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Using dual theories embedded into a larger unphysical Hilbert space along entanglement cuts, we study
the entanglement structure of Z, lattice gauge theory in (2 4 1) spacetime dimensions. We demonstrate Li
and Haldane’s conjecture, and show consistency of the entanglement Hamiltonian with the Bisognano-
Wichmann theorem. Studying nonequilibrium dynamics after a quench, we provide an extensive
description of thermalization in Z, gauge theory which proceeds in a characteristic sequence:
Maximization of the Schmidt rank and spreading of level repulsion at early times, self-similar evolution
with scaling coefficients ¢ = 0.8 £0.2 and f = 0.0 £0.1 at intermediate times, and finally thermal

saturation of the von Neumann entropy.
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Introduction.—Understanding thermalization of isolated
quantum systems is an outstanding challenge in many
fields, from atomic gases at ultracold temperatures [1-3],
condensed matter physics [4-7], cosmology [8], to high
energy and nuclear physics [9—14]. Much progress has
been made in various systems based on the eigenstate
thermalization hypothesis (ETH) [15-17], but not much is
known for gauge theories, i.e., systems with an extensive
number of local constraints.

Entanglement structure, more precisely the entanglement
spectrum (ES), first suggested by Li and Haldane as an
indicator of topological order (TO) in fractional quantum hall
effect states [18], has recently become the subject of multiple
such studies [ 19-27]. Their extension to lattice gauge theories
(LGTs) is ambiguous because gauge invariance allows no
local tensor product structure of the physical Hilbert space
(HS). This issue has been addressed in recent years [28-34].

In this Letter, we use dual theories [35-37] of Z, LGT in
(2+ 1) spacetime dimensions (Z%“) embedded into a
larger unphysical HS only along “entanglement” cuts,
allowing access to the ES by naively “taking the trace.”
With this, we demonstrate Li and Haldane’s entanglement-
boundary conjecture for Z%H in the TO phase [18],
analytically on an infinite half-cylinder using perturbation
theory and numerically on a finite torus at arbitrary
coupling. A variational approach [38] allows us to recon-
struct the entanglement Hamiltonian (EH) of ground
states, consistent with expectations from the Bisognano-
Wichmann (BW) theorem [39,40].

Our main effort is devoted to probing thermalization of
LGTs through the ES. Focusing on out-of-equilibrium
dynamics after quenches with initial states in the TO, as
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well as the trivial (confined) phase of the model, we track the
evolution of the symmetry resolved ES [41-47]: At early
times the Schmidt rank is maximized, followed by the
spreading of level repulsion through the ES, and saturation
of the entanglement entropy at parametrically later times.
Remarkably, in an intermediate stage the approach to
equilibrium is characterized by self-similarity of the ES,
reminiscent of classical wave turbulence and universal
behavior [48-51].

Despite being restricted to small systems, our ES
analysis is remarkably robust and provides a promising
path towards understanding the thermalization of Abelian
and non-Abelian gauge theories, e.g., in quantum chromo-
dynamics (QCD) [14]. Our approach is suited for explora-
tion with tensor networks [52—54] in the case of ground and
low energy states, as well as near-future digital quantum
computers and analog quantum simulators [55-66] (see,
e.g., [67-69] for Z, LGT).

Entanglement structure of Z, gauge theory.—We con-
sider Z3™' LGT with Hamiltonian

- _ E 7 a2 z 7 _ E
H= Uﬂ,xan-&-fc,yo-n—ky,xane)’ € O-fl,i’ (1)
n

n,i=x,y

withn = (n,,n,), n; € [0,N; — 1] and i = x, y, where o}, ;
(oy.;) are Pauli operators positioned on the links of a two-
dimensional rectangular lattice with N, x N, sites. Gauge
invariance is expressed as [H,G,] =0 with G, =
O8O 1O 10

»On—z, and Gauss law defines the physical
subspace as G, |yPs) = |yPhys).
Z%“ LGT has two ground state phases: a topologically

trivial phase (confined), as well as a phase with topological
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FIG. 1. Lattices with entanglement cuts considered in this
work. (a) Torus and (b) infinite cylinder with entanglement
boundary/boundaries 0A.

order (TO). In the TO phase, for ¢ < €., the ground state
manifold is fourfold degenerate (on a torus), labeled by
eigenvalues of “ribbon” operators V., = [[,ec on, and
V,= Hnec ;> winding around the x and y directions,
with [V, H] = [V,.H] =0 [70].

