstrate this, we adopt a
minimal sp3 tight-binding model in a cubic lattice:
H ¼ HL þ Jσ ·mþ ðα=ℏÞL · σ, which is an 8 × 8 matrix
(sp3 orbitals for spin up or down). The exchange and spin-
orbit interactions in H are described by on site terms. HL,
which corresponds to the kinetic term, includes the hopping
terms of s and p orbitals, with different magnitudes of σ
and π hoppings and sp hybridization, whose explicit matrix
elements are shown in the Supplemental Material [43].
In Fig. 1(a), we plot the band structure along the high

symmetry points for m ¼ ẑ. The following parameters are
used (all values are in the unit of eV): the on site energy of s
orbital Es ¼ −2.0, that of p orbital Ep ¼ 1.0, the hopping
integral of s orbital ts ¼ −0.25, the σ and π hopping
integrals of p orbital, tpσ ¼ 0.4 and tpπ ¼ −0.2, respec-
tively, the sp hybridization γsp ¼ 0.4, the exchange split-
ting J ¼ 0.1, and the spin-orbit coupling α ¼ 0.03. The top
four (bottom two) bands are the tangential (radial) p bands.
There are anticrossing points between majority-tangential
bands and minority-radial bands as indicated by green
arrows.
We calculate the spin conductivity [Eq. (4)] using the

Green’s function formalism [35,49], whose details are
presented in the Supplemental Material [43]. The energy
dependence of type I spin swapping conductivity

(σð1ÞSS ¼ σxzx) [Fig. 1(b)] shows that it has the maximum
at E ¼ 0.992 eV, where the majority-tangential and minor-
ity-radial bands are nearly degenerate. To demonstrate

the hot-spot feature, we compute k-resolved σð1ÞSS and

jηΔk=ð2Δk − ηÞj. Dominant contributions to σð1ÞSS originate
from colored k points [Fig. 1(c)], at which jηΔk=ð2Δk−ηÞj
is also large [Fig. 1(d)]. These k points correspond to the
hot spots where the energy gap between the majority-
tangential band and minority-radial band is small. The

close correlation between k-resolved σð1ÞSS [Fig. 1(c)] and
jηΔk=ð2Δk − ηÞj supports the hot-spot feature predicted by
the toy model.
First-principles calculations for Co, Fe, and Ni.—We

perform the density functional theory calculations for
centrosymmetric 3d transition-metal ferromagnets (Fe,
Co, and Ni). We use the OpenMX package [50], which
is based on a norm-conserving pseudopotential [51] and
pseudoatomic localized basis function [50]. We choose the
generalized gradient approximation [52] for the exchange-
correlation functional and use the pseudo-atomic basis
orbitals s2p2d2. The crystal structures are body-centered
cubic for Fe, and face-centered cubic for Co and Ni where
the lattice constants are experimental values (2.86 Å for Fe,
3.54 Å for Co, and 3.52 Å for Ni). The k-point meshes are
22 × 22 × 22 for Fe, and 18 × 18 × 18 for Co and Ni. From
the computed ground state solutions, we obtain spin
conductivities from the same formalism used in the
tight-binding calculation where the Hamiltonian is replaced
by the ground state Hamiltonian with the atomic orbital

FIG. 1. Tight-binding calculation. (a) Band structure. Blue (red)
curves correspond to spin-minority (spin-majority) bands.
(b) Energy dependence of type I spin swapping conductivity

σð1ÞSS . In (a) and (b), dashed horizontal lines at E ¼ 0.992 eV

correspond to the maximum σð1ÞSS . k-resolved (c) σð1ÞSS summed
over all the bands and (d) jηΔk=ð2Δk − ηÞj at kza ¼ 1.655,
E ¼ 0.992 eV, and a ¼ 2 Å. Green arrows in (a) and (c) corre-
spond to anticrossing points. jηΔk=ð2Δk − ηÞj of (d) is computed
in equilibrium and without spin-orbit coupling.
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basis. We use 251 × 251 × 251 k-point mesh for comput-
ing spin conductivities where the k-point convergence is
obtained. We use the level broadening δ of 25 meV because
this δ value gives longitudinal conductivities comparable to
experimental values at room temperature.
In Figs. 2(a)–2(c), we present calculated spin Hall

conductivity σSH and spin swapping conductivities

σð1Þ;ð2ÞSS as a function of spin-orbit coupling strength (divided
by the true spin-orbit coupling strength). The magnetization
is along the z axis for calculating σSH ¼ σyzx (black dashed)

and σð1ÞSS ¼ σxzx (red), and is along the x axis for calculating

σð2ÞSS ¼ σzzx (blue). Calculated σSH’s of ferromagnets are

similar to those in the literature [53]. We find that σð1Þ;ð2ÞSS are
similar in magnitude to σSH. In contrast, the extrinsic spin
swapping effect is about 1 order of magnitude smaller than
the spin Hall effect [23]. Therefore, the mechanism of band
structure origin can generate much stronger spin swapping
currents than the extrinsic spin-orbit scatterings from

impurities. Moreover, σð1Þ;ð2ÞSS of Co is ∼2500 (ℏ=e)
ðΩ cmÞ−1. This value is larger than σSH of Pt [∼2000
(ℏ=e) ðΩ cmÞ−1] [54]. Another point of Figs. 2(a)–2(c) is
that σð1ÞSS is very similar to but slightly different from −σð2ÞSS .
We attribute this small difference to higher-order spin-orbit

coupling effects because σð1ÞSS ≡ −σð2ÞSS is guaranteed up to
first order of spin-orbit coupling [17].

