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We introduce a self-consistent tomography for arbitrary quantum nondemolition (QND) detectors.
Based on this, we build a complete physical characterization of the detector, including the measurement
processes and a quantification of the fidelity, ideality, and backaction of the measurement. This framework
is a diagnostic tool for the dynamics of QND detectors, allowing us to identify errors, and to improve their
calibration and design. We illustrate this on a realistic Jaynes-Cummings simulation of a superconducting
qubit readout. We characterize nondispersive errors, quantify the backaction introduced by the readout
cavity, and calibrate the optimal measurement point.
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Introduction.—Quantum nondemolition (QND) detec-
tors measure an observable preserving its expectation value
[1,2]. This property is essential in backaction-free quantum
metrology [3–7], and in quantum protocols with feedback,
e.g., fault tolerant computation [8–12]. QNDmeasurements
are typically implemented indirectly by monitoring a
coupled subsystem, as demonstrated in various AMO
[13–17] and solid-state [18–23] platforms. In supercon-
ducting circuits, the standard qubit measurement is a
dispersive readout [24] mediated by frequency shifts in an
off-resonant cavity. This is a near-QND process that appro-
ximately preserves the qubit’s polarization [cf. Fig. 1(b)],
and enables rapid high-fidelity single-shot measurements
[25,26], protection by Purcell filters [27–30], fast reset
[31], and simultaneous readout through frequency multi-
plexing [28,30,32].
State-of-the-art QND detectors still face experimental

challenges. A critical problem is the exponential accumu-
lation of backaction errors from repeated applications of the
detector, which limits the scaling of quantum technologies.
In a superconducting qubit readout, such errors originate in
deviations from the dispersive limit in practical devices
[33–35]. This has motivated more complex QND meas-
urement schemes [36–44], which also introduce their own
sources of imperfection.
In order to make progress in the design and operation of

QND measurements, we need a complete and self-con-
sistent diagnostic tool, which helps both with the calibra-
tion of the detector and with describing its real dynamics.
Many experiments have focused on optimizing simple
quantities such as the readout fidelity and the QND-ness
[40,43]. However, these fidelities do not quantify the QND
nature of a measurement, but rather its projectivity and
ideality as shown below. Another standard approach is
detector tomography [45–49]. This method characterizes

destructive measurements via positive operator-valued
measurements (POVMs), but ignores the postmeasure-
ment state, and therefore a description of the measurement
backaction.
In this Letter, we develop a complete physical charac-

terization of QND measurements and their backaction via
quantum tomography. The protocol, without precalibration
of the QND detector, estimates both the POVM elements
and the quantum process operators associated to each
measurement outcome. As seen in Fig. 1(a), this requires

(a)

(b)

FIG. 1. (a) QND detector tomography for generic measure-
ments. A self-consistent calibration requires sampling over input
states ρk and two consecutive QNDmeasurements, interleaved by
a unitary operation Uj. This allows us to generate the measure-
ment processes En, for each possible outcome n ¼ 1;…; N, and
to reconstruct them tomographically from the conditional prob-
abilities pðnjkÞ and pðmnjjkÞ. (b) Setup for tomographic
characterization of QND qubit readout. It requires pulse control
on qubit ΩqðtÞ and cavity ΩcðtÞ, as well as continuous homodyne
detection haþ a†ic. The detector can have arbitrary qubit-cavity
coupling g and any imperfection such as qubit decay γ and
dephasing γϕ.
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two consecutive applications of the detector, interleaved by
unitary operations, and repeated over a set of input states.
The information contained in the process operators can be
used to identify errors, calibrate, and optimize the design of
QND detectors. This can be done either directly, or through
the analysis of simple metrics such as readout fidelity,
QND-ness, and destructiveness, a precise bound of the
measurement backaction that we introduce below. The
method can be applied to any detector, but we illustrate
its power simulating realistically the calibration of super-
conducting qubit readout beyond the dispersive approxi-
mation. Our study shows that state-of-the-art dispersive
readout is a near-ideal measurement at the optimum of
QND-ness, but there are other regimes where it becomes
maximally QND with minimal backaction error, as
revealed by the destructiveness. Other tomographic
approaches to nondestructive detectors focus on near-ideal
measurements only [50,51], and thus do not provide a
characterization of their real QND nature.
General description of QND measurements.—A nonde-

structive quantum measurement with N outcomes is rep-
resented by N completely positive maps En, which add up
to a trace-preserving map E ¼ P

n En. The nth measure-
ment outcome is obtained with probability pðnÞ ¼
TrfEnðρÞg, leaving the system in the postmeasurement
state ρn ¼ EnðρÞ=pðnÞ. Each En is unambiguously re-
presented by the Choi matrix ϒn, whose d4 elements
ϒijkl

n read as

ϒijkl
n ¼ hijjϒnjkli ¼ hijEnðjkihljÞjji; ð1Þ

with fjiig a basis of the measured system with dimension
d. The Choi matrices give the postmeasurement states
EnðρÞ ¼

