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Quantum non-Gaussian mechanical states are already required in a range of applications. The discrete
building blocks of such states are the energy eigenstates—Fock states. Despite progress in their
preparation, the remaining imperfections can still invisibly cause loss of the aspects critical for their
applications. We derive and apply the most challenging hierarchy of quantum non-Gaussian criteria on the
characterization of single trapped-ion oscillator mechanical Fock states with up to 10 phonons. We analyze
the depth of these quantum non-Gaussian features under intrinsic mechanical heating and predict their
requirement for reaching quantum advantage in the sensing of a mechanical force.
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Introduction.—Long-term progress in nonlinear control
of quantum mechanical states allows the deterministic
generation of discrete quanta of energy embedded in a
single motional mode [1-10]. They find direct application
in quantum sensing [11,12]. This effort has opened many
ways to generate other quantum non-Gaussian (QNG)
states broadly useful in quantum metrology [9,13,14]
and quantum error correction [8,15-17]. QNG aspects
have also appeared as a consequence of nonlinear dynamics
on oscillator ground states as well as in the broadly
discussed quantum engines [18,19] and recently, in quan-
tum phase transitions [20]. Nonlinearity is always required
in some form, since QNG properties can never arise from
any mixture of Gaussian states produced by linearized
dynamics [21,22]. In a continuous-variable representation,
QNG states can exhibit a spectrum of negative values of a
Wigner function [23]. For optical tests of QNG features
belonging to Fock states with an unambiguous identifica-
tion the possibilities beyond continuous-variable represen-
tations based on the Wigner function, hierarchies of criteria
for photonic states have been derived and experimentally
verified for up to three photons [24]. Recently, the Husimi
function has also been used to define a stellar representation
of QNG states [25]. They specifically accent the optical
loss being the main limitation of propagating states of light.
Note that the condition for genuine n-photon quantum non-
Gaussianity introduced in [24] is equivalent to the stellar
rank for Fock states [26].

Here, we experimentally demonstrate the most strict
hierarchy of QNG criteria suitable for individual Fock
states of mechanical systems, where mechanical heating
is the critical limitation [27,28]. Therefore, Fock states of
mechanical oscillators crucially deserve different criteria
and analysis than states of light [24,26,29-33]. The nth
order criteria applied to the phonon-number distribution
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can conclusively recognize that analyzed aspect of the
oscillator state is not reachable by any mixture of
D(a)S(r) > nen1 Cm|m) with complex a, r and c,,, where
D(a) and S(r) are Gaussian displacement and squeezing
operations applied to any superposition of Fock states up to
n-1,and >_, |c,,|* = 1. It proves that a genuine Fock state
|n) has been unambiguously generated and therefore the
observed state can supply applications powered by its
exclusive QNG aspects.

We verify this hierarchy [24,26] on states approaching
Fock states for a motional mode of a trapped ion oscillator
and provide a reference methodology for such an imple-
mentation together with analysis of the effect of the
dominant deteriorating mechanism in mechanical
systems—thermal heating. The resulting unprecedentedly
high genuine QNG properties and the paramount possibil-
ity of their verification allow for an unambiguous analysis
of the states powering applications requiring genuine QNG
states of atomic motion for quantum enhanced sensing
[9,12] or assist prospective directions of efficient qubit
encoding and error correction [8,34], which require a clear
and simple threshold-based experimental methodology.
Although these works provided pioneering proof-of-prin-
ciple demonstrations of sensing applications which prov-
ably require high probability of the Fock states [9,12], the
feasibility, robustness, and experimental relationship to
applications of the genuine QNG aspects could not be
directly accessed or proven, despite their crucial role. We
generate motional states of a single trapped ion with up to
ten motional quanta to develop and test the methodology
for the conclusive and unambiguous analysis of their
genuine QNG properties [24,26]. We estimate their robust-
ness to the heating relevant to mechanical systems and
discover that the nth order criteria are more strict than basic
quantum non-Gaussianity [35], negativity of the Wigner
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function, and even observation of the largest negative
annulus in the Wigner function corresponding to the
Fock state |n) [36]. We confirm that QNG features
correspond to the crucial and challenging resource power-
ing quantum sensing of coherent displacement or recoil
heating [12] by the estimation of sensing capability for the
generated states and realize that genuine QNG features are
indeed necessary for reaching high sensitivity.