We next calculate σð1ÞSS for Fe as a function of the Fermi
energy [Fig. 2(d)] to demonstrate that spin swapping of
band structure origin in realistic materials is mediated by

the hot spots. σð1ÞSS has a peak around E − EF ≈ −1.0 eV.

This peak structure of σð1ÞSS versus E − EF is qualitatively
the same even when the spin-orbit coupling parameter
becomes 3 times larger than the true value [43]. Figure 2(e)
shows the orbital-resolved band structure along the Γ–H–P
path. Here, the size of circles indicates the magnitude of the
dyz character (orange) and d3z2−r2 character (green). It
clearly shows that the spin-minority d3z2−r2 and spin-
majority dyz orbital bands make an anticrossing around
E − EF ≈ −1.0 eV (purple arrow). Note that this anticross-
ing satisfiesΔml þ Δs ¼ 0 and results in a hot spot. On the
other hand, the anticrossing near E − EF ≈ 0.5 eV does not
satisfy Δml þ Δs ¼ 0 (since both bands are spin minority)

so that it does not yield a peak of σð1ÞSS . The peak of spin
swapping conductivity at the hot spot justifies the validity
of our theory for realistic materials. Moreover, the peak
structure of the spin swapping conductivity indicates that it
can be enhanced by tuning the Fermi level. The first-
principles calculations for Co and Ni exhibit similar
features [43].
Discussions.—In this Letter, we theoretically demon-

strate the spin swapping effect of band structure origin in
centrosymmetric ferromagnets. We find that the spin
swapping conductivity is sizable for 3d transition-metal
ferromagnets such as Co, Fe, and Ni, which are widely
examined in experiments. The large spin swapping effect in
centrosymmetric ferromagnets is found to originate from
hot spots where two bands with different spins and different
orbitals are nearly degenerate. As the hot-spot feature arises
in any ferromagnets, we expect that the large spin swapping
effect may also exist in ferromagnets other than centro-
symmetric 3d transition-metal ferromagnets.
We note that the hot-spot feature is not limited to the spin

swapping effect, but is far more general for transverse spin
transport. For instance, we confirm that the intrinsic spin
Hall conductivity calculated in the same model [Eq. (2)]
shares the same hot spots [43]. A previous study [53] also
shows a peak structure of the intrinsic spin Hall conduc-
tivity of ferromagnets near anticrossing points between
majority and minority bands. This is a crucial difference
from spin transport in nonmagnets. In nonmagnets, the
absence of exchange splitting makes the spin bands
degenerate at any k points, so that the selectionlike rule
(for two bands with different spins and different orbitals)
cannot be applied. Rather, the intrinsic spin Hall pheno-
mena in nonmagnets are closely related to the orbital
transport through spin-orbit coupling [9]. In ferromagnets,
however, the orbital transport and the spin transport mainly
originate from different spots in k space. The former
originates from the mixture of two bands with the same
spins and different orbitals (due to orbital hybridization),

FIG. 2. The spin Hall conductivity σSH (black dashed) and the

two types of spin swapping conductivities σð1Þ;ð2ÞSS (red and blue
respectively) as a function of a normalized spin-orbit coup-
ling parameter (SOC factor) for (a) Fe, (b) Co, and (c) Ni.

(d) Computed σð1ÞSS in the energy range of −2.0 eV to 2.0 eV for
Fe. (e) The band structure along the Γ–H–P path in the first
Brillouin zone for Fe. The size of the circles indicates the
magnitude of dyz (orange) and d3z2−r2 (green) orbital characters.
The purple arrow indicates the anticrossing between the spin-
minority d3z2−r2 and spin-majority dyz orbital bands. Maj. means
spin majority band whereas Min. means spin minority band.
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while the latter does mainly from the mixture of two bands
with different spins and different orbitals (due to spin-orbit
coupling).
Finally, we discuss the practical importance of large

spin swapping conductivity for spin-orbit torque applica-
tions [55–59]. Recent experiments on ferromagnetic tri-
layers, consisting of in-plane ferromagnet/normal metal/
perpendicular ferromagnet, have demonstrated field-free
spin-orbit torque switching of perpendicular magnetization
[26–28]. Note that these experiments employed centrosym-
metric ferromagnets. The field-free switching is realized by
a spin current polarized along the z direction and flowing in
the z direction, i.e., jzz. The original interpretation for jzz is
the interfacial spin-orbit precession [26], of which exist-
ence was confirmed by first-principle calculations [60]. We
note that the type II spin swapping effect also contributes to
jzz. For an in plane ferromagnet magnetized along the x
direction, a primary spin current jxx naturally arises, which
in turn generates a secondary jzz through the spin swapping
process in the ferromagnet bulk. As the field-free spin-orbit
torque switching of perpendicular magnetization is of
technological relevance [61–69] and jzz can substantially
reduce the field-free switching current [70], our result
suggests that the large spin swapping effect of centrosym-
metric ferromagnets must be further exploited to realize
spin-orbit torque applications.
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