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We study free electron dynamics during inelastic interaction with the ponderomotive potential of a
traveling optical wave using classical and quantum-mechanical models. We show that in the strong
interaction regime, the electrons trapped in the periodic potential oscillate leading to periodic revolutions of
sharp peaks of the density distributions in the real and momentum spaces. In this regime, the synchronicity
between the velocity of the optical wave and the electron propagation velocity is not required. Asynchronous
interaction enables acceleration or deceleration of a significant fraction of the electrons to a final spectrum
with a relative spectral width of 0.5%–2.5%. This technique allows one to accelerate electrons from rest to
keV energies while reaching a narrow spectrum of kinetic energies and femtosecond pulsed operation.
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Inelastic interaction between freely propagating electrons
and light has become a widely studied topic in the last two
decades because it enables quantum coherent control of the
electron wave function in electron microscopes [1–6],
attosecond compression of electron pulses for time-resolved
experiments [7–11], control of transverse distribution of
electrons [12–19], or electron acceleration [20,21]. Pulsed
electron beams and modulated electron wave packets have
many interesting applications such as ultrafast electron
diffraction [22,23], photon-induced near-field electron
microscopy [24,25], attosecond time-resolved imaging of
optical and plasmonic fields [5,6], coherent excitation of
two-level systems [26,27], studies of coherent cathodolu-
minescence [28,29], or quantum information processing
[30,31]. Various control mechanisms allowing to tune the
electron-photon interaction have been recently studied
including different coupling schemes [16,32–35], shaped
light fields [4,36], or modified photon statistics of the
driving light [37].
An essential assumption in all the schemes aiming for

photon-mediated electron scattering has been the initial
synchronicity between the propagation velocities of the
electron and an effective potential acting on the electrons,
which is a harmonic function of the coordinate along the
electron propagation. Moreover, the theoretical description
has typically assumed the approximation of negligible
change of the electron’s velocity during the interaction
(nonrecoil approximation). The strong interaction regime
has been studied only recently for the case of electrons
interacting with optical near fields [38,39].
In this Letter we study the regime of electron interaction

with the effective ponderomotive potential generated by the
far-field optical radiation beyond the limit of a weak
perturbation andwepredict several unexpected observations.

We show that a part of the electron distribution located
initially close to the minimum of the potential undergoes
harmonic oscillations. This leads to periodic focusing and
defocusing of the electron distributions in both the real and
momentum spaces. When the initial velocities of the elec-
trons and the potential are not equal, a sharp peak in the
electron energy spectrum displaced from the initial electron
energy can be generated. By making the traveling optical
wave faster than the electrons, it is possible to accelerate a
significant portion of the electrons and reach a narrow final
spectrum, which is not possible in the synchronous case.
An electron propagating in vacuum interacts with

electromagnetic fields via Lorentz force. However, in the
case of a single optical plane wave, photon absorption
would not lead to a net momentum change of the electron
due to a mismatch between the phase velocity of the light
wave propagating at the speed of light c and the group
velocity of the electron v0 < c. To efficiently gain photon
energy by electrons, the amplitude or phase of the electro-
magnetic field has to be spatially modulated by scattering at
nanostructures with feature sizes smaller than the wave-
length of the driving wave [1,25] or by the interference of
two or more light waves [7,40]. In the first case, the
generated optical near field contains a broad spectrum of
evanescent waves propagating along the nanostructure at
subluminal velocities that can be phase matched to the
electrons. The latter type of interaction is mediated by the
ponderomotive potential Up ¼ e2jξj2=ð4m0ω

