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Index Theorems, Generalized Hall Currents, and Topology for Gapless Defect Fermions
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We show how the index of the fermion operator from the Euclidean action can be used to uncover the
existence of gapless modes living on defects (such as edges and vortices) in topological insulators and
superconductors. The 1-loop Feynman diagram that computes the index reveals an analog of the quantum
Hall current flowing on and off the defect—even in systems without conserved currents or chiral anomalies
—and makes explicit the interplay between topology in momentum and coordinate space. We provide

several explicit examples.
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Introduction.—Defects such as domain walls, vortices,
and monopoles often host gapless bound states when
coupled to fermions [1], the existence of which can be
related to topology and anomalies [2,3]. However, their
properties vary according to the dimension and symmetries
of the bulk and defect theories. In some cases, the existence
of gapless modes can be deduced from currents flowing
onto or off of the defect, as with the integer quantum Hall
effect or lattice domain wall fermions [4,5], while in other
examples there are no such currents. Furthermore, the
topology that governs the gapless states is in momentum
space, and so the number and nature of such states can be
sensitive to how the theory is regulated at short distance
[6-8]. That too can depend on the dimension of the bulk
theory.

In this paper we demonstrate a generic framework which
can be used to identify gapless defect modes in topological
insulators and superconductors, associating all of them with
a generalized Hall current with nonzero divergence flowing
onto the defect, irrespective of whether the original theory
contains any continuous internal symmetry, conserved
currents, or chiral anomalies. This approach involves
computing the index [9] for the Dirac operator in the
Euclidean action, where one has added diagnostic back-
ground fields with nontrivial topology. (The Callias index
theorem has been discussed before in a different context,
for determining time-independent solutions to the Dirac
equation, see Refs. [10,11]. The Euclidean path integral has
been used to investigate the role of global anomalies in
topological materials [12].) The index is determined by
computing a one-loop Feynman diagram, where the inte-
gration over loop momentum can be directly related to
topological properties of the fermion dispersion relation.
We describe the method here and briefly give three explicit
examples involving Dirac and Majorana fermions in two,
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three, and four spacetime dimensions. A more detailed
analysis, which includes consideration of the role of
interactions, may be found in Ref. [13].

The connection between massless states in Minkowski
spacetime and the index of the Euclidean Dirac operator is
not direct. Consider the example of a Dirac fermion in two
spacetime dimensions with D = g+ me(x), where a
domain wall confines gapless states to the one-dimensional
line x = 0. In Minkowski spacetime this would correspond
to a massless mode confined to the end of wire. In
Euclidean spacetime, the only state annihilated by D will
be one localized in the x direction but constant in Euclidean
time 7; as this is not a normalizable state it will not
contribute to the index of D. However, we can now imagine
adding a second domain wall defect as a function of z; if
there exists a gapless mode in the first place, it will now be
localized in two dimensions, is not a zero mode of D', and
can contribute to the index of D, no matter how weakly the
fermion interacts with that second domain wall. If we
remove the original domain wall at x = 0 eliminating the
massless edge state of interest, then the index vanishes. In
this sense, the index of the modified theory reveals the
gapless state in the original one. More generally, one can
reveal edge states by considering fermions propagating in
arbitrary background fields. We will show that when our
heuristic example of crossed domain walls is replaced by an
arbitrary, smoothly varying complex scalar field one finds
that the index is proportional to the field’s vorticity. In
higher dimensions localizing the zeromodes requires addi-
tional fields, such as gauge fields.

Our approach then is to add extra diagnostic fields to the
theory of interest and compute the index of Euclidean
spacetime operator D in a derivative expansion, along the
lines of Ref. [14]. We find that the index is proportional to a
topological invariant of these fields in coordinate space,
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times a topological invariant constructed from the fermion
dispersion relation in momentum space. A nonzero value
for the product of these winding numbers is taken to
indicate the existence of massless states in the Minkowski
version of the original theory.