Hierarchy of ONG criteria for mechanical Fock
states.—Genuine n-phonon QNG defines phonon statistics
that do not evolve from Gaussian processes modifying any
superposition involving Fock states lower than |n). It
determines a quantum aspect that these statistics share
with the state |n), which cannot be achieved with all the
lower Fock states. Formally, the genuine n-phonon QNG of
pure states requires

n—1

i) # D(@)S(r) Y cplm), (1)

m=0

where S(r) =exp[r(a’)?>—r*a®] and D(a) =exp[a*a—ad’]
are the squeezing and displacement unitary operators,
respectively, with a complex squeezing parameter r, com-
plex displacement a, and a, a’ corresponding to ladder
operators [24]. Both D(a) and S(r) are Gaussian operations
that correspond to linear transformations of the ladder
operators and do not increase the non-Gaussianity of a state

n1 c,lm). An impure state possesses this quantum
aspect when it does not correspond to any statistical
mixture of the right side of (1). The most strict criterion
uses a bosonic distribution P, = (n|p|n) to recognize the
genuine n-phonon QNG for the imperfect Fock state |n)
when the probability p, exceeds the threshold
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The linearity of the maximizing task for determining p,
guarantees that any mixture of rejected states cannot
surpass p,. More details about the genuine QNG criteria
suitable for mechanical systems can be found in the
Supplemental Material, S1 [37]. We note that identical
threshold values for p, can be alternatively derived using
the stellar representation of QNG states [26], which, in
addition, provide analytical expressions for the thresholds
for the considered Fock states.

A trapped-ion system with the possibility of unprec-
edented motional control and practically lossless readout is
a suitable candidate for tests of the diverse QNG aspects of
motion in a well-defined mode and with high experimental
precision [1,3-9]. It allows for implementations with
minimal added noise and promises prospects of accessing
QNG features with feasible observations of the sensitive
properties relevant for applications [8,9,12,50]. The

experiment is implemented on the axial motional mode
of a single “’Ca* ion held in a linear Paul trap. Figures 1(a)
and 1(b) show a simplified scheme of the experimental
arrangement and the experimental sequence [37]. The
quantum motional states are generated by a transfer of
the initial vacuum state to the state approaching the
Fock state |n) by an iterative sequence of motional
population raising operations corresponding to blue and
red sideband 7z pulses on the |g) ~4S;,,(m = —1/2) <
le) ~3Ds,(m = —1/2) electronic transition with frequen-
cies w;, and w,., respectively [1,3,9]. The state preparation is
followed by estimation of the phonon-number probabilities
P, using the precise analysis of Rabi oscillations on the
first blue motional sideband [51].

Figure 1(c) analyzes the exhibition of genuine n-phonon
quantum non-Gaussianity using idealized and measured
Fock states (yellow data points). The simulations signify
that the observability of the lowest QNG features (red
points) characterized by |y,) # D(a)S(r)|0) [35] in the
presence of heating monotonically increases with n for
ideal Fock states. On the contrary, the generation and
observation of genuine QNG (blue points) for high Fock
states inside the hierarchy (1) and (2) is challenging and its
sensitivity to imperfections in the state preparation and
detection increases with n. The ideal thermalization dynam-
ics considered, corresponding to a Gaussian additive noise,
can be broadly employed for an estimation of the QNG
depth, analogous to how the damping was used for
photonic implementations [31]. The thermal depth has
been evaluated as the corresponding increase of the mean
thermal energy 7y, for the same thermalization strength
applied to the vacuum state. This allows for a platform-
independent comparison of the genuine QNG states in
mechanical systems. In turn, these measurements can also
be employed for testing the quality of the mechanical
system or for sensing the amount of inherent thermal noise.
The thermal depth of the measured states is much smaller
for the genuine QNG hierarchy (1) and (2), in contrast to
the lowest QNG criteria [35] which are actually less
demanding for higher Fock states. Still, the measured
10-phonon states conclusively proved the genuine QNG
features. Although the absolute thermal depths shown as
mean phonon numbers iy, decrease both for the genuine
QNG features (blue values) and for the lowest QNG criteria
[35] (red values), their ratio increases to about an order of
magnitude for n = 10. A further analysis can be found in
the Supplemental Material, S3 and S4 [37].