2Þ (nonrela-
tivistic expression), which corresponds to the time-aver-
aged kinetic energy of the electron during its quiver motion
in an oscillating electromagnetic field (see Ref. [41] for
details). Here ξ and ω are the complex electric field
amplitude and frequency of the light wave and e and m0

are the electron charge and rest mass, respectively. When
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the ponderomotive potential is spatially modulated, the
associated force pushes the electrons out of the regions of
high light intensity. This effect has been considered for the
elastic coherent electron scattering at an optical standing
wave [12–14], inelastic scattering of electrons at high-
intensity optical fields [42,43], and for inelastic scattering
at a traveling wave formed by two light fields oscillating at
different frequencies [7,44,45].
The scheme proposed in this Letter assumes that the

electrons interact with the ponderomotive potential of an
optical traveling wave generated by two counterpropagat-
ing mutually coherent light waves at different frequencies,
which in the case of synchronous interaction fulfill the
relation vw ¼ v0 ¼ cðω1 − ω2Þ=ðω1 þ ω2Þ, where vw is the
velocity of the traveling wave, v0 is the initial electron
velocity, c is speed of light, and ω1 and ω2 are the angular
frequencies of the two light waves. A high degree of
coherence together with strong electromagnetic field then
requires understanding of the dynamics in terms of strong
resonant interaction beyond the perturbation description,
like Rabi oscillations in two-level systems. This explains
the efficiency of the momentum conversion in the system.
Examples of possible implementation are a combination of
two waves at harmonic frequencies of a common funda-
mental wavelength or signal and idler pulses from an
optical parametric amplifier pumped by femtosecond laser
pulses from an ytterbium-doped solid-state laser with
fundamental wavelength of 1030 nm. These lasers allow
us to reach both sufficient pulse energy of several hundreds
of μJ (field amplitudes of the order of 1010 V=m generate
potential with amplitude ∼100 meV) and the high repeti-
tion rate necessary to perform the experiments with pulsed
electron beams.
The proposed geometry is shown in Fig. 1(a) and can be

generalized for different angles of incidence of the light
waves [7,41]. The energy and momentum conservation
laws during a single stimulated scattering event are fulfilled
by simultaneous absorption of a photon from one wave
generating the ponderomotive potential and stimulated
emission of a photon to the other wave [7], which can
be visualized in the dispersion diagram of the free electron
and free photon [Fig. 1(b)]. In such stimulated Compton
scattering, the electron energy shifts by integer multiples of
ΔE ¼ ℏðω1 − ω2Þ. The momentum shift in the case of
counterpropagating waves is Δp ¼ ℏðk1 − k2Þ, where
k1 ¼ ẑω1=c and k2 ¼ −ẑω2=c are the wave vectors of
the two waves and ẑ is the unit vector along z coordinate.
For electrons traveling in the direction of ẑ, the transverse
momentum change is zero. The optical traveling wave has
an effective linear dispersion [dashed red line in the insets
of Fig. 1(b)], which is similar to the dispersion of retarded
photons [25].
In the asynchronous interaction regime characterized by

vw ≠ v0, the effective dispersion of the wave is not
tangential to the electron dispersion curve [blue dashed

line in the lower inset of Fig. 1(b)]. The energy and
momentum conservation laws are thus not fulfilled for a
scattering event in which only two photons interact with the
electron but can be fulfilled when many photons are
absorbed and emitted in the same time. Assuming that
vw > v0, the electron can jump to a state with higher energy
(when vw < v0 to a lower-energy state), in which the wave
dispersion intersects with the electron dispersion. Because
there is only one intersection displaced from the initial
electron energy, the electron energy shift is unidirectional,
e.g., either acceleration or deceleration depending on the
sign of the difference v0 − vw. For more detailed discussion
of conservation laws, see Section II of [41].
To understand the underlying physics, we describe the

electron dynamics using a simplified 1D classical and semi-
classical models with the effective ponderomotive potential
of a traveling wave. We note that in the selected geometry,
the ponderomotive potential does not depend on the
transverse coordinates (directions perpendicular to the
electron trajectory) and the 1D model is fully justified. It
can also be applied in a more general case of nonzero
angles of incidence of the two light waves (see Fig. S2 in
[41]) providing that the conditions for zero transverse
momentum change of the electrons are fulfilled [7]. We
assume homogeneous initial distribution of the electrons in
space (electrons are randomly distributed along the propa-
gation direction) and the distribution in momentum space
characterized by Gaussian function with center kinetic
energy E0 ¼ 1=2m0v20 and full width at half maximum
width of δE0. The potential of the optical traveling wave
has a form of Upðz; tÞ ¼ A=2f1 − cos ½2πðvwt − zÞ=Λ�g,
where A is the amplitude of the potential, Λ is its spatial
period, and vw is the velocity of the wave in the labo-
ratory frame.