As discussed in Refs. [9,10], the index of a non-
Hermitian elliptic operator D can be defined as
Z(0) =limy,_oZ(M), where

M? M? )

T(M) =Tr <D"'D + M2 DD+ M

=TT, .
K+M

where

0 -Df 1
K = s F}( =
D 0 0

Let us now imagine that S = f WDy is the Euclidean action
for a system of interest with massless edge states in (d + 1)-
dimensional Minkowski spacetime, where we use the term
“edge states” to refer massless fermions bound to a defect
of any codimension. Then 1/(K + M) looks like the
propagator in a new theory with Euclidean action

0
°) wry-o @

S = / A XP(K + M)Y, (3)

where W is a complex fermion with its own continuous
fermion number symmetry and, in the M — 0 limit, a
continuous axial symmetry, both of which are unrelated to
any symmetries of the original theory. ¥ also has twice as
many components as the physical fermions. We can now
express Z(M) in terms of the new theory as

I(M)=-M / dHx(P(x)I,¥(x)), (4)

where the quantum average is computed from a path
integral over ¥ and ¥ with weight ¢~5. We are not
restricted to an action like § = f WDy which preserves
this fermion number; this analysis is relevant also for a
Minkowski theory of real fermions with Euclidean action
J wTCDy, where C is the charge conjugation operator.

In the cases we will examine, K will be a linear
differential operator of the form K =10, +V, where
the V is some spacetime dependent matrix. Then we can
define the Noether current for the axial symmetry of
Eq. 3), J,= ‘?F”FX‘P which obeys an anomalous
Ward-Takahashi identity

0,7, =2MYT,¥ — A, (5)

where the first term on the right is due to the explicit chiral
symmetry breaking by M, and A is the potential anomalous
contribution due to the variance of the path integral
measure [3], with

/ dtx A =2 lim TiT, e/ = 27 ().  (6)
It follows then from Eq. (4) that
1 _
(M) = T(e0) -3 / 10, (0,0 W), (7)

Therefore, to compute the index Z(0) one need only
compute the two terms on the right in the massless limit.
In all the cases we will consider, the anomaly .4 and hence
7 (o0) trivially vanish, and one need only compute the axial
current flowing in from infinity, which requires computing
the one loop diagram for the chiral current <‘i‘FﬂFZ‘P> from
the action in Eq. (3). Note that in every case, a nontrivial
index is associated with current inflow, independently from
whether D has a continuous symmetry or anomalies. This
chiral current exists for every Minkowski theory and is
unrelated to any chiral symmetry the original Minkowski
theory might have possessed; it behaves like a generaliza-
tion of the familiar quantum Hall current and we will refer
to it as such.

Majorana fermion in 141 dimensions.—Our first
example is a massive Majorana fermion in 1+ 1 dimen-
sions. Our starting point is the Lagrangian in Minkowski
spacetime,

L = 50" Clig = m)y. (8)

where y is a real, two-component Grassmann spinor and
we can take y° = C = 05, 7' = —ioy,7, = 03, where o; are
the Pauli matrices. This is the model considered in
Ref. [15], although here we do not include interactions,
and we consider the case of infinite dimensions with a
domain wall mass m = mge(x') rather than a finite wire
with two ends. This theory has no continuous symmetries
except Lorentz symmetry; it possesses the discrete space-
time symmetries C, P, and 7 which play the roles as
particle-hole, sublattice, and time-reversal symmetries,
respectively, in condensed matter systems. As is easy to
see, a gapless fermion exists at x' = 0.