P
ijkl ϒ

ijkl
n ρkljiihjj [52] and also the measurement

statistics pðnÞ ¼ TrfΠnρg, with the POVM elements,
Πn ¼

P
ijk ϒ

kjki
n jiihjj. Conservation of probability requires

the completeness relation,
P

n Πn ¼ 1, which imposes
P

nk ϒ
kjki
n ¼ δij on the Choi components.

A QND measurement of observable O [2,54,55] is one
where the unconditional process E ¼ P

n En conserves the
probability distribution pðnÞ over repeated measurements.
Equivalently, E preserves the average of all compatible
observables Oc

hOci ¼ TrfOcρg ¼ TrfOcEðρÞg; ∀ ½Oc;O� ¼ 0: ð2Þ

Ideal measurements are well known QND measurements
where consecutive detections project the system onto the
same eigenstate of O. This requires all Choi matrices to be
projectors ϒn ¼ ðϒnÞ2, a sufficient condition to satisfy
Eq. (2). However, as shown below, general QND measure-
ments are not ideal, and allow the state of consecutive
detections to change, provided the averages hOci remain
constant.

Tomographic reconstruction of measurement pro-
cesses.—We have developed a self-consistent characteri-
zation of QND measurements, based on two consecutive
applications of the detector, interleaved with unitary opera-
tions from a universal set of gates Uj [cf. Fig. 1(a)]. The
first measurement induces the processes En, conditioned on
the detected outcome, while the unitary Uj and the second
measurement are used for a process tomography of the
detector itself. By repeating the protocol over a set of input
states ρk, we obtain the conditional probabilities pðnjkÞ ¼
TrðΠnρkÞ and pðmnjjkÞ ¼ Tr½ΠmUjEnðρkÞU†

j � after the
first and second measurements, respectively. From these
distributions we reconstruct the POVMs Πn and Choi
matrices ϒn that best approximate the measurement, with-
out a precalibration of the detector.
To recover matrices Πn and ϒn that are meaningful and

satisfy all the physical constraints of a measurement,
we use maximum likelihood estimation [48,56,57] in a
two-step strategy. First, we reconstruct the POVMs
by minimizing the log-likelihood function fðfΠjgÞ ¼P

n;k p̂ðnjkÞ log½TrðΠnρkÞ�, which compares the experi-
mental probabilities p̂ðnjkÞ to the set of feasible matrices
fΠng satisfying Πn ≥ 0 and

P
n Πn ¼ 1. Finally, we

estimate the Choi matrices ϒn, minimizing a function
fnðϒnÞ ¼ P

mjk p̂ðmnjjkÞ log Tr½ðU†
jΠmUj ⊗ ρTk Þϒ̃n�

which compares the experimental probabilities p̂ðmnjjkÞ
to a parametrization of the Choi matrix ϒn satisfying
ϒ̃n ≥ 0 (ϒ̃ijkl

n ¼ ϒikjl
n ) and the POVM constraint Πn ¼P

ijk ϒ
kjki
n jiihjj. In total, QND detector tomography solves

N þ 1 optimization problems: one for POVMs of size d2,
and N for Chois of size d4 [58].
QND measurement quantifiers via tomography.—We

use the reconstructed Choi matrices ϒn to quantify the
performance and QND nature of a measurement. Standard
benchmarks for QND detectors are readout fidelity
F ¼ P

n pðnjnÞ=N and QND-ness Q ¼ P
n pðnnjnÞ=N,

defined as the average probability that an observable’s
eigenstate jni remains unchanged after one or two mea-
surements, respectively. These quantities are related to
tomography via