z´

Up

(a) (b)

FIG. 1. (a) Layout of the proposed experiment. Two counter-
propagating light waves with photon energies ℏω1 and ℏω2

generate a harmonic ponderomotive potential propagating at
velocity vw, which interacts with the electron with velocity v0.
(b) Dispersion relations of a free electron (black curve) and a free
photon (red line). Upper inset: energy and momentum conserva-
tion for synchronous interaction (v0 ¼ vw). Lower inset: strong
interaction regime for the synchronous case (red dashed line) and
asynchronous case (blue dashed line). While the wave dispersion
is tangential to the electron dispersion in the synchronous case, in
the asynchronous case there appears a crossing point with the
electron dispersion displaced from the initial electron energy.
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We investigate the electron dynamics in the frame con-
nected to the traveling wave, in which the potential is
stationary, by using Galilean transformation for the electron
coordinate z0 ¼ z − vwt and velocity v0 ¼ v − vw, and
assuming that Up with constant amplitude A is switched
on at time t ¼ 0 (generalization to time-dependent ampli-
tude is obtained using numerical simulations, see Ref. [41],
Section V).
In the analytical theory we restrict ourselves to sub-

relativistic phenomena with low-energy electrons (Lorentz
factor γ ∼ 1). The classical trajectories of individual elec-
trons in the potential Upðz0Þ are calculated by integrating
the classical equation of motion m0 ̈z0 þ∇Upðz0Þ ¼ 0 with
the initial condition v00 ¼ v0 − vw. This equation is nothing
but the equation describing a nonlinear pendulum, for
which the analytical solution was discussed elsewhere [46].
We solve kinetic equations by numerical integration using
fourth-order Runge-Kutta algorithm.
We compare the electron trajectories for the synchronous

case v00 ¼ 0 [Fig. 2(a)] and asynchronous case v00 < 0
[Fig. 2(b)]. The potential is approximately parabolic for
a significant part of the electrons located close to its
minimum. The dynamics of these electrons can be described

analytically by solving the equation of motion with the
potential Upar

p ðz0Þ ¼ π2Az02=Λ2. The solution of a classical
linear harmonic oscillator leads to periodic oscillations of
the electrons in both the real and momentum spaces. The
trajectories of these electrons are focused at times
tz0 ¼ ð2kþ 1ÞT=4, where T ¼ 2π=Ω is the temporal period
of the oscillations, k ¼ 0; 1; 2;… andΩ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π2A=ðΛ2m0Þ

p
is the oscillation frequency. In contrast, the trajectories in the
momentum space are focused in times tv0 ¼ kT=2, in which
all the electrons from the parabolic region of the potential
have the same energy, which is illustrated by the color scale
in Figs. 2(a) and 2(b).
In the synchronous case shown in Fig. 2(a), the foci of

the spatial trajectories are located in the coordinate corre-
sponding to the minimum of the potential. The time
evolution of the electron velocity in the rest frame of the
wave can be expressed as v0 ¼ v00 cos ðΩtÞ − z00Ω sin ðΩtÞ,
where z00 is the initial electron position. For v00 ¼ 0, the
velocity of all the electrons in times tv0 is v0 ¼ v00 ¼ 0. An
interesting result is obtained for the asynchronous case
v00 < 0, in which the velocity of all the electrons in times tv0
is oscillating between two values, v00 and −v00. The latter
corresponds to electrons accelerated by 2jv00j. When the
potential generated by the optical waves is switched off in
time t ¼ ð2kþ 1ÞT=2, the electrons from the central part of
the potential are all accelerated to the same final kinetic
energy.
This is shown in Figs. 2(c) and 2(d), where we plot the