The Euclidean Lagrangian is obtained from the
Minkowski Lagrangian in d+ 1 dimensions as Lz =
—L,, along with the replacement d, — id, and a redefini-
tion of the y matrices so that they obey the SO(d + 1)
Clifford algebra (we use a mostly minus metric). In the
present example with d =1 we have Lp :%y/TCDy/,
where D=g+m with C=yy=o0,, 7, =—0;, and
¥, = o03. Following the discussion in the introduction we
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FIG. 1.

generalize the model by replacing the mass by a scalar field
¢ and add a pseudoscalar field ¢, so that our Euclidean
Dirac operator becomes

D= (§+ b1+ igry)- ©)

In order to compute the index of D we next construct the
Euclidean theory £ = W(K + M)¥ where K, is specified
by Eq. (2). The operator K can be written as

1
K = Fﬂa” + i¢2F2 + i¢lr3, (10)
#=0
where
I'i=0,Qv, [ =01Q7,,
r3:—62®1, F}(:63®1’ (11)

with i = 0, 1. The leading contribution to the current 7 u in
a derivative expansion of the scalar fields is shown in Fig. 1
and is proportional to df, where we write ¢ = ¢ + ih, =
ve'® and expand about @ = 0. To linear order the  vertex is
given by —ivl,. We define Ky, = K(6 =0). Taking
M — 0, the Feynman diagram yields

00 [ d’q oKy! .
7= g [ e (G ok

d2 4 2
= €,0,0 q2 2 ’ 272
(27)* (¢° +v7)
1
= ;eﬂ,ﬁ,ﬂ. (12)

The index is then computed to be

ind(D) = Z(0) = —%/ d*x0, T, = fg = vy (13)

where v, is the winding number of the scalar field ¢ in the
Xo — x; plane. This result is consistent with the heuristic
example discussed in the introduction of the crossed
domain wall configuration ¢, = me(x,), ¢, = pe(xy) with
m > 0, u > 0, for which one finds vy = —1. We see that the
index of the Euclidean Dirac operator D reveals the
existence of massless edge state in the presence of non-
trivial spatial topology for the background ¢ field.

Loop diagrams for computing the generalized Hall current for the 1 + 1 (left), 2 + 1 (center), and 3 + 1 (right two) dimension

examples. The black dot is an insertion of the chiral current I',I”

«Iy» and the propagators are K1

The above calculation does not fully reveal the topo-
logical nature of the edge state, however, and one might still
ask as to why the Feynman integral over momentum results
in an integer for the index rather than some arbitrary real
number. To address this we borrow the techniques of
Refs. [6,16] to show that the Feynman integral is actually
computing a winding number. The result in Eq. (12) is
unchanged if we substitute for the skew diagonal blocks
in K()

DO v

N q
= = +14,7, ;
VaetDy /@ +0* P

where Dy = D|,_,, while Dg is replaced by &'. The matrix
£is unitary and the generalized Hall current in Eq. (12) may
be written in terms of & as

i

Ty = geudiben | ST (0,000
+(80,7)(80,£7))- (15)

The momentum integral can be shown to be the winding
number associated with the map U(g) = &*(g) from
momentum space to S? (see Ref. [13] for details), where

_vz_qz
PERp

2ivg

U
112+q

s=alq) +if(q).  (16)

Since a*> + b;b; = 1, U describes a unit 3-vector, which
lives on S?. We see that all possible points on S? correspond
to a unique value of the 2-momentum ¢;, except that the
limit of infinite momentum in any direction gets mapped to
U = —1. So momentum space has itself been compactified
to $2, and U describes a nontrivial map in the homotopy
group 7,($?) = Z. The winding number v, = 1 of this map
is computed by the above integral, and we have the result
for the index

ind(D) = —v,v,. (17)

Now the full topological meaning of the index is manifest
and it is evident how a Feynman diagram can produce an
integer. In general the index can change only at values for
the parameters in the theory when our substitution in
Eq. (14) fails, namely, where detD, vanishes for some
momentum; such singularities are equivalent to the bulk
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gap vanishing, allowing the zero mode to delocalize, and
can only happen in this case when v = 0.

As a last comment on this model, the anomaly term A in
Eq. (6) vanishes because the trace over momenta gives a
factor of A2 in two dimensions, while a nonzero I' matrix
trace requires two powers of K?/A?, since the I" matrices
behave like those for SO(4), and hence A vanishes in the
limit A - .