F ¼ 1

N

X

n

hnjΠnjni ¼
1

N

X

nj

ϒnjnj
n ; ð3Þ

Q ¼ 1

N

X

n

hnnjϒnjnni ¼
1

N

X

n

ϒnnnn
n : ð4Þ

The readout fidelity F quantifies how close the measure-
ment is to a projective one Πn ¼ ðΠnÞ2. QND-ness Q and
other similar fidelities [51] quantify the overlap with an
ideal measurement, satisfying ϒn ¼ ðϒnÞ2. Both are
important measurement properties, but none of them assess
the QND nature of the detector and its backaction on the
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observables [Eq. (2)]. For instance, a maximum value
Q ¼ 1 characterizes an ideal measurement, but there are
nonideal measurements Q ≠ 1 which are close to QND.
Nonideal QND measurements are useful in quantum tasks
that only require evaluating observable averages such as
variational algorithms or sensing [59–64].
We introduce the destructiveness D as a precise quanti-

fier of the QND nature of a detector, regardless of how ideal
it is. This new quantifier bounds the change or backaction
suffered by any observable compatible with the measure-
ment of O, in accordance with property (2):

D ¼ 1

2
max

kOck¼1
kOc − E†ðOcÞk; ½O;Oc� ¼ 0: ð5Þ

Evaluating D requires the tomographic reconstruc-
tion of the complete measurement process, E†ðOcÞ ¼P

ijkln ½ϒklij
n ��Okl

c jiihjj, and a maximization over all com-
patible operators of unit norm kOck ¼ 1, with kOk ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrðO†OÞ

p
. In practice, this maximization is done by

finding the maximum eigenvalue of a positive matrix [59].
For instance, in the case of the qubit observableO ¼ σz, the
destructiveness reduces to D ¼ kσz − E†ðσzÞk=

ffiffiffi
8

p
. Since

D verifies the general QND condition [Eq. (2)], it also
bounds the change of the probability distribution pðnÞ over
repeated measurements.
As shown below, the three quantities F, Q, and D

describe the most important aspects of QND detectors, but
there is further information to extract from ϒn, which are
the most general objects.
Calibration of qubit readout beyond dispersive

approximation.—In a standard superconducting qubit read-
out [24], the qubit fjgi; jeig couples to an off-resonant ca-
vity mode awith detuning Δ and coupling g [cf. Fig. 1(b)].
For a highly anharmonic qubit, such as the flux qubit,
this interaction is described by a Jaynes-Cummings (JC)
Hamiltonian [65],

HJC ¼ Δ
2
σz þ gðσþaþ a†σ−Þ þ ΩcðtÞðaþ a†Þ; ð6Þ

with Pauli operators σz ¼ jeihej − jgihgj, σ− ¼ σ†þ ¼
jgihej, and a resonant drive ΩcðtÞ on the cavity. In the
dispersive limit Δ ≫ g, HJC approximates a dispersive
model Hd ¼ 1

2
ðΔþ χÞσz þ χσza†aþ ΩcðtÞðaþ a†Þ that

predicts a qubit-dependent displacement χ ¼ g2=Δ on
the cavity resonance. In theory, by continuous homodyne
detection haþ a†ic on the cavity, we can discriminate the
qubit state without destroying it. In practice, the non-
dispersive corrections implicit in HJC can slightly degrade
the QND nature of the measurement [33,66].
To realistically quantify the performance and measure-

ment backaction of the dispersive readout, we describe the
dynamics with the fullHJC and a stochastic master equation

(SME) [67–70]. This formalism accounts for the back-
action of the continuous homodyne detection onto the qubit
state, as well as cavity decay κ, qubit decay γ, and qubit
dephasing γϕ [59]. We simulate numerically the tomo-
graphic procedure, solving the SME over many realizations
of the experiment [71]. On each trajectory, the qubit
is prepared in one of the six states ρk ∈ fjgi; jei;
ðjgi � jeiÞ= ffiffiffi

2
p

; ðjgi � ijeiÞ= ffiffiffi
2

p g. We perform two single-
shot measurements, interleaved by a cavity reset time, and
one of the three qubit gates Uj ∈ f1; expð−iπσy=4Þ;
expð−iπσx=4Þg. In Fig. 2 we show a representative
trajectory of the protocol, where the outcome of each
single-shot measurement is discriminated as hσzic ¼
−signðJÞ with J ¼ ffiffiffi