Robustness of the genuine QNG.—In the vast majority
of implementations of quantum mechanical oscillators with
atoms and electromechanical systems, their manipulation
and observation is accompanied by small heating
[10,27,28]. The heating mechanisms relevant for the
single-ion oscillator include photon recoil due to the
spontaneous emission or interaction of the charged particle
with the surrounding thermal trapping environment. On the
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FIG. 1. (a) The mechanical oscillator corresponds to axial harmonic motion of a single °Ca* ion localized in a linear Paul trap. The
generation and analysis of states approaching idealized Fock states illustrated by their corresponding wave functions is implemented
through interaction of the electronic ground |g) and metastable |e) states with the quantized harmonic motion on the first motional
sidebands. (b) The sequence for preparation of genuine QNG states includes initialization to the electronic and motional ground state
|g, 0) followed by deterministic transfer of the accumulated population to number states by repetitive coherent excitation of the blue and
red sidebands depicted as blue and red arrows, respectively. The spectroscopic analysis of phonon number populations P, around the
target Fock state implements an unambiguous identification of the genuine QNG features. (c) Characterization of the Fock states of
mechanical motion. The yellow points represent the measured populations P,, for the experimentally generated states. The thresholds for
genuine n-phonon QNG are represented by blue points with the corresponding black numbers showing their numerical value [24,26].
The associated blue numbers quantify the thermal depth of genuine n-phonon QNG. Similarly, the red points identify thresholds for
observation of basic QNG aspects [35] and the associated red numbers determine their thermal depth. The green bars depict the force
estimation capability of a specific model of noisy Fock states, where the probability P, exceeding the presented threshold values
certifies a metrological advantage [12] against the previous ideal Fock state |n — 1), while the corresponding numbers quantify the

thermal depth of this advantage for the measured states.

short timescales relevant for the generation of target Fock
states, the heating results in the error given predominantly
by P,_; + P,.;. This assumption is confirmed by our
observations of motional populations after the state prepa-
ration presented in the Supplemental Material, S2 [37]. The
depth of QNG for states of mechanical systems can be
naturally defined as the amount of heating necessary to
reach the corresponding QNG boundary (1) and (2).

We study the QNG depth by the evaluation of the
robustness of the generated QNG states to the mechanical
heating induced by random photon recoils implemented
by illuminating the ion with a short laser pulse on the
45/, <> 4P, transition. The heating rate has been set to
(11542) x 10 ph/s on an ion prepared in the motional
ground state. Figure 2 shows measurements of the relative
depth scaled consistently to the mean added thermal energy
when the same thermalization is applied to the vacuum
state. The simulations employ a single-parameter photon
recoil model, shown as red dashed curves. However, as the
employed laser beam is set to optimize the Doppler
cooling, the trajectories in the P,, P, |+ P,,, space

are expected to deviate from this model for high initial
Fock states or for very long thermalization times. A finite
temperature reservoir characterized by two parameters [52]
has to be included to plausibly explain the evolutions in
these limits (green dashed curve). The observations confirm
the predicted increased sensitivity of states with high order
n of genuine QNG to heating, as can be seen by the
gradually reduced scale of the effective mean thermal
phonon number ny. A detailed description of thermal-
ization can be found in the Supplemental Material, S3 [37].

Force estimation capability.—A mechanical oscillator in
a state approaching Fock state can be directly used for a
phase-insensitive sensing of a weak force causing a tiny
displacement «a [12]. Let the oscillator be prepared in
an initial state p and let D(a) denote the displacement
operator characterizing the evolution that the force induces.
The Fisher information for the estimation of the parameter
|a|? reads

Foy L [ipmqaﬁ)r, (3)

2= Py(lal?) [dgp
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FIG.2. Measurements of the QNG depth for states approaching Fock states |2), |5), and |10). Each graph shows the probability P, and
the overall probability P,_; + P, relevant for the evaluation of the thermalization. The red points represent the measured states after
several heating steps with an increasing length of the 397 nm laser pulse. The red dashed lines correspond to the theoretical model of ion
heating by random photon recoils, with blue points giving a scale of the applied thermalization using an equivalent mean thermal phonon
number 723, when applied to the vacuum state. The green dashed line in a graph for state approaching |10) shows the simulated trajectory
above the Doppler cooling limit and horizontal blue lines depict thresholds of the nth order genuine QNG [24,26] given by (1) and (2).
For n =2 and 5 the green dashed lines coincide with the red dashed one.

