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The electric monopole (E0) transition strength p® for the transition connecting the third 0% level, a
“superdeformed” band head, to the “spherical” 0 ground state in doubly magic *’Ca is determined via
e e™ pair-conversion spectroscopy. The measured value p*(E0; 07 — 07) = 2.3(5) x 1073 is the smallest
p?(E0;0" — 07) found in A < 50 nuclei. In contrast, the EO transition strength to the ground state
observed from the second 0" state, a band head of “normal” deformation, is an order of magnitude larger
p*(E0;05 — 07) =25.9(16) x 102, which shows significant mixing between these two states. Large-
scale shell-model (LSSM) calculations are performed to understand the microscopic structure of the excited
states and the configuration mixing between them; experimental p? values in “°Ca and neighboring isotopes
are well reproduced by the LSSM calculations. The unusually small p*>(E0;07 — 0]) value is due to
destructive interference in the mixing of shape-coexisting structures, which are based on several different
multiparticle-multihole excitations. This observation goes beyond the usual treatment of EO strengths,
where two-state shape mixing cannot result in destructive interference.
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Shape coexistence is a unique feature of self-bound,
finite, quantum many-body systems in which two or more
different shapes emerge at similar excitation energies. This
phenomenon is known to manifest in small atomic clusters
[1] and molecules [2]. It also appears to be ubiquitous in
atomic nuclei [3]. The shape of a nucleus is determined by
the mean field generated by its constituent protons and
neutrons. It is influenced by the number of nucleons,
energy level density at the Fermi surface, an attractive
residual interaction, and the principle that nuclear shapes
may change to lower the energy of the system. A crucial
difference between the atomic nucleus and more macro-
scopic systems is that quantum-mechanical tunneling
causes coexisting shapes to mix; each observed state is a
superposition of configurations that correspond to the
various shapes. In particular, shape coexistence occurs
near closed-shell nuclei, where it is based on competition
between the stabilizing effect of nucleon shell closures to
retain a spherical shape, and the proton-neutron residual
interaction which drives deformation via multiparticle-
multihole excitations [3].

With the aid of modern radioactive-ion-beam facilities,
shape coexistence has also been identified in nuclei far
from the valley of f stability. This potentially affects
locations of nuclear drip lines and waiting points that
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influence competition between f decay and neutron capture
in cosmic nucleosynthesis. Experimental indications of
shape coexistence have been reported in the double-
closed-shell, neutron-rich nucleus 78Ni [4]. It can also be
closely associated with the breakdown of familiar shell
structures, such as suppression of the N = 20 shell gap in
neutron-rich *>Mg [5,6]. The 0T ground state, with very
large quadrupole deformation parameter f, = 0.6, is sup-
posed to coexist with a near-spherical first-excited 0™ level
[7]. Shape coexistence is generally discussed in terms of a
two-state mixing model [3]. However, a two-state analysis
of ¥ Mg questioned the aforementioned interpretation of a
deformed ground state and spherical excited state [8,9]. If
three-level mixing is applied in Mg [10,11], B(E2)
values, level energies, and transfer cross sections can be
successfully explained, but the 07 level in this nucleus has
not been experimentally identified yet. More recently, the
insufficiency of the two-state mixing model applied to the
27 states in **Ca was also discussed [12].

Doubly magic *°Ca exhibits three distinct forms of
quadrupole deformation: ‘“spherical,” “normal deforma-
tion” (ND), and “superdeformation” (SD). Therefore,
it provides a rare opportunity to study mixing effects
between multiple configurations within a single nuclide.

© 2022 American Physical Society
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The first-excited 05 state at 3.35 MeV is the head of a ND
rotational band. The second-excited 05 level at 5.21 MeV is
the head of a SD band [13,14]. In addition, the 22+ level at
5.24 MeV is interpreted as a member of a K = 2, four-
particle four-hole (4 p-4h) band [15]. Emergence of various
structures in low-lying levels in “)Ca indicates shape
coexistence. The main configurations for the ND and
SD structures are 4p-4h, and 8p-8h excitations across
the N,Z = 20 shell gap, respectively [15-20]. The tran-
sition quadrupole moments for the low-spin and high-spin
part of the SD band were reported to have a significant
difference, indicating the mixing of lower-spin states with a
less deformed configuration [14].