temporal evolution of the electron spectra assuming the
full ponderomotive potential Up with the amplitude
A ¼ 30 meV, which is generated by the second and third
harmonics of the fundamental output of the Yb:KGW laser
with the wavelengths of 343 nm and 515 nm leading to
Λ ¼ 206 nm and vw ¼ 0.2c. In the synchronous case
shown in Fig. 2(c), the kinetic energy corresponding to
an electron synchronous with the wave Ew is equal to
the initial kinetic energy of the electrons E0 ¼
10.537 keV (v0 ¼ 0.2c). The energy difference is defined
as ΔEðtÞ ¼ EðtÞ − Ew, where EðtÞ is the instantaneous
kinetic energy of the electron. In Fig. 2(d) we show the
asynchronous case, in which ΔEðt ¼ 0Þ ¼ ΔE0 ¼ −9 eV.
In both cases, the electron spectrum reaches its narrowest
distribution approximately in time tv0 which is a function of
both the potential amplitude A and the period Λ. In the
asynchronous case, the main spectral peak is clearly shifted
from the initial electron energy.
Electron spectra for fixed A ¼ 30 meV and different

initial excess energies ΔE0 are plotted in Fig. 3(a) at a time
corresponding to the narrowest spectrum of accelerated
electrons. We observe that the electron acceleration is
reliable and produces narrow energy distribution up to
the situation when a majority of the electrons have enough
energy to propagate freely within the periodic potential [an
example of such trajectory is shown as dotted curve in
Fig. 3(b)]. As a consequence, we can see a buildup of a new
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FIG. 2. The trajectories (curves) of electrons in the ponder-
omotive potential of an optical traveling wave with period Λ ¼
206 nm for (a) ΔE0 ¼ 0 and (b) ΔE0 ¼ −9 eV, vw ¼ 0.2c, and
A ¼ 30 meV. The color scale shows the instantaneous energy
shift ΔE ¼ EðtÞ − E0. Dotted curves in (b) show the trajectory of
an electron, which is not captured within one period of the
potential. The full potential (solid curve) and parabolic approxi-
mation (dashed) are shown for comparison. Electron spectra as a
function of time for the synchronous (c) and asynchronous
(d) cases assuming initial energy distribution with the width
of 0.5 eV.
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peak and the main peak vanishing for energies −20 eV and
less. To illustrate the energy conversion efficiency we plot
the accelerated electron fraction (i.e., the fraction of
electrons within 6 eV window around the main peak)
versus initial electron energy by solid lines in Fig. 3(b) for
different potential amplitudes. Higher potentials clearly
allow larger changes in the electron energy but, on the other
hand, provide less efficiency. The breakdown of acceler-
ation with decreasing ΔE0 is due to the fact that the slow
electrons are not captured within one period of the potential
and their energy oscillates around the initial value.
To verify the role of quantum effects during the extended

interaction of electrons with optical waves, we develop
a semiclassical model based on the solution of the
Schrödinger equation with the stationary potential in the
rest frame of the wave (light fields are described classi-
cally). First we solve the stationary Schrödinger equation in
the rest frame of the wave:

�
p2

2m
þ A

2

�
1 − cos

�
2πz0

Λ

���
ψnðz0Þ ¼ Enψnðz0Þ; ð1Þ

assuming ψnðz0Þ ¼ exp½ik00z0�
Pþ∞

j¼−∞ cnj exp½i2πjz0=Λ�
due to the periodicity of the problem. We denote here k00
the excess wave vector (k00 ¼ mv00=ℏ) and cnj are expansion
coefficients. We assign the energy En to the nth wave
function ψnðz0Þ and finally the solution of the time-
dependent Schrödinger equation can be written as