In the following, we consider the entanglement properties
of a bipartition N, = N4 + N of a torus, see Fig. 1(a).
Before considering thermalization dynamics, we first val-
idate our approach of computing LGT entanglement struc-
ture by demonstrating Li and Haldane’s conjecture [18]: TO
is manifest in the entanglement structure of states; the low
lying part of the ES is equal (up to rescaling) to the physical
spectrum of boundary excitations at the entanglement cut.

The basis of our analysis are dual formulations of Eq. (1)
embedded into a larger, unphysical HS along boundaries:
(a) for the torus with aforementioned entanglement bipar-
tition [Fig. 1(a)], as well as (b) an infinite (half) cylinder
with physical boundaries [Fig. 1(b)] [75]. Our dual
approach is a generalization of that of Wegner [35], and
unlike the latter where all Gauss laws are eliminated, it
captures the entanglement structure stemming from the
Gauss laws between the two subsystems, as we demon-
strate below by verifying Li and Haldane’s conjecture. By
also resulting in a smaller Hilbert space, it reduces the
numerical cost significantly compared to a direct imple-
mentation of Eq. (1).

To demonstrate Li and Haldane’s conjecture, we con-
sider first the semi-infinite cylinder A with physical “open
electric” boundary conditions dA in Fig. 1(b) [33,37]. The
corresponding dual Hamiltonian reads

- Zun Zﬂn y—€ Zuf.ui‘,_;c—e Z Ony
0

n.n,>0 n,n,=0 n.n,>0 n,n,=
—€ E Hnp_5 —€ E unun 5Vy SE 6" L)t
n,n,>0 n,n,=

(2)

This contains two sets of Pauli operators: dual gauge
invariant operators uy ° in the bulk as well as the original
gauge-variant variables /¢ on 0A. Here, 01 )0 18 the
electric flux through the boundary [75]. While gauge
redundancy is eliminated in the bulk, Gauss law on 0A is

not eliminated, G, = 0’(‘ ) GE‘O ) JE‘O ny=1).y Hnbn_s (for
n, >O)and5" "), 6’(‘()”) (On 1)y My _5Vy (for n, =0).

To demonstrate Li and Haldane’s conjecture, we first
compute the boundary theory. The ground state for € = 0,
V, =1 is given by |Q*) = P;[1) where [1) is the state
with plaquette eigenvalue 1, i.e., u4|1) = |1) in the bulk
(n,>0) and o5, |1) =|1) on 0A (n,=0); Pg=
[1, (1 + G, )/2 is a projector onto the physical subspace.
We compute the ground state for small e perturbatively [78]
(see Refs. [34,79-81] for the opposite limit), resulting in a

low energy effective Hamiltonian H¢! describing excitations
on 0A [75],

Hf‘fff—ez Rt

PN CORNE)

Here, we omitted the projector onto |1),
[L(1+ Wy)/2 with Wy, = piio

ug (n, > 0), and constant terms.

We now compute the ES for dA a (virtual) entanglement
cut of the infinite cylinder A + B, see Fig. 1(b). The density
matrix of the ground state is [at O(e)]

PA+B= ( |:Zﬂnﬂnl+2 01,) D '+Hec., (4)
gon

given by
(n =0) and W,

with p(©) =[L,(1+G,)/2]1a(1 + Wa)/2, where W, =
Hi0 (), for n, € {0, —1} and W,
n, > 0. In Eq. (4), n,i € 0A indicates summation over
links in A+ B away from the entanglement cut. The
reduced density matrix of system A follows as

pa = (“‘[Z“n/‘n ;T Z"On

= uj forn, < —1 and

n,i€A ny=
Z0A
Ny—1
X X X (0>
- Z”(o,nn”(o.ny—1>”)<Co,ny>.y”<o,ny—l)o}>PA +He.,

n,=0

(5)

with p{’ =14/2% [Tpes (1 + Wp)/2 and I a2V dimen-
sional unit matrix on dA. We thus obtain the EH H{" =
—log(p,) from Eq. (5),

H$ = N, log(2 Z On_l) HiiFn—ss (6)

omitting again the projector [[,es(1 + Wy)/2.
Equation (6) has precisely the same form as Eq. (3),
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H" ~ Het,  demonstrating  (perturbatively) Li and
Haldane’s conjecture for Z%H lattice gauge theory.