Furthermore, there is another unique feature of the SD
band in *)Ca. Although SD nuclei are reported in several
mass regions [21], SD band heads with J* = 0" are only
observed in the A =40 [22,23] and fission-isomer [21]
regions. This makes it difficult to study their properties,
such as mixing with less-deformed configurations, in detail.
Therefore, °Ca provides a unique testing ground in which
the electric monopole (E0) transition strength p?(E0; 0* —
0") between a SD band head and spherical ground state can
be studied as a direct probe of shape mixing [24].

The p*(E0;07 — 0]) in *)Ca was previously investi-
gated via the *)Ca(p, p') reaction by measuring e*e™ pair
decay with a plastic-scintillator pair spectrometer [25].
However, insufficient energy resolution meant that this
state at 5.21 MeV was not resolved from the 25 state at
5.25 MeV, and an upper limit of p?(E0; 07 — 07) < 0.06
was deduced. In order to accurately determine the value of
p*(E0;0f — 07) and understand the properties of the SD
band, measuring the EO transition with higher energy
resolution and low-background conditions is critical.

This Letter reports on a new study of excited states in
40Ca following proton inelastic scattering from a self-
supporting, 1.5-mg/cm?-thick, natural Ca target. Proton
beams were delivered by the 14UD Pelletron tandem
accelerator of the Heavy Ion Accelerator Facility at the
Australian National University. The optimum beam energy
to populate the 0] state, 8.6 MeV, was determined by
scanning the beam energy and comparing relative yields
of the 1.308-MeV 05 — 2 and 5.249-MeV 25 — 0 y-ray
transitions.

Electron-positron (e™e™) pair decays from excited states
were measured by the superconducting solenoid, Super-e
spectrometer [26-28]. The solenoid axis is perpendicular to
the beam axis. The e'e™ pairs emitted from the target are
transported by the magnetic field to the Miel detector,
an array of six 9-mm-thick Si(Li) crystals. Two axial,
HeavyMet baffles are mounted between the target and
detector to block y rays and x rays, scattered beam particles,
and secondary electrons. In this arrangement, e e~ pairs of
nearly equal energy can reach the detector. The thickness of
the segments allows for full absorption of pair decays

formed from transition energies up to 8 MeV. The effi-
ciency of the pair-conversion spectrometer was derived
from Monte Carlo simulations that consider the magnetic
field, energy, and angular correlation of emitted e™ e~ pairs.
Spin alignment in the reaction and consequent angular
distributions of e*e”-pair emission were taken into
account [27].

A high-purity germanium (HPGe) detector was placed
1.5 m from the target and 135° relative to the beam axis to
simultaneously detect y rays emitted in the reactions. The
relative y-ray detection efficiency was measured using a
%Co source. Energies and detection times from the six
Miel segments, energies from the HPGe detector, and the
magnetic field values were stored event by event and sorted
off-line.

The y-ray and e*e™ coincidence spectra analyzed to
extract the p?(EO) values are shown in Fig. 1. Gamma-ray
photo peaks, as well as single- and double-escape peaks
associated with the 5.249-MeV (25 — 0]), 5.629-MeV
(27 = 07), and 5.903-MeV (17 — 0) transitions of *’Ca
are evident. The half-lives of these states are 835”, 40(15),
and 15.8(22) fs, respectively [29]. Since the stopping time
of “%Ca recoils in the target is approximately 0.3 ps, these y
rays are emitted while the nucleus is in motion, and the
peaks are consequently Doppler broadened. The y-ray
energy spectrum corrected for Doppler shift is presented
in Fig. 1(a). Escape peaks of the 6.129-MeV y ray in '°0
[30] from oxidation of the Ca target are also visible. Since
the half-life of this state is 18.4 ps, these y rays are emitted
after stopping, and the associated peaks are sharp.