Topological insulator in 3 + 1 dimensions.—We next
compute the index for a topological insulator in 3 + 1
dimensions, consisting of a Dirac fermion with a domain
wall mass [11]. The domain wall in this case is a 2 + 1
dimensional defect hosting massless fermions. In order to
construct the current-inflow picture we consider the follow-
ing Euclidean Lagrangian

Lg=wDy, D =P+ ¢1 +iays, (18)
where ¢, takes the place of the Dirac mass, and ¢, is a
diagnostic background scalar field needed to localize the
edge mode as in the previous example. More background
fields are required in higher dimensions to localize a zero
mode, and to that end we include an Abelian gauge field in
addition to ¢; . The operator K in Eq. (2) is given by

0 _D+ 3
K= (D 0 > = T.Dy+idoTy + i Ts.  (19)
a=0

our basis for the 8 x 8 I'-matrices being

Fa = 0] ®7/a’
I'y=01Q7s,

a=20,...,3,
FSIO'2®1, (20)

with ', = 03 ® 1. We must now compute the divergence
of the chiral current, (¥T,I", %), where again the mismatch
between the four spacetime dimensions, and 8 x 8 I
matrices ensures that the anomaly A in Eq. (6) vanishes.
Computing in a derivative expansion requires evaluating
the two diagrams to the right in 1, with the M = 0 result

_ vy
\7/4 = <‘PF”FX‘P> = 2—71_26”aﬂ},Faﬂ6},9, (21)

with ¢ = ¢, + i¢h, = pe'®. Similar to the previous exam-
ple, v, = 1is a winding number computed by the Feynman
loop integral of the map from momentum space to the space
of spinor orientations defined by the bulk fermion propa-
gator. In this case we find the map to be an element of
m4(8Y) = Z [13].

When we consider the case of the domain wall mass
profile in the original theory, we have ¢; = mye(x3); a
suitable background field configuration for ¢, and A to
localize a massless edge state is the monopole configura-
tion discussed in Ref. [17] with couplings set to e = 1 and
g =2m:

(14 cosf)e,

A:_ . )
2rsin @

1
—a——, (22
$=a 2 (22)
where {r,60, ¢} are polar coordinates for the Euclidean
space spanned by {xg, x|, x,}. In this background we can
compute the index —% / d4x0ﬂj , finding

/ d*x0,7, = (1 +%|> = ind(D) = —6(a).  (23)

This nontrivial index indicates the existence of gapless
edge states: a transition in a topological quantity such as the
gap is only possible when fields become delocalized, and
so we see that happens at ¢ = 0, indicating no other scale
exists in the low energy spectrum of the theory. Our result
Eq. (21) can equally be applied to identify a massless
fermion bound to a magnetic monopole, by adding an
external scalar field in the form of a vortex. The index is
negative when nonzero because the field configuration in
Eq. (22) causes D' to have a zeromode when a massless
edge state is present, instead of D.

Majorana fermions in 2 4+ 1 dimensions.—For our third
example we next consider a two component complex
fermion yw in 2+ 1 dimensions with both a constant
Majorana mass term px and a real Dirac mass term
m(x"). This theory is known to describe chiral topological
superconductors [18-20]. Nonzero u breaks the U(1)
fermion number symmetry of the Dirac theory to Z,.
When m(x') has a domain wall profile there appear zero,
one, or two massless Majorana-Weyl fermions on the
defect, depending on the ratios m. /u, where +m, are
the asymptotic values of m(x!) at x! = 4-c0.

In Minkowski spacetime the Lagrangian for this system
may be written as

Ly =y (ig — m)y + ingCv/ + igu'/Cv'/T, (24)
where M is real, p is real and positive, and we can work in
the explicit basis y° = o,, y! = —ic, y> = ic3 and C = o,.
After rotating to Euclidean spacetime, decomposing into its
real and imaginary parts y = y; + iy, with real 2-compo-
nent spinors y;, and then defining ¢, = (y, & x,)/V/2, one
can write the Euclidean Lagrangian as