To probe the validity of this equivalence beyond pertur-
bation theory, we turn to numerical simulations with exact
diagonalization [82]. We consider a torus separated by two
entanglement cuts into systems A + B, shown in Fig. 1(a).
The ES &, of states n = 1,...,dim(p4) in A is shown in
Fig. 2(a), separated into symmetry sectors, specified by the
electric flux operators into the system on both boundaries
(1/1) and a string of electric field operators V, =

[l 0. across a path C from one boundary to the other
() [75]. Figure 2(b) shows the smallest eigenvalues (“low
energy part”) of the ES compared to the boundary spectrum
of H, for ¢ = 0.1, displaying near perfect agreement with
each other and with our perturbative result. This agreement
holds in the TO phase with good precision up to finite size
corrections.

Another signature of TO are entanglement gaps of the ES
A;; shown in Figs. 2(a) and 2(c), the latter displaying A;
as a function of €. Defining the TO or confinement phase
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FIG. 2. (a) Entanglement spectrum &, of the ground state for
e¢=0.1 and (N{ + N¥) x N, = (34 3) x 3, corresponding to
the entanglement cut in Fig. 1(a), resolved into symmetry sectors.
(b) Rescaled low energy part of the entanglement spectrum for
e=0.1, and (N? 4+ N%) x N, = (34 3) x 4, versus the spec-
trum of H¢': numerical (exact diagonalization) and analytical
(perturbation theory). (c) Entanglement gap A | between low and
high energy parts of ES (black), and von Neumann entropy (blue)
as a function of coupling ¢ for (N4 + N¥) x Ny, = (3+3) x4
versus infinite volume average e, from table II of [83].

transition €, at Az ; — 0 results in e, = 0.38 4= 0.09 agree-
ing within error bars with the infinite volume result ¢, =
0.33 = 0.01 [83], see Supplemental Material [75] where we
demonstrate robustness against finite-volume effects.

The Bisognano-Wichmann (BW) theorem, and its exten-
sions [39,40], captures another aspect of the EH; it states
that the EH of the ground state is a local deformation of the
system Hamiltonian. Using an ansatz to approximate the
reduced density matrix py & o4 x exp (— > nea Puln)s
with A, denoting gauge-invariant local operators in A,
we test its applicability to LGTs. Optimal local parameters
P, obtained by minimizing the relative entropy S(p,||c4).
are shown in Fig. 3(a) [75].

Our results are consistent with a parabolic deformation in
the vicinity of the phase transition, as expected from BW
for a conformal field theory. While the deformation
deviates from a parabola away from the critical point,
the overall quality of the approximation H{" ~ —log o, is
excellent, see Figs. 3(b) and 3(c), comparing the exact ES
to its variational approximation. The local deformation
captures the low energy part of the ES almost perfectly for
all e, except for small deviations at high energy which do
not contribute significantly to the entanglement entropy.

Thermalization from the entanglement spectrum.—To
characterize thermalization dynamics, we extract the ES of
nonequilibrium states in the following. We prepare a
(randomly chosen) excited eigenstate of H(e =0.1) as
initial state and evolve with H(e = 1). Figure 4(a) demo-
nstrates thermalization, showing the corresponding
Schmidt spectrum P(n, t) = exp{—¢,(t)} of subsystem A
[Ny X Ny = (34 5) x 3] approaching the thermal limit

a =0 ® =05 ¢ =15 (b
@ ©) =
Rt " R 220 x — 9
£6 5 X =
g z
3 o zL5 %0 A
g4 % 2 8 X 0o 1
] + 4
£ e = 1.0 x €
5 b X @ b i
E exac
ol S 031 X var b
E o : - O
0 1 2 3 0.0 0.5 1.0 15
Position = coupling e
©,, e=0.1 =05 =15
£ ) p
240 - 40 5| 40
2
g = . ,
220 —_ 20 1 20 E . exact
o~ -
° g - x var.
£ o |- IE :
Foq ‘ 01 ‘ 01 ‘
0 100 0 100 0 100
FIG. 3. (a) Optimal EH parameters for the local approximation

o,. Thick markers and light crosses correspond to electric and
magnetic energy contributions, respectively. The dotted, orange
line is a parabolic fit; the other dotted, green and blue lines are
guides for the eye. (b) Exact (black dots) and optimal variational
(red crosses) entanglement entropy. Inset: relative entropy. (c)
Exact (black dots) and optimal variational (colored crosses) ES
for the same values of € shown in (a). All data are obtained for a
(sub)system of size (N4 + NZ) x N, = (3+3) x 2.
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FIG. 4. (a) ES as a function of time [(N4 + N%)x N, =
(3 +5) x 3] versus that of a thermal system (black dotted line).
(b) Von Neumann entropy and Bhattacharyya distance to a
thermal system. Inset: Dependence of the saturated entropy on
the volume V4 of A. (c) Electric and magnetic energy compared
to thermal expectation values (N, x Ny = (3+3) x 3). In (a)
is determined from the saturated entanglement entropy in (b),
while in (c) it is determined from the energy density of the initial
state. Bands and error bars indicate uncertainties due to finite-size
effects, determined from the difference between the largest and
second-largest lattices.