The e'e™ pair spectrum is shown in Fig. 1(b) with the
energy axis shifted by 1.022 MeV to correspond to the
associated transition energies. A background that was
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FIG. 1. (a) The y-ray energy spectrum measured by the HPGe
detector, (b) ete™ pair coincidence spectrum, (c) and e'e”
spectrum after background subtraction. Peaks at 5.212, 5.249,
and 5.629 MeV are labeled, as are single-escape (SE) and double-
escape (DE) contaminant peaks.
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TABLE I.  Summary of the p?(E0;0" — 0%) values in “’Ca.

Transition Energy (MeV) 7(EO0) (ns) Q,(EO0) (1/s)[31] p? x 10°

0f > 0/ 3.353 3.13(12)  1.24(6) x 1010 25.9(16)
0{ >0/ 5212 32(7)  1.36(7) x 1011 2.3(5)
07 — 05 1.859 >76  2.79(14) x 108 <45

parametrized by a polynomial function was subtracted,
giving the e™ e~ pair spectrum presented in Fig. 1(c). There
is a peak at 5.212 MeV with no associated y ray; this is the
EO, 0] — 0f transition. The only other peaks observed
in Figs. 1(b) and 1(c) are the 5.249- and 5.629-MeV E2
transitions from the 23 and 2§ levels to the ground state.

The extraction of p? values was based on an analysis of
y-ray and e*e~ spectral yields. The term p? is related to the
measured EO transition rate 1/7(E0) by [24]

“(E0) =pH(Qx +Q, +--+Q,). (1)

where the €; terms are electronic factors associated with
atomic shells (K, L, ...). For both electron and e*e™ pair
conversion (), they depend on the atomic number and
transition energy; numerical evaluations are avail-
able [31,32]. The electron conversion contributions to
the EO transitions considered here are < 0.6% (05 — 0]
and 0] — 0/) and 11% (0 — 0;). The relevant values of
Q. are included in Table L.

The mean lifetime of the 0 state 7 = 1.47(30) ps is
known from Doppler-shift attenuation measurements [33].
Figure 2 shows the partial level scheme of “°Ca relevant
to the present analysis [29]; the 0; state decays by a
1.308-MeV E2 y-ray transition, or by 1.859- or 5.212-MeV
EO transitions. While the 1.859-MeV 07 — 05 EO com-
ponent was sought by optimizing the Super-e magnetic
field for that transition energy, a clear peak was not
observed above background [see Fig. 1(c)]; however, an
upper limit was established for the branching ratio.
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FIG. 2. Partial level scheme of *°Ca [29].

Therefore, using the measured y-ray and e*e™ pair inten-
sities and theoretical pair-conversion coefficients from
Band-Raman internal conversion coefficient [32], all decay
branches from the 07 state were determined. A value of
p*(E0;07 - 0f) =2.3(5) x 107 was extracted. An
upper limit of p*(E0;0; — 05) < 4.5 x 1072 was also
obtained for the 1.859-MeV transition. The significantly
smaller value of Q,(E0) explains why this transition was
not observed directly in the experiment.

Since the 05 level is the lowest excited state and,
consequently, has a single EO decay branch to the ground
state, the evaluation of p?(E0;05 — 0f) = 25.9(16) x
10~3 from the known lifetime was less complex. This p?
value is large, indicating significant shape differences
and mixing between the two states. The EO transition
strengths from our work are summarized in Table L
Systematic behavior of the p*(E0;0" — 0]) values for
even-even nuclei with A < 50 [34] is presented in Fig. 3.
The dashed line corresponds to p?(E0) = 0.5A472/3 [24].
The p?(E0;0 — 0f) value measured in the present
work shows good agreement with the systematic trend.
Conversely, p?(E0;0; — 07) is significantly smaller than
the trend line and all of the other experimental values.

In general, the EO transition strength between states in a
nucleus gives a direct measure of shape mixing between
them [35]. The associated mixing amplitude «a is usually
estimated by considering a simple two-state model with
spherical and deformed wave functions [24]. In such a case,
p?(EO) is related to a and the difference in square of
quadrupole deformation parameters A(f33) by

3 \2
P00 = (52) e -@BEr. @

Using the measured p?(EQ) and the reported 3, values of
0.27(5) and 0.597("; for the 05 and 0J states, respectively
[13], ay_; =0.55(37) and a3, = 2.9 x 1072 were
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FIG. 3. Systematics of the p*(E0;0" — 0) values of even-
even A < 50 nuclei (filled circles) [34]. The p?(E0; 03, — 07) in

40Ca from this Letter are shown as open and filled triangles.
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TABLE II. Calculated excitation energies and mp-mh proba-
bilities of the 07, 5 states in *’Ca.