κ
p R

T
0 dthaþ a†ic the homodyne cur-

rent integrated over the duration T of the readout pulse
ΩcðtÞ [59]. For simplicity of the simulation, we neglect
imperfections in the qubit state preparation and gates,
performed with a local control ΩqðtÞ. In a real experiment,
these imperfections can be self-consistently separated from
intrinsic measurement errors by using standard gate set
tomography [72–74]. Simulations consider state-of-the-art
parameters of superconducting qubit readout [26,75,76]:
g=2π ¼ 200 MHz, κ ¼ 0.2 g, γ ¼ γϕ ¼ 10−4g, T ¼ 8=κ≈
32 ns, and jΩcj ¼ 0.173 g, corresponding to ha†ai ∼ 1.5
photons on cavity for 2χ=κ ¼ 1.
We calibrate the measurement by tuning Δ=g and

computing via tomography the quantifiers 1 − F, 1 −Q,
and D [cf. Fig. 3(a)]. We show predictions using the
realistic HJC interaction (solid), as well as the dispersive
model Hd (dashed) to benchmark the results. We identify
three qualitatively different points of operation, (i)–(iii), as
indicated by vertical lines in Fig. 3(a). For each of them, we

(a)

(b)

(c)

FIG. 2. Simulation of QND detector tomography for dispersive
qubit readout. (a) Pulse scheme on qubit (blue) and cavity (red) to
implement state preparation, gates, and homodyne measure-
ments. (b) Cavity quadrature haþ a†ic conditioned on a single
trajectory. (c) Average of Pauli operators hσzic (blue) and hσxic
(light blue) conditioned on the same trajectory. This realization
corresponds to an initial state jþi ¼ ðjgi þ jeiÞ= ffiffiffi

2
p

on the qubit,
a first measurement with outcome jei, a cavity reset time, the use
of gate expð−iπσy=2Þ, and a second measurement with outcome
jgi. Repeating this procedure over many trajectories with differ-
ent inputs and gates allows us to reconstruct the Choi matrices
ϒg and ϒe.
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display in Figs. 3(b)–3(d) the Choi matrices jϒnj for both
measurement outcomes n ¼ e, g, where blue (orange)
columns correspond to the JC (dispersive) predictions
and the upper color corresponds to the higher values.
(i) Around Δ=g ¼ 7.7, the dispersive model reaches its

optimum in fidelity and QND-ness, and the measurement is

nearly ideal with projective Choi matrices ϒðdÞ
n ≈ jnnihnnj

[cf. orange columns in Fig. 3(d)]. This occurs near 2χ=κ ∼
1 as expected by theory [24]. In contrast, the Choi matrices
of the JC model show strong deviations from an ideal
measurement [cf. blue columns in Fig. 3(b)]. The popu-
lation transfer jei → jgi during measurement—mainly due
to cavity-induced Purcell decay [33]—reduces ϒeeee

e and
increasesϒggee

n . In addition, the increase ofϒgenn
n andϒegnn

n

corresponds to the growth of qubit coherences during
measurement—e.g., due to cavity-mediated qubit driving
[66]. These nondispersive effects increase the infidelity and
destructiveness [cf. Fig. 3(a)] and shift the optimal working
point to larger Δ=g.
(ii) Around Δ=g ¼ 19.2, the nondispersive corrections

decrease, and the QND-ness reaches an optimum Q ≈ 0.97
where the actual measurement is most ideal. From ϒn in
Fig. 3(c), we observe that nondispersive effects are present
but strongly suppressed. In contrast to the dispersive model,
this optimum of QND-ness does not coincide with the
optimum of fidelity [cf. Fig. 3(a)]. This is explained by
noting that QND-ness is influenced by backactionD, while
fidelity has no information about postmeasurement states
and cannot depend on it. In the JC model, D decreases
monotonically with Δ=g, and thus the condition of highest
Q shifts toward larger Δ=g in order to minimize backaction
[77]. In contrast, the backaction D of the dispersive model

is nearly constant with Δ=g, and the optima of Q and F
coincide.
(iii) AroundΔ=g ¼ 40 the system is deep in the dispersive

limit. The predictions for bothmodels almost coincide, up to
residual cavity-mediated qubit driving [66]. Here, 1 − F and
1 −Q get worse, but D reaches its minimum, meaning that
the realistic measurement is maximally QND, but less ideal
than in (ii). The loss of ideality is clearly manifested by the
large diagonal terms ϒmmll