(black dotted line) at late times. Thermalization occurs
when expectation values are equal to those derived from a
canonical ensemble, i.e., pI™ = Trz(pa)/Tr(p")
where p®" = exp{—pH} [84]. In Fig. 4(a), we use an
approximate, but numerically simpler, form pg‘em ~
e PHa [Try (e PHr) [84], with H, the projection of the
Hamiltonian onto subsystem A [boundaries are as in

Eq. (2)]. In Fig. 4(b), we show the Bhattacharyya distance
[85] between p, and p™ and the von Neumann entropy,
whose saturated value exhibits a volume law as displayed in
the inset.

The dynamics of electric and magnetic energies is shown
in Fig. 4(c) and compared with their thermal expectations,
for system size N, x N, = (3 + 3) x 3. Here, ptherm. g
determined from the exact p. To estimate the systematic
error resulting from the approximate form of pfe™ and
finite volume effects, in (c) the inverse temperature f ~
0.26 is determined by the total energy, while in (a) and
(b) f~0.3 it is determined from matching the saturated
entanglement entropy to the thermal entropy of the same
system H ,.

The ES allows us to characterize the stages of the
thermalization process. To show this, we consider the
distribution P(s,.t) of level spacings s, = &, — &,_; of
the unfolded ES En [75,76], again resolved into symmetry
sectors. Additionally, we consider the gap ratio [6]

— min(én’ 5;1—1)
B max(ém 571—1) '

(7)

Tn

where 6, = &, — &,_; > 0 of the ES &,. Figure 5(a) shows
the level spacing distribution P(s,,, 7) at t = 0 (gray) and
fore - t > 1 (black), combined for all symmetry sectors. We
compare this with a completely uncorrelated Poisson
distribution (blue dotted), a Gaussian orthogonal ensemble
(GOE, red dashed) and a Gaussian unitary ensemble (GUE,
green dotted). Along with the distribution of the gap ratio
P(r,, t) in Fig. 5(b), level statistics consistent with GUE is
observed for € - 130.5 in Fig. 5(c) (black curve), well before
the thermalization timescale € - "™ ~ 4 seen in Fig. 4(b).

In order to probe the independence of thermalization on
the special initial state, with large entanglement and ES
level repulsion, we now consider a different scenario
starting from an entirely unentangled initial state: a
randomly chosen excited state of the ¢ — oo “electric
ground state” (the confined phase). Orange curves in
Figs. 5(a)-5(c) show the resulting level spacing and gap
ratio approaching GUE at ¢ - 121 starting from the trivial
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FIG.5. (a) Distribution P(s,) of level spacings (of the unfolded ES), for the quench from ¢ = 0.1 — 1 (gray and black curves) versus

€ — oo (confined phase) as initial condition (orange curve). (b) Gap ratio distribution P(r,,). (c) Average gap ratio (r,) as a function of
time. Inset: Growth of von Neumann entropy for the quench € = co — 1. [Shown for (N4 + N2) x (3 +5) x 3 lattice sites].

011601-4



PHYSICAL REVIEW LETTERS 129, 011601 (2022)

ES at € - t = 0. The average gap ratio in (c) quickly jumps
to (r,) ~ 0.2 at earliest times, then grows linearly until it
saturates to about (r,) ~ 0.6. The inset of (c) shows that the
growth of entanglement is much slower and saturates at
parametrically later times € - fier,. ~ 150, similar to the
separation observed in [41] (see also [86]).

Remarkably, we find that the stage between the buildup
of level repulsion and entanglement saturation is charac-
terized by a self-similar scaling form of the spectrum
P(n,t), shown in Fig. 6, reminiscent of classical wave
turbulence [48-51]. In this regime, the spectrum can be
rescaled as P(n,t) =7t %P(’n) with z=¢(t—1).
We numerically determined €-ty, = 1.8 £ 0.5 and the
scaling coefficients [75]

a=0.8+0.2 p=0.0=x0.1.
Our observation implies that thermalization occurs through
turbulent transport of probability from the “high energy”
(small probability) towards the low lying part of the ES
(large probability). The errors quoted for a, f include finite-
volume and errors from the statistical procedure of
extracting them; a detailed analysis, including results on
larger lattices, can be found in Supplemental Material [75].