E, (MeV) 0p-Oh 2p-2h 4p-4h 6p-6h 8p-8h 10p-10h

of 0 046 039 0.13 0.02 0.00 0.00
05 2.81 0.04 0.03 063 026 0.03 0.00
07 6.37 0.02 0.07 0.11 023 0.56 0.01

determined for the 0] — 0f and 0] — 0] transitions.
Here, the 3,(0]) = 0 [36] was assumed. Within the two-
state model, the small mixing for the 0] — 0] transition
implies a very small overlap of wave functions between the
spherical ground state and SD band head.

Large-scale shell-model (LSSM) calculations were per-
formed to gain a microscopic understanding of the mea-
sured p?(EO) values and the structure of “)Ca. Assuming an
inert '%0 core, the valence model space included the full sd
shell  (0ds)s, 151/2,0d3,,) and restricted fp shell
(0f7/2, 1 p3)2) orbitals. The calculations used EO effective
charges of (e,.e,) = (1.8,0.8)e, and harmonic-oscillator
(HO) single-particle wave functions with @ = 45471/3—
25A7%3 MeV.

The effective interaction was designed to describe multi-
particle-multihole (mp-mh) excitations across the N =
Z =20 shell gap by tuning the SDPF-M interaction
[37,38] within the model space, which was truncated to
include m < 10. The tuning was carried out so that one-
neutron separation energies of *>*!Ca and one-a separation
energies of “°Ca and **Ti were reproduced with the many-
body correlations that were included. Recently, this inter-
action was successfully applied to high-spin states in
S [39].

The calculated mp-mh probabilities for the 0, ; states

of Ca are listed in Table II. The dominance of m = 0, 4, 8
configurations in 07, 5 is clearly observed; this structure is
consistent with Ref. [20]. There is also considerable
mixing, especially with neighboring values of m.

Figure 4 shows the p?(EO) values for A ~40 nuclei
whose excited 0" states are dominated by mp-mh excita-
tions. Data for 39S, 38Ar, 42Ca [34,40], and *°Ca (this Letter)
are plotted with the corresponding LSSM calculations.
Overall, the theory reproduces the experimental data fairly
well; in particular, excellent agreement was found for the
07 — 0 in “%Ca, despite its value being lowest among the
Z <50 nuclei. The upper limit value for the 07 — 05
transition is also consistent with the LSSM result.

All of the ground states considered in Fig. 4 are near
spherical, whereas the 05 states in *°S, *Ar, and *)Ca are
considered to have normal deformations [41]. With similar
p*(E0) x 10% ~ 10-20 values, these 0 — 0 transitions
are in accordance with the two-state analysis of Eq. (2)
when similar mixing amplitudes are employed. However,

150 — %

100 —

e . !

AN:Exp.
@:LSSM

T T T

0% (E0)x10°

T T T

[vvvv

A
0 Qo
36 Bp. 2o, Oca  Pcog  Ocg
0z-0f 030  03-0f 030  03-0f 0307

FIG. 4. Systematics of the pZ(EO) values for 3¢S, 3Ar, 42Ca, and
40Ca. Open triangles are experimental values from Refs. [34,40]
and this Letter; filled circles are LSSM calculations.

the 05 state in *’Ca [42] and the 05 state in “%Ca [13] are
strongly deformed, yet their p? values for the transition to
the ground state are completely different. This unexpected
observation stimulates a detailed analysis of the role of
mixing, which is described below.