Φðz0; tÞ ¼
X∞
n¼0

Xþ∞

j¼−∞
c�n0cnj exp

�
−
iEnt
ℏ

þ ik00z
0 þ i

2πjz0

Λ

�
:

ð2Þ

This solution, in particular the term c�n0, assumes that the
initial condition at t ¼ 0 is an electron plane wave with

wave vector k00. Solution in momentum space is found
simply by taking the Fourier components of the real-space
solution. The initial energy width of the electron distribu-
tion δE0 ¼ 0.5 eV is taken into account by evaluating the
result of Eq. (2) for different initial electron energies with
the weight given by the Gaussian distribution function.
The resulting electron spectra from the classical and

semiclassical simulations are compared in Figs. 4(a) and
4(b). We plot the energy spectra at the time corresponding to
the narrowest energy distribution of accelerated electrons for
different initial electron energies and potential height of
A ¼ 30 meV. In the semiclassical model, the quantized
nature of the interaction manifests itself via the peaks shifted
from the initial electron energy byΔE ¼ ℏðω1 − ω2Þ. These
peaks are only present when δE < ΔE corresponding to the
situation, in which the electron coherence length lcoh ∼
v0ℏ=δE is longer than the spatial period of the ponder-
omotive potential Λ.
To verify the practical applicability of the proposed

extended interaction scheme,we perform full 3D simulations
by solving the relativistic equation of motion of electrons
with the Lorentz force d=dtðγm0vÞ ¼ qðξ þ v × BÞ. Here
γ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − β2Þ

p
is the Lorentz factor, β ¼ jvj=c and ξ and

B are electric and magnetic fields of two femtosecond light
pulses with Gaussian envelopes in space and time domains
(details can be found in [41], Section III).
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The resulting electron spectra for two specific cases are
plotted in Figs. 4(c) and 4(d). The first simulation shows
acceleration of the electrons from rest to the kinetic energy of
E ¼ 2.57 keV by using the traveling wavewith vw ¼ 0.05c.
Thewidthof thespectralpeakcorrespondingto theaccelerated
electrons is only δE ¼ 64 eV (the relative spectral width is
∼2.5%). Such quasimonochromatic electron pulses with
duration of ∼100 fs may find application in ultrafast time-
resolved imaging experiments, in which the studied sample
would be placed close to the source of the electrons to
eliminate the dispersive temporal broadening of the electron
pulse. In the second case we model the acceleration of
electrons with initial kinetic energy of E0 ¼ 30 keV corre-
sponding to v0 ¼ 0.33c. The velocity of the travelingwave is
adjusted to vw ¼ 0.388c and the electrons are accelerated to
E ¼ 60.8 keV with relative energy width of the peak of only
∼0.5% (the parameters used in both simulations are described
in [41], Section III and [47]). Combined with spectrally
sensitive detection, such a scheme enables a new way of
temporal gating of electrons for femtosecond time-resolved
experimentsbyspectrallyshifting themfromtheinitial energy.
In conclusion, we describe a new regime of asynchronous

interaction between freely propagating electrons and light
mediated by the ponderomotive potential of an optical
traveling wave. The possibility to generate narrow energy
distributions of electrons spectrally shifted from the initial
electron energy opens new opportunities in classical and
quantummechanical shaping of electron beams. The theory
used here can be generalized to a case of injecting the
electrons to an optical standing wave in a direction almost
perpendicular to its wave vector. The role of the synchro-
nicity is in such case transferred to the angle of incidence of
the electrons with respect to the wave and the electrons can
be accelerated unidirectionally in the transverse direction
leading to a deflection under a certain angle. This regime is
completely different from the coherent diffraction of elec-
tron waves at a periodic optical standing wave (Kapitza-
Dirac effect) because it happens also in the classical regime
within a point particle approximation. Besides the inter-
action with electrons, the ponderomotive force allows us to
control neutral atoms or molecules [48], where the inter-
action can be enhanced by the presence of electronic
resonances [49]. Our extended interaction scheme thus
may offer a source of short pulses of neutral particles.
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