Summary and conclusions.—In this Letter, we explored
the entanglement structure of LGTs to characterize ground
states, quantum phase transitions, and thermalization, using
dual theories of Z%*l embedded into a larger gauge-variant
HS only along entanglement boundaries [28-31,33,34].
Our fairly simple [75] approach can be generalized to Z,
and U(1) LGTs; non-Abelian theories [87-91] are more
challenging. Ising-like dualities [87,92,93], prepotential-
[94-97] and “Loop-String-Hadron” [98] formulations are
promising approaches, and will be explored in future work.

0 50 100 150 200
[ e———

Time et

)
L
o
8
i
o
no
(TﬁTl)

.

™

]
L

Probability P(n,t
=
&

Rescaled 77*P

,_.
9
oo

10" 107 10 10
State n Rescaled m°n

FIG. 6. Left Unrescaled Schmidt spectrum P(n, 1) =
exp{—¢&,} for the quench ¢ = oo — 1 at different times. Right:
Rescaled spectrum. The approach to thermalization is charac-
terized by a self-similar universal form P(n,t) = t~*P(’n),
t=e(t—1y) for times 2 Je-t 5 60—100. A black dotted
line indicates power law behavior (2/n)~2. The spectrum outside
the scaling window is shaded out. [Shown for (N4 + NZ)x
(34 5) x 3 lattice sites].

We demonstrated Li and Haldane’s entanglement-
boundary conjecture [18] for Z3™' gauge theory, both
analytically (in perturbation theory) and numerically using
exact diagonalization. Moreover, we reconstructed the
entanglement Hamiltonians of ground states, finding con-
sistency with expectations from the Bisognano-Wichmann
theorem [38—40] at arbitrary coupling. Using the closing of
the entanglement gap of the ES, we determine the confine-
ment or deconfinement phase transition at ¢, = 0.38 £ 0.09.
We find agreement within error bars with the infinite volume
results, demonstrating the potential usefulness of entangle-
ment structure, compared to computing volume versus
boundary law scaling of Wilson loop operators.

Our most important result is that Z3' thermalization
occurs in clearly separated stages: Starting from an initial
(unentangled) product state, the system maximizes its
Schmidt rank quickly, followed by rapid spreading of level
repulsion throughout the ES at early times. An intermediate
regime is characterized by self-similar scaling of the
Schmidt spectrum, reminiscent of wave turbulence and
universality in (semi-)classical systems, with scaling co-
efficients ¢ = 0.8 £ 0.2, p = 0.0 £ 0.1.

This observation strongly hints at a reconciliation of the
(naively different) quantum versus classical thermalization
paradigms, i.e., in terms of matrix elements of observables
[15,16] versus ergodicity, chaos and universality [48].
Because time evolution in quantum mechanics is linear,
quantum chaos is hidden in the complexities of energy
eigenfunctions [16], however, (and perhaps not so surpris-
ingly [84]) it becomes evident in the entanglement spec-
trum. Our analysis provides a systematic path for the
quantification and classification of this behavior, which
is likely generic for gauge and nongauge systems and in
line with the ETH. Our numerical investigations are not
exhaustive, and could be extended to, e.g., studying the
build-up of volume law entanglement, spectral form factors
[42,76], or higher order level spacing ratios [99] of the ES.
It would also be interesting to apply our techniques to
systems with many-body localization [100].

Apart from the importance of (2 + 1)d LGTs for, e.g.,
topological quantum computation [71,101], and condensed
matter physics [102,103], the entanglement structure of
Abelian and non-Abelian gauge theories, such as QCD, may
be crucial for thermalization in high energy and nuclear
physics, where it is largely unexplored. Examples are the
apparent quick thermalization and hydrodynamization of
the Quark-Gluon-Plasma in ultrarelativistic heavy ion col-
lisions [14] or the structure of QCD bound states in deeply
inelastic scattering experiments [104—106].

Understanding thermalization of quantum many-body
systems, in particular of gauge theories, is a unique
opportunity for quantum computers and analog simulators
[55-69]. Entanglement structure of quantum many-body
states can be extracted in state-of-the-art quantum simu-
lation experiments, see, e.g., [38,107-109].
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