where P,(|a)?) = (n|D(|a|)pD"(|a|)|n) is the phonon-
number distribution on which the sensing is performed.
We evaluate the o saturating the Cramér-Rao bound for the
realized states. The metrological advantage R, can be
quantified according to

(o2
R,(laf?) = —,
laP) =7

(4)

where o, stands for the standard deviation of the meas-
urement for the mechanical probe prepared in the motional
ground state. For ideal Fock states, (4) approaches

1
V2n+ 1’

which is independent of the estimated |a|>. The full
derivation can be found in the Supplemental Material,
S5 [37]. If a state p achieves R, (|a|*) < R\, for some |al?,
it possesses a capability to surpass the sensing with the
Fock state |n). Therefore, the sequence Ry, establishes a
hierarchy of conditions for sensing classifying the states
approaching Fock states. Figure 3 presents the metrological
potential of realized states to pass these conditions.
Specifically, realistic Fock states up to n = 10 surpass
the limit given by the vacuum state and the prepared state
approaching the ideal Fock state |8) presents the capacity to
exceed the Fock state |5). The realized state approaching
[10) and all the higher prepared Fock states did not possess
the metrological advantage against the ideal Fock state |8)
due to noise mainly including the residual heating during
the state preparation, see Supplemental Material, S2 [37].

For sensing of a small |a|?, the noise affects how far
a prepared state is from the threshold given by the ideal
Fock state |n). The advantage gets lost even for a very small
noise in the high |n) limit. R,(|a|?) tends to saturate for

Ry (Jal?) =

(5)

displacement on the order of 1072 and approaches the gain
expectable for ideal Fock states. At the same time,

employment of realistic states with high » in the limit of
small displacements seems to be further favored due to
effectively decreasing dependence of the offset in R, (|a|?)
on n, when compared to ideal Fock states. This has been
confirmed by a numerical simulation considering sensing
with states resulting from thermalization of Fock states, see
the Supplemental Material, S5 [37]. We note the visible
deviation from this trend for the state approaching |2)
caused by the analysis on the phonon distribution with
residual Py ~ 1%, instead of the mixture of P; and Pj
expectable for the case of dominant spread through
thermalization. However, these small populations are of
a low statistical significance.

0.8
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FIG. 3. Estimation of the metrological advantage of realized

states for sensing of a small force. The horizontal axis quantifies
the amplitude in the phase space that the force causes. The
vertical axis shows the minimal standard deviation o estimated by
optimization of the Fisher information in Eq. (3) normalized to o
resulting from sensing using a motional ground state. The black
lines show ¢/0 for ideal Fock states. The brown, blue, orange,
and green solid curves correspond to prepared states approaching
the Fock states |n) = |1),]2),]5), and |8), respectively. The
colored regions show o/0( for states with the phonon-number
distributions within experimental error bars.
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Conclusions.—The presented demonstration of high-
order genuine QNG states [24,26] provides the first feasible
methodology for conclusive, hierarchical, and sensitive
evaluation of mechanical Fock states. Simultaneously, it
predicts development of methods for quantum-enhanced
sensing of motional heating or coherent displacements on
quantum mechanical oscillators [12]. Beyond these direct
applications, it provides a fundamental milestone of exper-
imental witnessing of intrinsic properties of highly non-
classical states applicable to a broad spectrum of applications
of quantum-enhanced control and measurement of mechani-
cal motion in optical frequency metrology [53,54], quantum
error correction [15-17,34], tests of quantum thermodynam-
ics [55,56], or gravitational wave detection [57]. Together
with the recent demonstration of the viable preparation
of states suggesting proximity to number states with up to
|n) ~100 in the same experimental platform [9], the
presented approach will allow for optimization and compari-
son of these quantum states across different sensing scenarios
with a clearly identifiable fundamental and application
relevance [58,59]. The provided evaluation of provable
quantum metrological advantage of the generated states for
sensing of small displacements with motional probes close to
ideal Fock states |n) for n up to 8 suggests the potential of the
presented methodology as a tool for analysis of the prepa-
ration of large genuine QNG sensing states with energies and
corresponding metrological stability gains substantially
beyond current experimental capabilities of quantum sensing
with atomic and mechanical oscillators [12,60,61].
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