n [cf. Fig. 3(d)]. This behavior is
explained theoretically in the SupplementalMaterial [59] by
the low distinguishability between outcomes n ¼ g, ewhen
the cavity displacement ∼g2=Δ is too small compared with
themeasurement uncertainty∼κ. Theminimumvalue ofD is
attributed to how decoherence γ ¼ γϕ ¼ 10−4 g breaks the
QND condition [Eq. (2)] even when nondispersive effects
are suppressed, as shown in the Supplemental Material [59].
We see that a tomography-based calibration allows us to

characterize different regimes of the detector, and to
identify error sources via the process matrices ϒn. When
simulating the measurement dynamics with HJC, we
account for all nondispersive effects and the backaction
appearing in realistic superconducting circuit experiments,
in a unified way. We also consider imperfections due to
larger intrinsic qubit decay and dephasing on the operation
points (ii) and (iii). The effect of intrinsic decay γ is
qualitatively similar to Purcell decay, whereas pure dephas-
ing γϕ has a negligible effect on the Choi matrices for long
readout pulses T ≫ 1=κ [59]. Finally, our physical analysis
can be used to choose an optimal working point for the
detector. If one is interested in a near-ideal QND meas-
urement, optimizing Q gives a good compromise between
fidelity F and backaction D, as illustrated in (ii). This

(a) (b) (c) (d)

FIG. 3. Measurement quantifiers and reconstructed Choi matrices for QND qubit readout. (a) Readout infidelity 1 − F (green circles),
QND-ness infidelity 1 −Q (orange crosses), and destructivenessD (blue squares) as a function of Δ=g. Solid (dashed) lines correspond
to predictions for JC (dispersive) models. (b)–(d) Choi matrices jϒnj for n ¼ e, g measurement outcomes at the three representative
valuesΔ=g ¼ ½7.7; 19.2; 40�, indicated by vertical lines in (a). Blue (orange) bars correspond to predictions from JC (dispersive) models.
On each column, the upper color corresponds to the part of the longest bar that does not overlap with the shortest one (and thus a single
color indicates full overlap). The probabilities to reconstruct ϒn are estimated from 2 × 104 trajectories for each initial state ρk and gate
Uj. Error bars correspond to 1 standard deviation, obtained from 103 bootstrap simulations. Parameters are indicated in text.
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requires a larger detuning Δ=g than expected by the
standard dispersive prediction [24]. However, if one is
interested in a maximally QND measurement with mini-
mal backaction, D is a more suitable quantity to optimize.
This may require losing ideality of the measurement as
shown in (iii).
Conclusions and outlook.—We developed a tomographic

procedure to calibrate and characterize arbitrary QND
detectors via a reconstruction of the measurement processes
ϒn. We applied the method to a realistic simulation of a
superconducting qubit readout and identified important
discrepancies between the JC and dispersive models. We
expect even larger nondispersive effects when taking into
account the multilevel character of low anharmonic qubits
such as transmons [35]. This is because the effective
dispersive shift is reduced [59], and one requires lower
detunings and stronger cavity drives to reach an optimal
readout. While the tomography will not change, an opti-
mized simulation of QND readout for multilevel qubits is
numerically more challenging [59] and lies outside the
scope of this work.
Experimentally, the presented tomography requires only

standard control and measurement tools, and therefore it
can be immediately implemented to systematically analyze
relevant effects on a qubit readout such as the strong driving
regime [35,78], leakage to higher levels [79,80], or cross-
talk [81,82]. This understanding may help improve the
QND measurement performance and guide the design of
alternative schemes [36–44]. Moreover, the method can be
directly applied to other platforms such as QND detectors
of microwave [83–88] or optical photons [89–92]. State
preparation and gate errors occurring in experiments can be
self-consistently included in the protocol by incorporating
standard gate set tomography [72–74]. Furthermore, the
reconstruction of high-dimensional Choi matrices could be
done more efficiently using compressed sensing [93–96],
matrix-product states [97,98], or other advanced techniques
[99–105].
From a fundamental point of view, our technique

introduces an accurate procedure to quantify the backaction
and real QND nature of a measurement via the destructive-
nessD. This complements the standard analysis in terms of
readout fidelity and QND-ness, and allows us to identify
regimes of minimal backaction regardless the ideality of the
measurement. Nonideal but highly QND measurements
may be also exploited for quantum information tasks that
require precise evaluations of expectation values [82] since
the measurement outcomes can be corrected via error
mitigation strategies [55,106,107].
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