In the present calculation, HO wave functions were
used in a model space that prohibited single-nucleon
excitations of 2Aw, such as Os — 1s0d. A many-body
state |¥;) may be decomposed into its mp — mh compo-
nents, |¥;) =", |¥;(m)), such that

(P2 ¥) = b _w(m)&ip(m), (3)

where b = /f/(Mw) is the HO length parameter, w(m) =
m + ¢(*Ca) are the weighting factors for each value of m
with ¢(**Ca) = 120, and &;;(m) = (¥;(m)|¥;(m)) are the
overlap factors between states under inspection. Here, only
the cases where initial and final states denoted i and f, with
0" assignments are considered. For f # i, Y, &:¢(m) =0
must also be satisfied from the imposed orthogonality
condition, (¥/|¥;) = &;.

Since N = Z =20 in *%Ca, T = 0 for all 0% states and
only isoscalar transitions contribute. Hence, the £0 matrix
element is given by

M(EO;i — f) = ZM,f
= e X bzz

where ejg = (e, + e,)/2. The individual M,;(m) terms
are, therefore, described by a weight factor w(m) and an
overlap factor &;/(m).

In Fig. 5, &;s(m) and M;s(m) are plotted for each
contributing value of m. The orthogonality condition also
allows the weighting factors to be adjusted without

X glf )] (4)
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03 to 03 03 to 07
‘ ‘

FIG. 5. (a) Overlap &;/(m) and (b) EO matrix element M, (m)
for each m value of the mp-mh excitation. The summed EO
matrix elements ),/ M,,(m') and the total values are shown
by the open and filled triangles, respectively.

affecting the total EQ matrix element. In this case, the large
values of w(m) for “%Ca (m + 120) may be replaced with a
smaller value w(m') =m—m, where m=>, mx
E(m)?/ ", £(m)? for each transition. The total EO strength
is independent of the choice of /2, but such a shift reduces
the amplitude of each M,;(m) value, thus facilitating the
understanding of how the individual mixing amplitudes
contribute to the total EO matrix element. The M,/ (m)
values shown in Fig. 5(b) were determined with the scaled
weighting factors, w(m’).

Figure 5(a) shows that both the 0 — 0] and 07 — 05
transitions have negative &;/(m) values for small m that
change sign once and become positive at larger m. In such
cases, w(m') may be chosen so that the M, ;(m) values add
constructively, as presented in Fig. 5(b), and the resulting
EO0 matrix element is moderate. On the other hand, the
07 — 0 transition is rather different: The &;;(m) values
change sign twice at m =0 — 2 and m = 4 — 6. In this
case, destructive interference of M;,(m) is inevitable for
any possible value of w(m').

Finally, the two-state description is revisited in terms of
the present microscopic analysis. A system obeying this
model should have two nonvanishing &;(m) values at m =
my, my constrained to &;¢(m,) + &;¢(m,) = 0. This system
has only 1 degree of freedom corresponding to a in Eq. (2);
no phase factor is relevant to the observables. In contrast,
when three states are involved there are 2 degrees of
freedom, and interference occurs between them. The very
small p>(E0;07 — 07) value is a manifestation of this new
aspect of shape coexistence with three-state mixing.

Note that the degree of the mixing between SD and ND
can be probed with B(E2;05 — 2[). The calculated value
1.3 W.u. is significantly smaller than the measured value
173 W.u. Considering the moderate p(E0;07 — 0;)
value by LSSM (see Fig. 3), we do not expect larger

mixing between those bands. This underestimate may be
due to incorrect K mixing between the 2| and 23 states.

In summary, the EO transition strength of p?(E0; 0] —»
07) =2.3(5) x 10~ was measured for the first time in
doubly magic “°Ca; this is the lowest p?(E0) value
measured among nuclei of A < 50. An upper limit of
p*(E0; 07 — 05) < 4.5 x 1072 was also obtained. Large-
scale shell-model calculations were performed for *)Ca and
several neighboring nuclei. The calculated EO matrix
elements were analyzed in terms of multiparticle-multihole
configuration mixing. Moderately large p?(E0) values for
the 0 — 0] and 07 — 05 transitions are consistent with a
two-state model, in which only a squared mixing amplitude
matters. Conversely, the extremely small pz(EO; Ogr — Of)
value is caused by destructive interference among mp-mh
components in a three-state mixing scenario. The new data
and shell-model calculations provide a novel perspective on
multiple shape coexistence, with implications for exper-
imental and theoretical activities extending to nuclei far
from stability.
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