1
Le=5[¢CDLL ALICD L], De=g+(m+p). (25)

where the gamma matrices are given by C =y, = oy,
¥Y1 = —01, ¥» = o3. The index will then be the sum of the
indices of D, and D_. To compute them we add a gauge
field as the diagnostic field, construct K, from D, , and
compute the generalized Hall current from the second
Feynman diagram in Fig. 1 to leading order in a derivative
expansion. Consider the case p = 0; then the current for
either of the {, may be written as [13]

251601-4



PHYSICAL REVIEW LETTERS 128, 251601 (2022)

1
T a=—€43,0,Ap <§€ijk>

| SR 3D (D51 0,00) B3 0. (26)

where for D, we take D | 4,=0- To understand the under-
lying topology we can define

2~)o((l)
det Dy(q)

0 . 0
=cos=+if-ysin-, (27)

Ul(q) = > >

where @ is a real 3-vector with & = |@| and

0 m .0 q
cos— Sin-=———,

2 g 2 \/mP+gq

which allows us to rewrite the expression for the current as

1 1
TJoa=- - €apy0yAp (Tﬂl €ijk>

x / POTH(UT0,U)(U'9,U)(UI3,U)].  (29)
0<r

0=q. (28)

with 0;U = 0U/0d6;. The integral looks like the winding
number of a map from momentum space compactified to
§3,to SU(2) = S3, except that the integral is only over half
of §3. The problem can be seen in Eq. (27): cos §/2 > 0 for
all momenta, so U cannot take on all values in SU(2).
The problem is solved when the theory is regulated.
With a Pauli-Villars regulator one substitutes D(m) —
D(m)/D(A) and takes the A — oo limit. The result is that
U — Uy, in Eq. (29) where

ﬁre HI'C
—%(q) = COS 2g
detDyeq(q)

n O
Ureg<q) = + iareg : YSiHTgy (30)

where 6,., = q as before, and

0 2
cos —2 = Am + 4 (31)

2 Jm+ AN+ )

Now we have U, (q)q:>o = 1, while U, (0) = sgn(mA).
This regulated theory describes a well-defined map S —
S* which is nontrivial if m and A have the opposite signs,
and trivial if they do not. On replacing m — m(x) & p and
integrating the divergence of the generalized Hall current
over Euclidean spacetime, we arrive at the result for the
index for the whole system

ind(D) = v, (32)

where
1
UA :ﬁ A'dt’,
v, =0(my + |ul) +0(m, —|ul)
—O(m_ + |ul) = O(m_ = |ul). (33)

where we have assumed that y is spatially constant while

-t
m(x)x—fomi. Note that v, can take on the values

0,+£1, £2 depending on the relative values of m and p.
Once can verify that this result agrees with explicit edge
state solutions to the equations of motion [13], and we see
that the generalized Hall current is sensitive to topological
phase transitions as one varies parameters in the theory.

Discussion.—We have shown how gapless fermion
modes bound to defects or solitons in various dimensions
may be detected by computing the index of the Euclidean
Dirac operator in the presence of additional background
fields. The method involves determining the divergence of
a generalized Hall current via a 1-loop Feynman integral,
which calculates a topological winding number of the
fermion propagator, the field theoretic generalization [6,21]
of the TKNN result [7]. Regularization is required to make
topological sense of the result in odd spacetime dimen-
sions. These currents can be computed for systems without
chiral symmetries or anomalies, and generalize the concept
of the Hall current. The examples considered here are in the
BDI, D, and DII1 topological classes in one, two, and three
spatial dimensions, respectively; each is known to have a
topological invariant taking values in Z, and so perhaps it is
not surprising that in each case we find momentum space
topology governed by the homotopy groups z,(S") = Z.
However, in Ref. [13] we show this method correctly
identifies the edge state spectrum for the D class in one
spatial dimension, with topological invariant Z,, yet
surprisingly, even in that case the momentum space top-
ology of the generalized Hall current is given by x,,(S"). It
remains to be seen how comprehensive our approach is,
whether it can be applied to theories with interactions, and
whether this generalized Hall current has any experimental
implications in Minkowski spacetime.
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